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Àëèìîâà À.Í.1, Êàñåíîâ Ñ.Å.2
1 Êàçàõñêèé íàöèîíàëüíûé èññëåäîâàòåëüñêèé òåõíè÷åñêèé óíèâåðñèòåò

èìåíè Ê.È. Ñàòïàåâà, Àëìàòû
2 Êàçàõñêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè àëü-Ôàðàáè, Àëìàòû

anic2002@mail.ru, Syrym.Kassenov@kaznu.kz
Ðàññìîòðèì çàäà÷ó Äèðèõëå äëÿ âîëíîâîãî óðàâíåíèÿ â îáëàñòè Ω = {(x, t) :

x ∈ (0, π), t ∈ (0, T )} [1]:
utt = uxx,(1)

u(0, t) = u(π, t) = 0,(2)

u(x, 0) = 0,(3)

u(x, T ) = f(x).(4)

Ïðÿìàÿ è îáðàòíàÿ çàäà÷à. Ðàññìîòðèì íåêîððåêòíóþ çàäà÷ó (1)�(4), êàê
îáðàòíóþ, ê ñëåäóþùåé ïðÿìîé (êîððåêòíîé) çàäà÷å.
Â îáëàñòè Ω òðåáóåòñÿ îïðåäåëèòü u(x, t) ïî çàäàííîé q(x) èç ñîîòíîøåíèé:

utt = uxx,(5)

u(0, t) = u(π, t) = 0,(6)

u(x, 0) = 0,(7)

ut(x, 0) = q(x).(8)

Â ïðÿìîé çàäà÷å (5)�(8) òðåáóåòñÿ îïðåäåëèòü u(x, t) ïî çàäàííîé q(x).
Îáðàòíàÿ çàäà÷à çàêëþ÷àåòñÿ â îïðåäåëåíèè ôóíêöèè q(x), èç ñîîòíîøåíèé

(5)�(8), ïî äîïîëíèòåëüíîé èíôîðìàöèè î ðåøåíèè ïðÿìîé çàäà÷è (5)�(8)
u(x, T ) = f(x).(9)

Òåîðåìà 1 (Ì.Ì.Ëàâðåíòüåâ, Ë.ß.Ñàâåëüåâ, 2010 [2]). Ïóñòü äëÿ íåêîòîðûõ
q(x), f(x) ∈ H2(0, π) ôóíêöèÿ u(x, t) ∈ H2((0, π) × (0, T )) ÿâëÿåòñÿ ðåøåíèåì
çàäà÷è (1)�(4), òîãäà èìååò ìåñòî íåðàâåíñòâî:
π∫
0

u2(x, t)dx ≤ e2t(T−t) ·
[
π∫
0

f2(x)dx+ 1
2

π∫
0

q2(x)dx

] t
T

·
[

1
2

π∫
0

q2(x)dx

]T−t
T

− 1
2

π∫
0

q2(x)dx

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÊÍ ÌÎÍ ÐÊ �1746/ÃÔ4 ¾Òåî-
ðèÿ è ÷èñëåííûå ìåòîäû ðåøåíèÿ îáðàòíûõ è íåêîððåêòíûõ çàäà÷ åñòåñòâîçíà-
íèÿ¿
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Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ ÷èñëåííîå èññëåäîâàíèå ýôôåêòèâíîñòè îïòè-

ìèçàöèîííîãî àëãîðèòìà ðåøåíèÿ îáðàòíîé çàäà÷è âîññòàíîâëåíèÿ âåðòèêàëüíî-
ãî ðàñïðåäåëåíèÿ èñòî÷íèêà îçîíà, äëÿ òèïè÷íûõ ñöåíàðèåâ îáðàçîâàíèÿ åãî â
àòìîñôåðå.
Â ðàáîòå áûë èñïîëüçîâàëè îïòèìèçàöèîííûé àëãîðèòì ðåøåíèÿ îáðàòíîé çà-

äà÷è ïîèñêà èñòî÷íèêîâ (àíàëîãè÷íî [1]) ñ äîáàâëåíèåì ñòàáèëèçàòîðà â öåëåâîé
ôóíêöèîíàë. Äëÿ èññëåäîâàíèÿ âûáðàíû ñëåäóþùèå èñòî÷íèêè: òî÷å÷íûé èñ-
òî÷íèê íà íèæíåì ðàñ÷åòíîì óðîâíå ñ èçìåíÿþùåéñÿ ìîùíîñòüþ; ïðèïîäíÿòûé
òî÷å÷íûé èñòî÷íèê ñ ïîñòîÿííîé ìîùíîñòüþ; ïðèïîäíÿòûé èñòî÷íèê ñ èçìåíÿþ-
ùåéñÿ âûñîòîé ðàñïîëîæåíèÿ ìàêñèìóìà è ïîñòîÿííîé ìîùíîñòüþ; ïðèïîäíÿòûé
òî÷å÷íûé èñòî÷íèê ñ èçìåíÿþùåéñÿ ìîùíîñòüþ. Ðàñ÷¼òû ïðîâîäèëèñü äëÿ ÿñíî-
ãî ëåòíåãî äíÿ ñ ó÷åòîì ñóòî÷íîé äèíàìèêè ïîãðàíè÷íîãî ñëîÿ. Ðåøàÿ ïðÿìóþ
çàäà÷ó çà ñóòêè (24 ÷àñà) áûëî ïîëó÷åíî 48 âåðòèêàëüíûõ ïðîôèëåé êîíöåíòðà-
öèè (÷åðåç 30 ìèí.). Ïðè ðåøåíèÿ îáðàòíîé çàäà÷è áûë ïðîâåäåí ðÿä ðàñ÷åòîâ ñ
ïîñòåïåííûì óìåíüøåíèåì ÷èñëà èñïîëüçóåìûõ âåðòèêàëüíûõ ïðîôèëåé.
Ðåçóëüòàòû àïðîáàöèè àëãîðèòìà â óêàçàííûõ ñöåíàðèÿõ ïîêàçàëè åãî ýôôåê-

òèâíîñòü. Â ñèëó íåêîððåêòíîñòè çàäà÷è, êëþ÷åâûì ïàðàìåòðîì äëÿ êà÷åñòâà
âîññòàíîâëåíèÿ îêàçàëñÿ ïàðàìåòð ðåãóëÿðèçàöèè, íàèëó÷øèå ðåçóëüòàòû áûëè
ïîëó÷åíû ïðè åãî çíà÷åíèè 106. Îòíîñèòåëüíàÿ îøèáêà âîññòàíîâëåíèÿ èñòî÷íè-
êà çàâèñèò ÷èñëà èñïîëüçóåìûõ ïðîôèëåé è ìîæåò ìåíÿòüñÿ îò 0.2 äî 60%, ïðè
èñïîëüçîâàíèè 48 è 3 ïðîôèëåé, ñîîòâåòñòâåííî.
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ïðîãðàììû Ïðåçèäèóìà ÐÀÍ �15, I.33Ï è

II.2Ï/I.3-3, ïðîãðàììû ÎÍÇ ÐÀÍ, ãðàíòîâ ÐÔÔÈ � 17-01-00137, �17-05-00374,
�17-05-00119 è MK-8214.2016.1.
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Ïðèìåíåíèå ïîëèíîìîâ Áåðíøòåéíà ê ðåøåíèþ îáðàòíûõ çàäà÷
îïòèêè
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arbuzov@math.nsc.ru
Äëÿ ðåøåíèÿ îáðàòíîé çàäà÷è âîññòàíîâëåíèÿ ôàçîâîé ôóíêöèè ïî äàííûì

èíòåðôåðîìåòðèè è ãèëüáåðò-îïòèêè, ïðåäëîæåí ÷èñëåííûé ìåòîä ðåøåíèÿ, îñ-
íîâàííûé íà àïïðîêñèìàöèè äàííûõ ïîëèíîìàìè Áåðíøòåéíà è ïîñòðîåíèÿ êâà-
çèðåøåíèÿ, çàâèñÿùåãî îò 2(m+1) ïàðàìåòðà, ãäå m - ñòåïåíü ñîîòâåòñòâóþùåãî
ïîëèíîìà. Ïðè ýòîì ó÷èòûâàåòñÿ ïîëíàÿ èíôîðìàöèÿ îá èíòåíñèâíîñòè ðåãè-
ñòðèðóåìûõ ïîëåé, à íå òîëüêî ïîëîæåíèÿ ýêñòðåìóìîâ.
Äàííûé êëàññ çàäà÷ îïèñûâàåòñÿ íåëèíåéíûìè îïåðàòîðíûìè óðàâíåíèÿìè I

ðîäà, êîòîðûå ìîäåëèðóþò ðåçóëüòàò âîçäåéñòâèÿ íà èñõîäíûé ñèãíàë îïòè÷å-
ñêèõ ñèñòåì, ïðåîáðàçóþùèõ ôàçîâûå èçìåíåíèÿ çîíäèðóþùèõ ïîëåé â èçìåíå-
íèÿ èíòåíñèâíîñòè.
Ïðèìåíåíèå äàííîãî ìåòîäà ê ðåøåíèþ óðàâíåíèÿ Àáåëÿ (ÿâíàÿ ôîðìóëà îá-

ðàùåíèÿ íåóñòîé÷èâà), ïîçâîëÿåò ðåøàòü ôàçîâóþ ïðîáëåìó â ñëó÷àå îñåñèììåò-
ðè÷íûõ îáúåêòîâ.
Ðàçðàáîòàííûé ïàêåò ïðîãðàìì äëÿ âîññòàíîâëåíèÿ ôàçû è îïðåäåëåíèÿ ôè-

çè÷åñêèõ ïàðàìåòðîâ ñðåäû ïðèìåíÿëñÿ ïðè îáðàáîòêå ýêñïåðèìåíòàëüíûõ äàí-
íûõ äëÿ âîññòàíîâëåíèÿ ïîëåé òåìïåðàòóðû è ñêîðîñòè òåðìîãðàâèòàöèîííûõ
ïëþìîâ íàä ëèíåéíûì èñòî÷íèêîì [1], îïðåäåëåíèÿ ýíåðãåòè÷åñêèõ õàðàêòåðè-
ñòèê ôàçîâîãî ïåðåõîäà âîäà-ëåä [2], à òàêæå ïðè èññëåäîâàíèè òåðìîãðàâèòàöè-
îííûõ ïëþìîâ íàä òî÷å÷íûì èñòî÷íèêîì è âîññòàíîâëåíèÿ ïîëÿ òåìïåðàòóðû
ïëàìåíè âîäîðîäà.

ÑÏÈÑÎÊ ËÈÒÅÐÀÒÓÐÛ
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Ñîâðåìåííîå èçìåíåíèå êëèìàòà è òåõíîãåíåç ïðèâîäÿò ê äåãðàäàöèè ìíîãî-

ëåòíåé ìåðçëîòû. Äëÿ ýòîãî òðåáóåòñÿ äîñòîâåðíûé ÷èñëåííûé ïðîãíîç òåðìè÷å-
ñêîãî ðåæèìà ãðóíòîâ ñ óñîâåðøåíñòâîâàíèåì ãðàíè÷íûõ óñëîâèé. Âîññòàíîâëå-
íèå ãðàíè÷íûõ óñëîâèé ïðîìåðçàþùèõ-ïðîòàèâàþùèõ ìåðçëûõ ãðóíòîâ îòíîñèò-
ñÿ ê êëàññó íåêîððåêòíûõ çàäà÷. Ðåøåíèå îñóùåñòâëÿåòñÿ ñïåöèàëüíûìè ðåãóëÿ-
ðèçèðóþùèìè àëãîðèòìàìè, ò.å. èñêîìîå ðåøåíèå çàäà÷è íàõîäèòñÿ èç ìèíèìóìà
ôóíêöèîíàëà íåâÿçêè.
Ïîêàçàíà ðàáîòîñïîñîáíîñòü è äîñòîâåðíîñòü ïðåäëîæåííîãî àëãîðèòìà äëÿ

ðàñ÷åòíûõ ìîäåëüíûõ çàäà÷ ñ òî÷íûì ðåøåíèåì. Ðàññìîòðåíî âëèÿíèå âîññòà-
íîâëåíèÿ ïëîòíîñòè òåïëîâîãî ïîòîêà äëÿ òî÷íûõ çíà÷åíèé âõîäíûõ òåìïåðàòóð
ïðè ðàçëè÷íûõ íà÷àëüíûõ ïðèáëèæåíèÿõ èñêîìûõ ïàðàìåòðîâ è ðàñïîëîæåíèÿõ
òåðìè÷åñêèõ äàò÷èêîâ íà ðàçíûõ ãëóáèíàõ. Òî÷íîñòü âîññòàíîâëåíèÿ íå çàâèñèò
îò ñïîñîáà çàäàíèÿ íà÷àëüíûõ çíà÷åíèé èñêîìûõ ïàðàìåòðîâ è êîëè÷åñòâà äàò-
÷èêîâ çàìåðà, òàêèì îáðàçîì äëÿ ðàñ÷åòà äîñòàòî÷íû äàííûå îäíîãî òåðìè÷å-
ñêîãî äàò÷èêà, ðàñïîëîæåííîãî âáëèçè ïîâåðõíîñòè ãðóíòà.
Èñïîëüçóÿ ïðåäëîæåííûé àëãîðèòì, îñóùåñòâëåíî âîññòàíîâëåíèå òåïëîâîãî

ïîòîêà íà åñòåñòâåííûõ è îãîëåííûõ ýêñïåðèìåíòàëüíûõ ïëîùàäêàõ. Ðåêîìåí-
äîâàíî èñïîëüçîâàòü ïðåäëîæåííûé àëãîðèòì äëÿ îáðàáîòêè ýêñïåðèìåíòàëüíî-
âû÷èñëèòåëüíûõ ðàáîò ïðè ìîäåëèðîâàíèè òåðìè÷åñêîãî ñîñòîÿíèÿ ãðóíòîâ.
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Èññëåäîâàíèå äèñêðåòíûõ àíàëîãîâ äâóìåðíûõ çàäà÷ èíòåãðàëüíîé
ãåîìåòðèè ñ âåñîâîé ôóíêöèåé

Áàêàíîâ Ã.Á.
Óíèâåðñèòåò Àõìåäà ßñàâè, ã.Òóðêåñòàí, Êàçàõñòàí

galitdin.bakanov@ayu.edu.kz
Îòìåòèì, ÷òî íåîáõîäèìîñòü èññëåäîâàíèÿ äèôôåðåíöèàëüíî-ðàçíîñòíûõ è

êîíå÷íî-ðàçíîñòíûõ àíàëîãîâ çàäà÷ èíòåãðàëüíîé ãåîìåòðèè âïåðâûå áûëî âû-
ñêàçàíî àêàäåìèêîì Ì.Ì.Ëàâðåíòüåâûì, ñôîðìóëèðîâàíî èì êàê íîâîå ïåðñïåê-
òèâíîå íàïðàâëåíèå.
Íîâûé ïåðèîä ðàçâèòèÿ çàäà÷ èíòåãðàëüíîé ãåîìåòðèè íà÷àëñÿ â 1966 ãîäó.

Âïåðâûå Ì.Ì.Ëàâðåíòüåâûì è Â.Ã.Ðîìàíîâûì [1] áûëî ïîêàçàíî, ÷òî ðÿä îá-
ðàòíûõ çàäà÷ äëÿ ãèïåðáîëè÷åñêèõ óðàâíåíèé ñâîäÿòñÿ ê çàäà÷àì èíòåãðàëüíîé
ãåîìåòðèè. Â äàëüíåéøåì òåîðèÿ çàäà÷ èíòåãðàëüíîé ãåîìåòðèè ïîëó÷èëà ðàç-
âèòèå â ðàáîòàõ Þ.Å.Àíèêîíîâà, À.Ë.Áóõãåéìà, È.Í.Áåðíøòåéíà, Ì.Ë.Ãåðâåðà,
Â.Ð.Êèðåéòîâà, Ð.Ã.Ìóõîìåòîâà, À.Õ.Àìèðîâà, Ä.Ñ.Àíèêîíîâà, Â.À.Øàðàôóòäèíîâà
è äðóãèõ àâòîðîâ. Âåñüìà îáùèé ðåçóëüòàò ïî åäèíñòâåííîñòè è îöåíêàì óñòîé-
÷èâîñòè äëÿ äâóìåðíîé çàäà÷è èíòåãðàëüíîé ãåîìåòðèè äëÿ ñåìåéñòâà êðèâûõ
áûë ïîëó÷åí Ð.Ã.Ìóõîìåòîâûì [2]. Ýòè îöåíêè óñòîé÷èâîñòè îñíîâàíû íà ñâå-
äåíèè çàäà÷è èíòåãðàëüíîé ãåîìåòðèè ê ýêâèâàëåíòíîé åé êðàåâîé çàäà÷å äëÿ
óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ ñìåøàííîãî òèïà.
Â äàííîé ðàáîòå ïîëüçóÿñü ìåòîäèêîé, ïðåäëîæåííîé â [3], èññëåäîâàíû êîíå÷íî-

ðàçíîñòíûå è äèôôåðåíöèàëüíî- ðàçíîñòíûå àíàëîãè äâóìåðíûõ çàäà÷ èíòå-
ãðàëüíîé ãåîìåòðèè ñ âåñîâîé ôóíêöèåé äëÿ ñåìåéñòâà êðèâûõ.
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Ïðîáëåìû ïàðàëëåëüíîé ðåàëèçàöèè ñòîõàñòè÷åñêèõ êëåòî÷íî-
àâòîìàòíûõ ìîäåëåé åñòåñòâåííûõ ïðîöåññîâ
Î.Ë.Áàíäìàí
Â ñâÿçè ñ âîçðàñòàþùèì èíòåðåñîì â íàóêå è ïðîìûøëåííîñòè ê ïðîöåññàì,

ïðîèñõîäÿùèì íà ìèêðî- è íàíî óðîâíÿõ, âîçíèêàåò íåîáõîäèìîñòü ìîäåëèðî-
âàòü ÿâëåíèÿ ñóùåñòâåííî íåëèíåéíûå è ðàçðûâíûå, êîòîðûå ìîãóò ñîäåðæàòü
ôàçîâûå ïåðåõîäû, à òàêæå ïðîèñõîäèòü â ïðîñòðàíñòâå ñî ñëîæíîé ïðåðûâè-
ñòîé ãåîìåòðèåé. Øèðîêèé êëàññ òàêèõ ÿâëåíèé ìîæåò áûòü ïðåäñòàâëåí â âèäå
ìíîæåñòâà âçàèìîñâÿçàííûõ ïðîñòåéøèõ äåéñòâèé òèïà äâèæåíèé è ïðåâðàùå-
íèé ÷àñèö âåùåñòâà, íàçûâàåìûõ ïðîöåññàìè òèïà "ðåàêöèÿ-äèôôóçèÿ êîòîðûå
ìîäåëèðóþòñÿ ñòîõàñòè÷åñêèìè êëåòî÷íûìè àâòîìàòàìè. Â äîêëàäå îáñóæäà-
þòñÿ ïðîáëåìû ïàðàëëåëüíîé ðåàëèçàöèè ïðîöåññà ìîäåëèðîâàíèÿ íà êëàñòåðå,
ïîðîæäàåìûå íåîáõîäèìîñòüþ ââåäåíèÿ äåòåðìèíèçìà äëÿ ïîëó÷åíèÿ ïðèåìëå-
ìîé ýôôåêòèâíîñòè ïàðàëëåëüíîé ðåàëèçàöèè. Äëÿ ïîëó÷åíèÿ êîëè÷åñòâåííûõ
ñîîòíîøåíèé ìåæäó ýôôåêòèâíîñòüþ ðàñïàðàëëåëèâàíèÿ è ðåæèìàìè ôóíêöèî-
íèðîâàíèÿ ìîäåëè èñïîëüçîâàíî ïîíÿòèå ¾ñòîõàñòè÷íîñòè ìîäåëè¿ (äîëè âåðîÿò-
íîñòíûõ ýëåìåíòàðíûõ îïåðàöèé ïðè âû÷èñëåíèè ãëîáàëüíûõ îïåðàòîðîâ). Ïî-
êàçàíî ïðîòèâîðå÷èå ìåæäó ýôôåêòèâíîñòüþ ïàðàëëåëüíîé ðåàëèçàöèè è ñòîõà-
ñòè÷íîñòüþ ìîäåëè. Ïðåäëîæåíû ñïîñîáû ïðåîäîëåíèÿ ýòîãî ïðîòèâîðå÷èÿ. Âñå
óìîçðèòåëüíûõ ðàññóäåíèÿ è âûâîäû ïîäòâåðæäåíû ðåçóëüòàòàìè ìîäåëèðîâà-
íèÿ ïðîöåññà ïðîñà÷èâàíèÿ âîäû ÷åðåç îáðàçåö ïî÷âû, èñïîëüçóåìûé â ìîäåëè â
âèäå îöèôðîâàííîé òîìîãðàììû ðåàëüíîãî âåùåñòâà.
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INVERSION OF RAY TRANSFORM
WITH INCOMPLETE DATA IN N-DIMENSIONAL SPACE
AND THE PROBLEM OF ANALYTIC CONTINUATION

Begmatov A.H.
Novosibirsk state technical university, Novosibirsk

begmatov@ami.nstu.ru
We study the problem of inversion of ray transform with incomplete data in n-

dimensional Euclidean space ([1], see also [2, 3]). Uniqueness theorems and conditional
stability estimates of logarithmic type for solutions of considered linear problems of
integral geometry are obtained.
We consider also connected problem of analytic continuation [4] and present uniqueness

theorem and stability estimates for this problem.

REFERENCES

(1) Begmatov Akbar H., Begmatov Akram H. Inversion of the X-ray transform and
the Radon transform with incomplete data// Integral Methods in Science and
Engineering (Houghton, MI, 1998), Res. Notes Math., 418, Chapman&Hall/CRC,
Boka Raton, Fl, pp. 51-56, 2000.

(2) Begmatov A. H. Volterra-type integral geometry problems// Integral Methods
in Science and Engineering (Houghton, MI, 1998), Res. Notes Math., 418,
Chapman&Hall/CRC, Boka Raton, Fl, pp. 46-50, 2000.

(3) Begmatov A. H. The uniqueness of a solution to a Volterra-type integral
problem in the plane// Doklady Akademii Nauk, vol. 427, no. 4, pp. 439-441,
2009. English transl. in: Doklady Mathematics, vol. 80, no 1, pp. 528-530,
2009.

(4) Begmatov A. H. //Inversion of X-ray Transforms with Incomplete Data in n-
Dimensional Space //International forum on trategic technology, IFOST 2016,
Novosibirsk, Russia, 1-3 june 2016: Conference proceedings. - Novosibirsk, pp.
99-101, 2016.



C.14 ÑÁÎÐÍÈÊ ÒÅÇÈÑÎÂ IX ÌÎËÎÄÅÆÍÎÉ ØÊÎËÛ...

ÎÁÎÁÙÅÍÍÎÅ ÏÐÅÎÁÐÀÇÎÂÀÍÈÅ ÐÀÄÎÍÀ
ÍÀ ÑÅÌÅÉÑÒÂÅ ÊÎÍÓÑÎÂ Â ÒÐ�ÕÌÅÐÍÎÌ ÏÐÎÑÒÐÀÍÑÒÂÅ
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Ðàññìàòðèâàåòñÿ ìàòåìàòè÷åñêàÿ ìîäåëü çàäà÷è îïðåäåëåíèÿ âíóòðåííåé

ñòðóêòóðû òðåõìåðíîãî îáúåêòà ïî èíòåãðàëüíûì äàííûì, ïîëó÷åííûì ïðè òî-
ìîãðàôè÷åñêîì ñêàíèðîâàíèè ñ èñïîëüçîâàíèåì êîíóñíîé ñõåìû [1]. Òàêèå çàäà÷è
ÿâëÿþòñÿ çàäà÷àìè èíòåãðàëüíîé ãåîìåòðèè âîëüòåððîâñêîãî òèïà [2, 3].
Â ðàáîòå èññëåäîâàíû âîïðîñû åäèíñòâåííîñòè è ñóùåñòâîâàíèÿ ðåøåíèÿ, ïî-

ëó÷åíû ÿâíûå ôîðìóëû îáðàùåíèÿ. Íà îñíîâå ýòèõ ôîðìóë ïîëó÷åíû îöåíêè
ðåøåíèÿ çàäà÷è â ñîáîëåâñêèõ ïðîñòðàíñòâàõ è ðàçðàáîòàíû àëãîðèòìû åå óñòîé-
÷èâîãî ðåøåíèÿ.
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NUMERICAL INVESTIGATION OF THE PROBLEM OF
DETERMINING THE INTERNAL STRUCTURE OF AN OBJECT BY

MEANS OF INTEGRAL DATA OVER LINE SEGMENTS
Begmatov A.H.1, Djaikov G.M.2

1Novosibirsk state technical university, Novosibirsk
begmatov@ami.nstu.ru

2Nukus Branch of the Tashkent University of Information Technologies, Nukus,
Uzbekistan

We study the problem of inversion of ray transform with incomplete data in
n-dimensional Euclidean space ([1, 2], see also [3, 4]). Uniqueness theorems and
conditional stability estimates of logarithmic type for solutions of considered linear
problems of integral geometry are obtained.
We consider also connected problem of analytic continuation and present uniqueness

theorem and stability estimates for this problem.
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Ìåòîäû ðåøåíèÿ çàäà÷ ôèçèêè àòìîñôåðû ïî îïðåäåëåíèþ
õàðàêòåðèñòèê îòðàæàþùåé ïîâåðõíîñòè ýôôåêòèâíîãî

äèôðàêöèîííîãî ýêðàíà ïðè ðàñïðîñòðàíåíèè ðàäèîñèãíàëà â êàíàëå
Çåìëÿ-Èîíîñôåðà â êîðîòêîâîëíîâîì äèàïàçîíå ðàäèîâîëí

Áåëîâ Ñ.Þ.
Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Ì.Â. Ëîìîíîñîâà, Ìîñêâà
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Â ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à äèñòàíöèîííîé äèàãíîñòèêè ¾øåðîõîâàòîé¿
çåìíîé ïîâåðõíîñòè è äèýëåêòðè÷åñêèõ ïîäïîâåðõíîñòíûõ ñòðóêòóð â ÊÂ-äèàïàçîíå
[1]. Äàííûé äèàïàçîí ïîçâîëÿåò äèàãíîñòèðîâàòü è ïîäïîâåðõíîñòíûé ñëîé çåì-
ëè (òîëùèíû ïîðÿäêà äëèíû âîëíû ïàäàþùåãî èçëó÷åíèÿ), ïîñêîëüêó ïàðàìåòð
ðàññåÿíèÿ ôîðìèðóåòñÿ òàêæå è íåîäíîðîäíîñòÿìè äèýëåêòðè÷åñêîé ïðîíèöàå-
ìîñòè ïîäïîâåðõíîñòíûõ ñòðóêòóð [2]. Ïðè ýòîì â êà÷åñòâå ïàðàìåòðà, õàðàêòå-
ðèçóþùåãî ðàññåèâàþùóþ ñïîñîáíîñòü ðàäèîâîëí çåìíîé ïîâåðõíîñòè, èñïîëü-
çóåòñÿ ñîîòíîøåíèå ñèãíàë/øóì. Èäåÿ ìåòîäà îïðåäåëåíèÿ ýòîãî ïàðàìåòðà çà-
êëþ÷àåòñÿ â òîì, ÷òî, ðàñïîëàãàÿ ñèíõðîííîé èíôîðìàöèåé î âîëíå, îòðàæ¼ííîé
îò èîíîñôåðû è î âîëíå, îòðàæ¼ííîé îò çåìëè è èîíîñôåðû (èëè ïðîøåäøåé
èîíîñôåðó äâàæäû ïðè çîíäèðîâàíèè ñî ñïóòíèêà), âîçìîæíî èçâëåêàòü èíôîð-
ìàöèþ î ïàðàìåòðå ðàññåÿíèÿ [3]. Ïðåäëîæåí íîâûé íåêîãåðåíòíûé ìåòîä îöåíêè
ïàðàìåòðà ñèãíàë/øóì. Âûïîëíåí ñðàâíèòåëüíûé àíàëèç è ïîêàçàíî, ÷òî ïî àíà-
ëèòè÷åñêîé (îòíîñèòåëüíîé) òî÷íîñòè îïðåäåëåíèÿ ýòîãî ïàðàìåòðà íîâûé ìåòîä
íà ïîðÿäîê ïðåâîñõîäèò øèðîêî èñïîëüçóåìûé ñòàíäàðòíûé. Àíàëèç àíàëèòè÷å-
ñêèõ ïîãðåøíîñòåé îöåíêè ýòîãî ïàðàìåòðà ïîçâîëèë ðåêîìåíäîâàòü íîâûé ìåòîä
âìåñòî ñòàíäàðòíîãî [4]. Ïðè ýòîì äîñòàòî÷íî âûñîêàÿ àíàëèòè÷åñêàÿ (îòíîñè-
òåëüíàÿ) òî÷íîñòü îöåíêè ýòîãî ïàðàìåòðà ìîæåò áûòü äîñòèãíóòà ñ ïîìîùüþ
íåêîãåðåíòíîé àïïàðàòóðû, èñïîëüçóÿ íîâûé ìåòîä [5].

ÑÏÈÑÎÊ ËÈÒÅÐÀÒÓÐÛ

(1) Áåëîâ Ñ. Þ. Ýêñïåðèìåíòàëüíîå èññëåäîâàíèå õàðàêòåðèñòèê êîãåðåíò-
íîé è íåêîãåðåíòíîé îáðàáîòêè èíôîðìàöèè ïðè äèñòàíöèîííîì çîíäè-
ðîâàíèè àòìîñôåðû è �øåðîõîâàòîé� çåìíîé ïîâåðõíîñòè â êîðîòêîâîë-
íîâîì äèàïàçîíå ðàäèîâîëí. // ¾Èçâåñòèÿ âûñøèõ ó÷åáíûõ çàâåäåíèé.
Ôèçèêà¿, 2016. Ò. 59. � 12-3. Ñ. 121�124.

(2) Belov S. Yu., Belova I. N., Falomeev S. D. Monitoring of coastal ecosystems
by method of remote sensing in the short-wave range of radio waves. //
Managing Risks to Coastal Regions and Communities in a Changing World.
St. Petersburg, DOI: 10.21610/conferencearticle_ 58b4316d2a67c, ISBN 978-
5-369-01628-2. 2016.

(3) Belov S. Yu. The analysis of monitoring data of the parameter scattering
power the earth's surface in the short-wave range of radio waves. // Data
Intensive System Analysis for Geohazard Studies, Geoinformatics research
papers, eISSN 2308-5983. BS4002, DOI: 10.2205/2016BS08Sochi. 2016. V. 4.
� 2. 2016. P. 50.



ÑÁÎÐÍÈÊ ÒÅÇÈÑÎÂ IX ÌÎËÎÄÅÆÍÎÉ ØÊÎËÛ... C.17

(4) Belov S. Yu.Monitoring of parameters of coastal Arctic ecosystems for sustainability
control by remote sensing in the short-wave range of radio waves. // The
Arctic Science Summit Week 2017. Prague, ISBN 978-80-906655-2-1. 2017. P.
161.

(5) Áåëîâ Ñ. Þ. Ïðîãðàììà ðåãèñòðàöèè êâàäðàòóðíûõ êîìïîíåíò n êðàò-
íîãî îòðàæ¼ííîãî îò çåìíîé ïîâåðõíîñòè ðàäèîñèãíàëà. Ñâèäåòåëüñòâî
î ðåãèñòðàöèè ïðàâà íà ïðîãðàììíîå îáåñïå÷åíèå � RU.2016612172 îò
19.02.2016 ã.



C.18 ÑÁÎÐÍÈÊ ÒÅÇÈÑÎÂ IX ÌÎËÎÄÅÆÍÎÉ ØÊÎËÛ...

Î ÏÐÎÅÊÖÈÎÍÍÎÌ ÌÅÒÎÄÅ ÈÄÅÍÒÈÔÈÊÀÖÈÈ
ÕÀÐÀÊÒÅÐÈÑÒÈÊ ÍÅÎÄÍÎÐÎÄÍÎÉ ÏËÀÑÒÈÍÛ

ÒÈÌÎØÅÍÊÎ
Áîãà÷åâ È.Â., Ëàïèíà Ï.À.

Þæíûé ôåäåðàëüíûé óíèâåðñèòåò, Ðîñòîâ-íà-Äîíó
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Ïðè ìîäåëèðîâàíèè ñîâðåìåííûõ ìàòåðèàëîâ íåîáõîäèìî ó÷èòûâàòü âîçìîæ-
íóþ íåîäíîðîäíîñòü èõ ñâîéñòâ. Â èñïîëüçóåìûõ ïðè ýòîì ìîäåëÿõ õàðàêòåðè-
ñòèêè îïèñûâàåìûõ îáúåêòîâ ìîãóò âûðàæàòüñÿ ôóíêöèÿìè, çàâèñÿùèìè îò êî-
îðäèíàò. Â òàêîì ñëó÷àå ñòàíîâÿòñÿ íåïðèìåíèìûìè ñòàíäàðòíûå ìåòîäû èçìå-
ðåíèÿ ñâîéñòâ òåë èç ýêñïåðèìåíòîâ, è âîçíèêàåò íåîáõîäèìîñòü ðåøåíèÿ íîâûõ
îáðàòíûõ çàäà÷ èõ èäåíòèôèêàöèè. Äîñòàòî÷íî õîðîøî â òàêèõ ñëó÷àÿõ ñåáÿ
çàðåêîìåíäîâàë àêóñòè÷åñêèé ïîäõîä, ñ ïîìîùüþ êîòîðîãî ìîæíî âîññòàíàâëè-
âàòü íåèçâåñòíûå ôóíêöèè-õàðàêòåðèñòèêè ïî äàííûì îá À×Õ èëè ðåçîíàíñíûõ
÷àñòîòàõ.
Â äàííîé ðàáîòå ïðåäëàãàåòñÿ ïðîåêöèîííûé ìåòîä ðåøåíèÿ îáðàòíûõ çàäà÷

èäåíòèôèêàöèè, îñíîâàííûé íà ðàçëîæåíèè èñêîìûõ ôóíêöèé-õàðàêòåðèñòèê è
ïîëåâûõ ôóíêöèé ïî íåêîòîðûì ñèñòåìàì ëèíåéíî íåçàâèñèìûõ ôóíêöèé. Â
êà÷åñòâå äîïîëíèòåëüíîé èíôîðìàöèè ìîãóò âûñòóïàòü ëèáî çíà÷åíèÿ À×Õ â
çàäàííîì íàáîðå ÷àñòîò, ëèáî èíôîðìàöèÿ î çíà÷åíèÿõ ðåçîíàíñíûõ ÷àñòîò. Â
ïðîöåññå ðåøåíèÿ îáðàòíîé çàäà÷è íà ïåðâîì øàãå ðåøàåòñÿ ñèñòåìà ëèíåéíûõ
óðàâíåíèé, íà âòîðîì - ñèñòåìà íåëèíåéíûõ óðàâíåíèé, çàâèñÿùèõ îò êîýôôèöè-
åíòîâ ðàçëîæåíèé. Â ðåçóëüòàòå âîññòàíîâëåíèå èñêîìûõ ôóíêöèé ïðîèçâîäèòñÿ
â íåêîòîðîì çàäàííîì êëàññå ôóíêöèé.
Ïðèìåíåíèå ïðåäëîæåííîãî ïîäõîäà íà ïðàêòèêå ìîæåò äàòü âîçìîæíîñòü ïî-

ëó÷èòü èíôîðìàöèþ îá óðîâíå, õàðàêòåðå ìîíîòîííîñòè, ðàñïîëîæåíèè òî÷åê
ýêñòðåìóìîâ èñêîìûõ ôóíêöèé-õàðàêòåðèñòèê.
Â êà÷åñòâå èëëþñòðàöèè ïðåäëîæåííîãî ìåòîäà ðàññìîòðåíà îáðàòíàÿ çàäà-

÷à èäåíòèôèêàöèè ôóíêöèè öèëèíäðè÷åñêîé æåñòêîñòè íåîäíîðîäíîé êðóãëîé
ïëàñòèíû â ðàìêàõ ãèïîòåç Òèìîøåíêî ïðè àíàëèçå óñòàíîâèâøèõñÿ êîëåáàíèé.
Ïëàñòèíà ñ÷èòàåòñÿ æåñòêî çàùåìëåííîé ïî êðàþ. Â îáðàòíîé çàäà÷å â êà÷åñòâå
äîïîëíèòåëüíîé èíôîðìàöèè âûñòóïàþò èçâåñòíûå çíà÷åíèÿ À×Õ â çàäàííîì
íàáîðå ÷àñòîò. Èäåíòèôèêàöèÿ ïðîèçâîäèëàñü â êëàññàõ ëèíåéíûõ, êâàäðàòè÷-
íûõ è êóñî÷íî-ëèíåéíûõ ôóíêöèé.
Ïðåäñòàâëåíû ðåçóëüòàòû âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ ïî ðåøåíèþ îáðàò-

íîé çàäà÷è ñ ïðèìåíåíèåì ðàçðàáîòàííîãî ïðîåêöèîííîãî ìåòîäà äëÿ ôóíêöèé
ðàçëè÷íîãî õàðàêòåðà ìîíîòîííîñòè. Ðåçóëüòàòû ýêñïåðèìåíòîâ ïîäòâåðæäàþò
ýôôåêòèâíîñòü ïðåäëîæåííîãî ïîäõîäà è åãî ïðèìåíèìîñòü äëÿ ðåøåíèÿ ïîäîá-
íûõ çàäà÷.
Ðàáîòà âûïîëíåíà ïðî ïîääåðæêå ÐÔÔÈ (ïðîåêò 16-31-00144 ìîë-à).



ÑÁÎÐÍÈÊ ÒÅÇÈÑÎÂ IX ÌÎËÎÄÅÆÍÎÉ ØÊÎËÛ... C.19

ÈÄÅÍÒÈÔÈÊÀÖÈß ÌÀÒÅÌÀÒÈ×ÅÑÊÈÕ ÌÎÄÅËÅÉ ÄÎÁÛ×È
È ÒÐÀÍÑÏÎÐÒÀ ÏÐÈÐÎÄÍÎÃÎ ÃÀÇÀ
Áîíäàðåâ Ý.À.,Ðîæèí È.È., Àðãóíîâà Ê.Ê.

Èíñòèòóò ïðîáëåì íåôòè è ãàçà ÑÎ ÐÀÍ, ßêóòñê
bondarev@ipng.ysn.ru, rozhin@ipng.ysn.ru, akk@ipng.ysn.ru

Ìàòåìàòè÷åñêèå ìîäåëè äîáû÷è è òðàíñïîðòà ïðèðîäíîãî ãàçà ïðåäñòàâëÿ-
þò ñîáîé ñèñòåìó íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, êîòîðûå ñîäåðæàò
ôåíîìåíîëîãè÷åñêèå ñîîòíîøåíèÿ ñ ýìïèðè÷åñêèìè êîíñòàíòàìè, êîòîðûå ìîæ-
íî îïðåäåëèòü ïî äîïîëíèòåëüíûì çàìåðàì èñõîäíûõ ôóíêöèé. Íàïðèìåð, ïðè
íåèçîòåðìè÷åñêîì òå÷åíèè ðåàëüíîãî ãàçà â ñêâàæèíàõ è ãàçîïðîâîäàõ ìîæíî
èñïîëüçîâàòü çàìåðû äàâëåíèÿ è òåìïåðàòóðû ãàçà â âûõîäíîì ñå÷åíèè. Äðóãîé
âàæíîé çàäà÷å èäåíòèôèêàöèè ÿâëÿåòñÿ îïðåäåëåíèå ìàññîâîãî ðàñõîäà ãàçà ïî
àíàëîãè÷íûì çàìåðàì.
Ñóùåñòâóþùèé àëãîðèòì îïðåäåëåíèÿ ìàññîâîãî ðàñõîäà â ñèñòåìàõ äîáû÷è

è òðàíñïîðòà ãàçà ïî çàìåðàì äàâëåíèÿ íà âûõîäå [1] îáîáùåí íà ñëó÷àé, êîãäà
âíóòðåííåå ñå÷åíèå òðóáû èçìåíÿåòñÿ âî âðåìåíè è òàêæå ïîäëåæèò îïðåäåëå-
íèþ â õîäå ðåøåíèÿ îáùåé çàäà÷è. Åãî òàêæå ìîæíî èñïîëüçîâàòü äëÿ îïèñàíèÿ
äèíàìèêè ðàñïðåäåëåíèÿ îáðàçóþùåãîñÿ ãèäðàòíîãî ñëîÿ. Ïðèâåäåíû ïðèìåðû,
ñîîòâåòñòâóþùèå ó÷àñòêó ìàãèñòðàëüíîãî ãàçîïðîâîäà è ãàçîâîé ñêâàæèíå â ìíî-
ãîëåòíåé ìåðçëîòå.
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Methods to evaluate formation conductivity and dielectric permittivity are based

on galvanic or inductive excitation of an electromagnetic �eld in a medium. In the case
of galvanic excitation the system's impedance depends on the spatial distribution of
the electromagnetic �eld in the medium, the formation conductivity, and the dielectric
permittivity. This dependence enables us to evaluate the formation resistivity and the
dielectric permittivity by measuring the input impedance [1].
To obtain the dependence of the impedance on the formation electrical parameters,

the distribution of the induced electromagnetic �eld is determined. From the mathematical
point of view, the problem of �nding the spatial distribution of the electromagnetic
�eld is reduced to solving the inhomogeneous Helmholtz equation with mixed boundary
conditions. The right-hand side of the equation is determined by the excitation conditions.
Charge distribution on the surface of ring electrodes is expressed by a series of the
Chebyshev polynomials of the �rst kind, which simpli�es the problem for two reasons.
First, the Fourier transform of Chebyshev polynomial of n-th order with corresponding
weight function is expressed in terms of the Bessel functions of the �rst kind and of
n-th order. Second, the �rst term in the series corresponds to the charge distribution
on the ring electrodes in the quasi-electrostatic approximation and in absence of
interaction with the environment. The next several terms of the series account for the
impact of the core and the medium. The expansion of the charge density in the form of
a series allows to transform the problem into an integral equation that can be rewritten
as a system of algebraic equations. To calculate the impedance from the spatial electric
�eld distribution, Poynting's theorem is used. The obtained rigorous solution was
veri�ed by numerical calculations on the standard electromagnetic packages (CST,
Comsol).
The proposed method enables us to obtain mathematical expressions for the impedance

of more complicated systems that are excited by ring electrodes.
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Ïðè ÷èñëåííîì ìîäåëèðîâàíèè çàäà÷ â ñèëüíî íåîäíîðîäíûõ ñðåäàõ, íàïðè-

ìåð, òðåùèíîâàòûõ ïîðèñòûõ ñðåäàõ èëè êîìïîçèòíûõ ìàòåðèàëàõ, ðàçìåð ðàñ-
÷åòíîé ñåòêè äîëæåí áûòü äîñòàòî÷íî ìàëûì äëÿ òîãî ÷òîáû ñåòî÷íî ðàçðåøèòü
âñå íåîäíîðîäíîñòè. Äàííûé ôàêò ÿâëÿåòñÿ íåîáõîäèìûì óñëîâèåì ïðè èñïîëü-
çîâàíèè ñòàíäàðòíûõ ìåòîäîâ àïïðîêñèìàöèè è âåäóò ê ñèñòåìàì óðàâíåíèé ñ
î÷åíü áîëüøèì êîëè÷åñòâîì íåèçâåñòíûõ.
Ìíîãîìàñøòàáíûå ìåòîäû è ìåòîäû óñðåäíåíèÿ øèðîêî ïðèìåíÿþòñÿ äëÿ ðå-

øåíèÿ ðàçëè÷íûõ ïðèêëàäíûõ çàäà÷ â íåîäíîðîäíûõ ñðåäàõ è ïîçâîëÿþò ïî-
ñòðîèòü ìîäåëè ïîíèæåííîé ðàçìåðíîñòè [1, 2]. Òàêèå ìåòîäû äîëæíû ñî÷åòàòü
â ñåáå, êàê ïðîñòîòó è ýôôåêòèâíîñòü èñïîëüçîâàíèÿ êðóïíîìàñøòàáíûõ ìîäå-
ëåé, òàê è òî÷íîñòü ìèêðîìàñøòàáíûõ ìîäåëåé.
Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ ìíîãîìàñøòàáíûé ìåòîä äëÿ ðåøåíèÿ çàäà÷

â òðåùèíîâàòûõ ïîðèñòûõ ñðåäàõ, êîãäà òî÷íîå ðàñïîëîæåíèå òðåùèí íåèçâåñòíî
[3, 4]. Îáðàòíàÿ çàäà÷à ñòðîèòüñÿ äëÿ óòî÷íåíèÿ êðóïíîìàñøòàáíîé ìîäåëè ñ
èñïîëüçîâàíèåì íåêîòîðîé äîïîëíèòåëüíîé èíôîðìàöèè (ñðåäíåãî çíà÷åíèÿ â
ÿ÷åéêàõ ãðóáîé ñåòêè). Ïðåäëîæåí èòåðàöèîííûé ìåòîä ðåøåíèÿ è ïðèâîäÿòñÿ
ðåçóëüòàòû ðåøåíèÿ îáðàòíîé çàäà÷è â äâóìåðíîé ïîñòàíîâêå.
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Èññëåäóåòñÿ íåêîððåêòíî ïîñòàâëåííàÿ çàäà÷à â ôîìå ëèíåéíîãî óðàâíåíèÿ

(1) Au = f

íà ïàðå íîðìèðîâàííûõ ïðîñòðàíñòâ U, F ñ íåïðåðûâíûì îïåðàòîðîì A, äëÿ êî-
òîðîãî îáðàòíûé îïåðàòîð A−1, â îáùåì ñëó÷àå, ðàçðûâíûé; ïðàâàÿ ÷àñòü çàäàíà
ïðèáëèæåííî ýëåìåíòîì fδ, ‖f − fδ‖ ≤ δ.
Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à ïîñòðîåíèÿ ðåãóëÿðèçóþùåãî àëãî-

ðèòìà (ÐÀ) äëÿ óðàâíåíèÿ (1) ïðè óñëîâèè, ÷òî ðåøåíèå ïðåäñòàâèìî â âèäå
ñóììû äâóõ ôóíêöèé (êîìïîíåíò) u = u1 +u2, îäíà èç êîòîðûõ u1 ñîäåðæèò ðàç-
ðûâû ïåðâîãî ðîäà, à âòîðàÿ u2 äîïóñêàåò ðàçðûâû ïðîèçâîäíîé. Äëÿ ýòîé öåëè
ïðèâëåêàåòñÿ òèõîíîâñêàÿ ðåãóëÿðèçàöèÿ ñî ñòàáèëèçàòîðîì â ôîðìå BV-íîðìû
[1, 2] ôóíêöèè è åå ïðîèçâîäíîé [4]. Çàìåòèì, ÷òî â ýòîì ñëó÷àå íàëè÷èå ãëàäêîé
(äèôôåðåíöèðóåìîé) êîìïîíåíòû â ðåøåíèè íå ïðåäïîëàãàåòñÿ, îäíàêî, ñ òî÷êè
çðåíèÿ òåîðèè, áîëåå îáùèé òðåõêîìïîíåíòíûé ñëó÷àé ñ äîáàâëåííîé ãëàäêîé
êîìïîíåíòîé â ðàìêàõ äàííîãî ïîäõîäà èññëåäóåòñÿ àíàëîãè÷íî (ñì., íàïðèìåð,
[3, 4]).
Äîêàçûâàåòñÿ ïîêîìïîíåíòíàÿ ñõîäèìîñòü ðåãóëÿðèçîâàííûõ ðåøåíèé íå òîëü-

êî â ïðîñòðàíñòâàõ Lp,W 1
p [4], íî äîïîëíèòåëüíî óñòàíàâëèâàåòñÿ ðàâíîìåðíàÿ

ñõîäèìîñòü ïðè àïïðîêñèìèçàöèè ïåðâîé (ðàçðûâíîé) êîìïîíåíòû è ïðîèçâîä-
íîé âòîðîé êîìïîíåíòû íà ó÷àñòêàõ, íå ñîäåðæàùèõ òî÷êè ðàçðûâà. Èññëåäóåòñÿ
ñõåìà êîíå÷íîìåðíîé àïïðîêñèìàöèè äëÿ ðåãóëÿðèçîâàííûõ ðåøåíèé è îáñóæäà-
þòñÿ ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ äëÿ èíòåãðàëüíîãî óðàâíåíèÿ Ôðåä-
ãîëüìà ïåðâîãî ðîäà.
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Ê ðåøåíèþ îáðàòíîé ãðàâèìåòðè÷åñêîé çàäà÷è â ðàìêàõ ìîäåëè îòíîñèòåëüíî

çàäà÷è Äèðèõëå âîçìîæíî íåñêîëüêî ïîäõîäîâ. Îäèí èç àëãîðèòìîâ- èíòðîïðî-
äîëæåíèå [2]. Çäåñü äëÿ ìîäåëè îòíîñèòåëüíî ïîòåíöèàëà ìû ðàññìîòðèì àë-
ãîðèòì êîíöåíòðàöèè ìàññ ïðè çàäàííîì íà ãðàíèöå ðàññìàòðèâàåìîé îáëàñòè
ïîòåíöèàëå. Â êà÷åñòâå ãðàíèöû ìîæíî èñïîëüçîâàòü îòêðûòóþ è çàìêíóòóþ ïî-
âåðõíîñòü Ëÿïóíîâà. Òàêèì îáðàçîì âîçìîæíû ïîñòàíîâêè äëÿ îáëàñòè îòêðû-
òîé ñ îäíîé ñòîðîíû è çàìêíóòîé îáëàñòè. Îòìåòèì, ÷òî àíàëèòè÷åñêîå ïðîäîë-
æåíèå ïîòåíöèàëà ÷åðåç çàìêíóòóþ ãðàíèöó íåóñòîé÷èâî. Îäíàêî íàñ èíòåðåñóåò
íå ïîòåíöèàë, à ðàñïðåäåëåíèå ïëîòíîñòè ìàññ åãî ñîçäàþùåãî. Òàêèì îáðàçîì,
ïðîáëåìà íåóñòîé÷èâîñòè ñâîäèòñÿ ê âîïðîñó íååäèíñòâåííîñòè [1].
Îáðàòíûé balyage-ìåòîäó A. Ïóàíêàðå ïðîöåññ êîíöåíòðàöèè ñëåäóþùèé. Îá-

ëàñòü ñ çàäàííûì âíåøíèì ïîòåíöèàëîì çàïîëíÿåì ñèñòåìîé øàðîâ ÷àñòü ïî-
âåðõíîñòåé êîòîðûõ ïðèáëèæàåò ãðàíèöó òåëà. Ïðîèçâîäèì ïåðåðàñïðåäåëåíèå
ïëîòíîñòè âíóòðü øàðîâ- ñìåòàíèå. Òàêèì îáðàçîì, ñóììàðíûå ïëîòíîñòè íà ãðà-
íèöå ïåðåíîñèì âî âíóòðåííþþ îáëàñòü òàê, ÷òîáû íà ãðàíèöå îñòàëàñü íóëåâàÿ
ïëîòíîñòü íî òîò æå âíåøíèé ïîòåíöèàë. Äàëåå â èòåðàöèîííîì öèêëå ïðîâîäèì
êîíöåíòðàöèþ ïëîòíîñòåé òàêèì îáðàçîì, ÷òî áû ïîëó÷èòü çàäàííóþ àïðèîðè
ïëîòíîñòü.
Äëÿ àëãîðèòìà êîíöåíòðàöèè íà ñåòêå äëÿ 3D îáëàñòè â êà÷åñòâå àíàëîãîâ øà-

ðîâ èñïîëüçóåì ñèñòåìó ïåðåñåêàþùèõñÿ êóáîâ c íàêëîííûìè ãðàíÿìè, à âíóò-
ðåííÿÿ ÷àñòü ïðåäñòàâëÿåò öåíòðàëüíûé óçåë êóáà.
Äðóãîé âàðèàíò àëãîðèòìà êàñàòåëüíî óêàçàííûõ êóáîâ ïðåäïîëàãàåò ïåðåíå-

ñåíèå â öåíòð 8-è íàèìåíüøèõ èç èìåþùèõñÿ â âåðøèíàõ ìàññ. Èòåðàöèîííûé
ïðîöåññ ïîñðåäñòâîì íóëåâûõ ïëîòíîñòåé îïðåäåëÿåò ãåîìåòðèþ îáúåêòà [1].
Íàêîíåö äëÿ íèæíåãî ïîëóïðîñòðàíñòâà ïîñëå ñìåòàíèÿ ìàññ âîçìîæíî âûìå-

òàíèå âíèç è îñòàâëåíèå ÷àñòè ìàññû â ñåòî÷íîì óçëå, ãäå ïðè ïîëîæèòåëüíîñòè
ïëîòíîñòè âûïîëíåíî óñëîâèå îòðèöàòåëüíîñòè ñåòî÷íîãî àíàëîãà 2-îé ïðîèç-
âîäíîé ïî ïëîòíîñòè. Êîëè÷åñòâî òàêèõ óçëîâ è âåëè÷èíà îñòàâëÿåìîé ìàññû
îïðåäåëÿþòñÿ àïðèîðè ïî âåëè÷èíå èçìåíåíèÿ ïîòåíöèàëà.
Ðàáîòà ïðîâîäèëàñü â ðàìêàõ ÍÈÐ N14 "Ñîçäàíèå è ðàçâèòèå èíôîðìàöèîí-

íûõ ñèñòåì ó÷åáíîãî è àäìèíèñòðàòèâíîãî íàçíà÷åíèÿ ÌÃÓ"(ÖÈÒÈÑ 01201253080).
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Àëãîðèòìû âàðèàöèîííîãî óñâîåíèÿ äàííûõ ïðè ñîâìåñòíîì âçàèìîäåéñòâèè

ìàòåìàòè÷åñêèõ ìîäåëåé è äàííûõ èçìåðåíèé, êîòîðûå äîñòóïíû â ðåàëüíîì âðå-
ìåíè è ïîñòóïàþò â ïðîöåññå âû÷èñëåíèé, ïîçâîëÿþò ðåøàòü çàäà÷è ïðîãíîçèðî-
âàíèÿ àòìîñôåðíûõ ïðîöåññîâ [1]. Àêòèâíî ðàçâèâàþùàÿñÿ îáëàñòü ìîíèòîðèíãà
ñîñòîÿíèÿ àòìîñôåðû äåëàåò çàäà÷è óñâîåíèÿ äàííûõ âñå áîëåå àêòóàëüíûìè [2].
Öåëüþ ðàáîòû ÿâëÿåòñÿ ñîçäàíèå íåÿâíîãî àíàëîãà òðàäèöèîííîãî àëãîðèòìà

3DVar ñ èñïîëüçîâàíèåì ôóíêöèè íåîïðåäåëåííîñòè è ïàðàìåòðà óñâîåíèÿ, äàþ-
ùèõ áîëüøóþ ãèáêîñòü ìåòîäó. Äëÿ êîíêðåòèçàöèè çíà÷åíèÿ ïàðàìåòðà óñâîåíèÿ
èñïîëüçîâàí ïðèíöèï îáîáùåííîé íåâÿçêè À.Í. Òèõîíîâà. Â ðàáîòå ïðîâåäåíî
ñðàâíåíèå ÷èñëåííûõ ðåçóëüòàòîâ ïîñòðîåííîé íåÿâíîé ìîäèôèêàöèè àëãîðèòìà
3DVar è ìåòîäà 4DVar ñî ñëàáûìè îãðàíè÷åíèÿìè íà ïðèìåðå ñèñòåìû õèìè-
÷åñêîé êèíåòèêè Ðîáåðòñîíà [3]. Èõ ãëàâíîå îòëè÷èå çàêëþ÷àåòñÿ â êîëè÷åñòâå
äàííûõ èçìåðåíèé, èñïîëüçóåìûõ äëÿ êîððåêöèè ïðîãíîçà ðåøåíèÿ ïî ìàòåìà-
òè÷åñêîé ìîäåëè.
Â ÷èñëåííîì ýêñïåðèìåíòå ñìîäåëèðîâàííûå çàøóìëåííûå äàííûå èçìåðåíèé

èñïîëüçîâàíû äëÿ ðåøåíèÿ çàäà÷è óñâîåíèÿ äàííûõ. Åå öåëü ñîñòîèò â îïðåäåëå-
íèè çíà÷åíèé êîíöåíòðàöèé âñåõ ðåàãåíòîâ ïðè ïîñòóïëåíèè äàííûõ èçìåðåíèé
îá îäíîì âåùåñòâå. Â óñëîâèÿõ ïðîâåäåííîãî ýêñïåðèìåíòà ìåòîä òèïà 3DVar
ïîêàçàë ëó÷øèå ðåçóëüòàòû, ÷åì ìåòîä 4DVar. Ýòî îáúÿñíÿåòñÿ ñâîéñòâàìè ðàñ-
ñìîòðåííîé ñèñòåìû.
Ðàáîòà ïðîâîäèëàñü ïðè ÷àñòè÷íîé ïîääåðæêå ïðîãðàììû Ïðåçèäèóìà ÐÀÍ

I.33Ï è II.2Ï/I.3-3; ïðîåêòîâ MK-8214.2016.1 è ÐÔÔÈ 14-01-00125.
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Ìàòåìàòè÷åñêèå îñíîâû âû÷èñëèòåëüíîé òîìîãðàôèè áûëè çàëîæåíû òî÷íî
100 ëåò íàçàä É. Ðàäîíîì â ñòàòüå [1], ïîñâÿùåííîé âîïðîñàì èíòåãðàëüíîé ãåî-
ìåòðèè. Îñíîâíûì ðåçóëüòàòîì ðàáîòû ÿâëÿëèñü õîðîøî èçâåñòíûå ôîðìóëû
îáðàùåíèÿ ïðåîáðàçîâàíèÿ Ðàäîíà. Ñóùåñòâåííîå ðàñøèðåíèå ïðèëîæåíèé òî-
ìîãðàôèè ïðèâåëî ê ïîñòðîåíèþ íîâûõ ìàòåìàòè÷åñêèõ ìîäåëåé òîìîãðàôèè, òà-
êèõ êàê âåêòîðíàÿ, òåíçîðíàÿ, ðåôðàêöèîííàÿ. Ê íàñòîÿùåìó âðåìåíè ýòî âïîëíå
ñôîðìèðîâàâøèåñÿ îáëàñòè èññëåäîâàíèé ñî ñâîèìè ïîñòàíîâêàìè, äîñòèæåíèÿ-
ìè è íåðåøåííûìè ïðîáëåìàìè. Âîçíèêíîâåíèå è áûñòðîå ôîðìèðîâàíèå íîâûõ
íàïðàâëåíèé òîìîãðàôèè â çíà÷èòåëüíîé ñòåïåíè ïðîèñõîäèò íà îñíîâå èäåé è
ðåçóëüòàòîâ èíòåãðàëüíîé ãåîìåòðèè, â ñâîþ î÷åðåäü ðàçâèâàþùåéñÿ â ðàìêàõ
áîëåå îáùåé òåîðèè îáðàòíûõ è íåêîððåêòíî ïîñòàâëåííûõ çàäà÷.
Â ðàìêàõ õîðîøî èçâåñòíîé ìîäåëè âû÷èñëèòåëüíîé òîìîãðàôèè ðàçðàáîòà-

íî áîëüøîå êîëè÷åñòâî ÷èñëåííûõ ìåòîäîâ è àëãîðèòìîâ, ïðåäíàçíà÷åííûõ äëÿ
âîññòàíîâëåíèÿ èñêîìîé ôóíêöèè ïî åå èçâåñòíîìó ïðåîáðàçîâàíèþ Ðàäîíà. Âîç-
íèêàåò åñòåñòâåííûé âîïðîñ î âîçìîæíîñòè ïðèìåíåíèÿ ðàçâèòîãî ìàòåìàòè÷å-
ñêîãî àïïàðàòà ê çàäà÷àì âåêòîðíîé è òåíçîðíîé òîìîãðàôèè. Ê ñ÷àñòüþ, îòâåò
íà ïîñòàâëåííûé âûøå âîïðîñ ïîëîæèòåëåí.
Çàäà÷à âîññòàíîâëåíèÿ òåíçîðíîãî ïîëÿ ïî åãî ëó÷åâûì ïðåîáðàçîâàíèÿì ìî-

æåò áûòü ñâåäåíà ê çàäà÷å âîññòàíîâëåíèÿ åãî êîìïîíåíò ïî èõ èçâåñòíûì ïðåîá-
ðàçîâàíèÿì Ðàäîíà. Äëÿ äîñòèæåíèÿ ýòîé öåëè ïîòðåáîâàëîñü ðåøèòü ðÿä âñïî-
ìîãàòåëüíûõ çàäà÷ [2]. Òàê, ïîëó÷åíî ðàçëîæåíèå ñèììåòðè÷íîãî m-òåíçîðíîãî
ïîëÿ íàm+1 ÷àñòåé, êàæäàÿ èç êîòîðûõ ïîðîæäàåòñÿ ñâîèì ïîòåíöèàëîì. Èññëå-
äîâàíû ãåîìåòðè÷åñêèå è äèôôåðåíöèàëüíûå ñâîéñòâà, îáðàçû è ÿäðà ëó÷åâûõ
ïðåîáðàçîâàíèé òåíçîðíûõ ïîëåé. Óñòàíîâëåíû ñâÿçè ìåæäó ëó÷åâûìè ïðåîáðà-
çîâàíèÿìè ïîëÿ è ïðåîáðàçîâàíèÿìè Ðàäîíà åãî ïîòåíöèàëîâ. Íàêîíåö, ïîëó÷åíû
âûðàæåíèÿ äëÿ ïðåîáðàçîâàíèé Ðàäîíà êîìïîíåíò òåíçîðíîãî ïîëÿ â çàâèñèìî-
ñòè îò åãî ëó÷åâûõ ïðåîáðàçîâàíèé, êîòîðûå ìîæíî îáðàòèòü ñ èñïîëüçîâàíèåì
ëþáûõ ðàçðàáîòàííûõ äëÿ îáðàùåíèÿ ïðåîáðàçîâàíèÿ Ðàäîíà ñðåäñòâ.
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Â ðàáîòå ïðåäñòàâëåíû äâå çàäà÷è äëÿ öèëèíäðè÷åñêèõ òåë ñ ðàçëè÷íûìè

ñâîéñòâàìè. Â êà÷åñòâå ïåðâîé ðàññìîòðåíà çàäà÷à îá óñòàíîâèâøèõñÿ ðàäèàëü-
íûõ êîëåáàíèÿõ íåîäíîðîäíîãî ïîðîóïðóãîãî öèëèíäðà ñ ïåðåìåííûì ìîäóëåì
Áèî A(r). Îïðåäåëåíèå çíà÷åíèé ôóíêöèè ñìåùåíèÿ è âíóòðèïîðîâîãî äàâëå-
íèÿ ðåàëèçîâàíî ÷èñëåííî íà îñíîâå ìåòîäà ïðèñòðåëêè. Ïðîâåäåí ïîäðîáíûé
àíàëèç èçìåíåíèÿ àìïëèòóäíî-÷àñòîòíîé õàðàêòåðèñòèêè (À×Õ) öèëèíäðà â çà-
âèñèìîñòè îò âèäà ôóíêöèè A(r). Ðåøåíèå îáðàòíîé çàäà÷è îá îïðåäåëåíèè çà-
êîíà èçìåíåíèÿ ìîäóëÿ Áèî ïî äàííûì îá À×Õ, èçìåðåííîé íà âíåøíåé ãðàíèöå
â çàäàííîì ÷àñòîòíîì äèàïàçîíå, ïîñòðîåíî íà îñíîâå èòåðàöèîííîãî ïðîöåññà.
Ïîïðàâêà ê âîññòàíàâëèâàåìîé ôóíêöèè íà êàæäîé èòåðàöèè îïðåäåëÿåòñÿ èç
÷èñëåííîãî ðåøåíèÿ ñôîðìóëèðîâàííîãî èíòåãðàëüíîãî óðàâíåíèÿ Ôðåäãîëüìà
ïåðâîãî ðîäà. Ïðåäñòàâëåíû ïðèìåðû ðåêîíñòðóêöèè ðàçëè÷íûõ çàêîíîâ èçìå-
íåíèÿ ìîäóëÿ Áèî. Äàíà îöåíêà òî÷íîñòè âîññòàíîâëåíèÿ è ðåêîìåíäàöèè î âîç-
ìîæíîñòè ïðàêòè÷åñêîé ðåàëèçàöèè ïðåäëîæåííîãî ïîäõîäà ê ðåøåíèþ îáðàòíîé
çàäà÷è.
Â êà÷åñòâå âòîðîãî ïðèìåðà ðàññìîòðåíà çàäà÷à î ðàäèàëüíûõ êîëåáàíèÿõ

òîíêîãî ïîëîãî ïðåäíàïðÿæåííîãî öèëèíäðè÷åñêîãî äèñêà ñ ýëåêòðîäèðîâàííû-
ìè îñíîâàíèÿìè. Êîëåáàíèÿ âûçûâàþòñÿ ïóòåì ïåðèîäè÷åñêîé ïîäà÷è ðàçíîñòè
ïîòåíöèàëîâ íà ýëåêòðîäû. Â ðàìêàõ îáùåé ìîäåëè ýëåêòðîóïðóãîãî òåëà, îïè-
ñàííîé â [1], ïîëó÷åíû óðàâíåíèÿ êîëåáàíèé è ãðàíè÷íûå óñëîâèÿ. Ïðîâåäåí àíà-
ëèç âëèÿíèÿ óðîâíÿ ïëîñêîãî ïðåäâàðèòåëüíîãî íàïðÿæåííî-äåôîðìèðîâàííîãî
ñîñòîÿíèÿ íà À×Õ è çíà÷åíèÿ ïåðâûõ ðåçîíàíñíûõ ÷àñòîò. Èñïîëüçóÿ òåõíèêó
èç [2], ðåøåíà îáðàòíàÿ çàäà÷à îá îïðåäåëåíèè óðîâíÿ ïðåäíàïðÿæåíèé τ ïî äàí-
íûì îá èçìåíåíèè çíà÷åíèÿ ïåðâîé ðåçîíàíñíîé ÷àñòîòû öèëèíäðè÷åñêîãî äèñêà.
Ïðîâåäåíà ñåðèÿ âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ ïî ðåêîíñòðóêöèè ïàðàìåòðà τ .
Äàíà îöåíêà òî÷íîñòè ïîëó÷åííûõ ðåçóëüòàòîâ.
Ðàáîòà ïðîâîäèëàñü ïðè ïîääåðæêå ãðàíòà Ïðåçèäåíòà Ðîññèéñêîé Ôåäåðàöèè

(ïðîåêò ÌÊ-3179.2017.1), ÐÔÔÈ (ïðîåêò 16-01-00354 À), Ïðîãðàììû ôóíäàìåí-
òàëüíûõ èññëåäîâàíèé ïî ñòðàòåãè÷åñêèì íàïðàâëåíèÿì ðàçâèòèÿ íàóêè Ïðåçè-
äèóìà ÐÀÍ � 1 ¾Ôóíäàìåíòàëüíûå ïðîáëåìû ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ¿
(114072870112) ¾Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå íåîäíîðîäíûõ è ìíîãîôàçíûõ
ñòðóêòóð¿.
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Mathematical models in immunology are described by systems of nonlinear ordinary
di�erential equations. It is important to determine parameters of these systems that
characterize features of immunity and disease for constructing an individual treatment
plan.
In this paper the problem of determining individual parameters (inverse problem [1])

in mathematical model of HIV dynamics [2] using additional measurements of some
system states at �xed times tk, k = 1, . . . ,K, is numerically investigated. The mathematical
model describes the dynamics of infected and uninfected cells, viruses in the body
and immune e�ectors. The main idea consists in construction and investigation of
stochastic numerical algorithm for determining some important coe�cients of mathematical
model for HIV dynamics using additional information about given concentrations.
The inverse problem is reduced to minimization problem of least square function
that describes the deviation between model and measured data. The in�uence of
the measurement number on the value of the relative accuracy error of parameter
identi�cation problem is investigated. The stability of the inverse problem solution
is analysed using the method of singular value decomposition. After determining
the parameters of the model, the problem of choosing the optimal treatment for
a particular patient is investigated. The problem of optimal treatment control is
solved by minimizing mis�t function that characterizes combination of viral load and
treatment costs. To �nd the optimal treatment control, the Pontryagin's Maximum
Principle is used. It is shown that it is possible to obtain such optimal treatment that
will lead the system to the same state as with full treatment, but with minimal costs.
Numerical results are presented and discussed.
The work has been supported by the Ministry of Education and Science of the

Russian Federation (4.1.3 The Joint Laboratories of NSU-NSC SB RAS) and President
Grant No. MK1214.2017.1.
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Ãðàíè÷íûå îáðàòíûå çàäà÷è òåïëîïåðåíîñà èìåþò âàæíîå ïðèêëàäíîå çíà÷å-

íèå è èõ ÷èñëåííûì ìåòîäàì ðåøåíèÿ ïîñâÿùåíû ðàáîòû ìíîãèõ àâòîðîâ, îáîá-
ùåíèå êîòîðûõ ïðåäñòàâëåíî â ìîíîãðàôèÿõ [1] � [2]. Â ñîîáùåíèè ðàññìàòðèâà-
åòñÿ ïðÿìîé ìåòîä ðåøåíèÿ ãðàíè÷íûõ îáðàòíûõ çàäà÷ äëÿ îäíîìåðíîãî ïàðàáî-
ëè÷åñêîãî óðàâíåíèÿ, íà êàæäîì âðåìåííîì ñëîå îñíîâàííûé íà äåêîìïîçèöèè
êîíå÷íî-ðàçíîñòíîãî àíàëîãà ïîñòàâëåííîé çàäà÷è. Ñ ïîìîùüþ ïðåäëàãàåìîãî
÷èñëåííîãî ìåòîäà ðåøåíû ãðàíè÷íûå îáðàòíûå çàäà÷è: ñ ôèêñèðîâàííîé ãðà-
íèöåé, ñ ïîäâèæíîé ãðàíèöåé è Ñòåôàíà. Îáñóæäàþòñÿ ðåçóëüòàòû ÷èñëåííûõ
ðàñ÷åòîâ.
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Âûñîêî÷àñòîòíûé èíäóêöèîííûé ðàçðÿä (Â×È-ðàçðÿä) øèðîêî èñïîëüçóåòñÿ

â ðàçíîîáðàçíûõ òåõíîëîãè÷åñêèõ ïðîöåññàõ: îáðàáîòêà ìåòàëëîâ, ñòåêîë, ïîðîø-
êîâûõ ìàòåðèàëîâ, òîíêèõ ïëåíîê, òåêñòèëÿ è êîæåâåííî-ìåõîâûõ ïîëóôàáðèêà-
òîâ. Ðåæèìû îáðàáîòêè ìàòåðèàëîâ â ýòèõ ïðîöåññàõ ÷ðåçâû÷àéíî ÷óâñòâèòåëü-
íû ê îñíîâíûì õàðàêòåðèñòèêàì Â×È-ðàçðÿäà. Äëÿ ýôôåêòèâíîãî è êà÷åñòâåí-
íîãî âûáîðà êîíñòðóêòèâíûõ ðåøåíèé ïðè ñîçäàíèè Â×È-óñòàíîâîê íåîáõîäèìî
ïðèìåíåíèå ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ.
Ìîäåëèðîâàíèå áàëàíñà çàðÿæåííûõ ÷àñòèö Â×È-ðàçðÿäà ñâîäèòñÿ ê íàõîæ-

äåíèþ ìèíèìàëüíîãî ñîáñòâåííîãî çíà÷åíèÿ, îòâå÷àþùåãî ïîëîæèòåëüíîé ñîá-
ñòâåííîé ôóíêöèè äèôôåðåíöèàëüíîé çàäà÷è íà ñîáñòâåííûå çíà÷åíèÿ ñ êîýô-
ôèöèåíòàìè, íåëèíåéíî çàâèñÿùèìè îò ñïåêòðàëüíîãî ïàðàìåòðà [1]. Ðåøåíèå
ýòîé çàäà÷è îïðåäåëÿåò óñëîâèå, íåîáõîäèìîå äëÿ ïîääåðæàíèÿ ñòàöèîíàðíîãî
Â×È-ðàçðÿäà ïîíèæåííîãî äàâëåíèÿ. Â íàñòîÿùåé ðàáîòå ïîëó÷åíû íåîáõîäè-
ìûå è äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ ðåøåíèé çàäà÷è. Çàäà÷à àïïðîêñèìè-
ðóåòñÿ ñåòî÷íîé ñõåìîé ìåòîäà êîíå÷íûõ ýëåìåíòîâ ïðîèçâîëüíîãî ïîðÿäêà. Èñ-
ñëåäîâàíà ñõîäèìîñòü è ïîãðåøíîñòü ïðèáëèæåííûõ ðåøåíèé. Ñåòî÷íàÿ çàäà÷à
ýêâèâàëåíòíà ìàòðè÷íîé çàäà÷å íà ñîáñòâåííûå çíà÷åíèÿ ñ íåëèíåéíîé çàâèñèìî-
ñòüþ îò ñïåêòðàëüíîãî ïàðàìåòðà. Äëÿ âû÷èñëåíèÿ ìèíèìàëüíîãî ñîáñòâåííîãî
çíà÷åíèÿ è ñîîòâåòñòâóþùåãî ïîëîæèòåëüíîãî ñîáñòâåííîãî âåêòîðà ìàòðè÷íîé
íåëèíåéíîé çàäà÷è íà ñîáñòâåííûå çíà÷åíèÿ ïðåäëîæåí è îáîñíîâàí ìåòîä íàè-
ñêîðåéøåãî ñïóñêà. Â îòëè÷èå îò ðåçóëüòàòîâ [2] ìû íå ïðåäïîëàãàåì ìîíîòîííóþ
çàâèñèìîñòü êîýôôèöèåíòîâ äèôôåðåíöèàëüíîé çàäà÷è îò ñïåêòðàëüíîãî ïàðà-
ìåòðà.
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåí-

òàëüíûõ èññëåäîâàíèé (ïðîåêòû � 15-41-02672, 16-01-00301, 17-41-160277).
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ÏóñòüX è Y � ãèëüáåðòîâû ïðîñòðàíñòâà. Ââåäåì ñåìåéñòâà êîíå÷íîìåðíûõ ïðî-
ñòðàíñòâ {XN}, {YM}, àïïðîêñèìèðóþùèå X,Y , è îòîáðàæåíèÿ PN ∈ L(X,XN ),
QM ∈ L(Y, YM ). Îïðåäåëèì íåëèíåéíûå äèôôåðåíöèðóåìûå ïî Ôðåøå îïåðàòî-
ðû F : X → Y è F̂ : XN → YM , óäîâëåòâîðÿþùèå óñëîâèþ Ëèïøèöà è ñâÿçàííûå
óñëîâèåì ‖F̂ (PNx

∗)−QMF (x∗)‖YM ≤ εNM , lim
N,M→∞

εNM = 0. Íåïðåðûâíàÿ îáðà-

òèìîñòü îïåðàòîðà F ′∗(x)F (x) íå ïðåäïîëàãàåòñÿ. Äëÿ íåëèíåéíîãî îïåðàòîðíîãî
óðàâíåíèÿ

(1) F (x) = f, x ∈ X
èññëåäóåòñÿ êëàññ êîíå÷íîìåðííûõ èòåðàöèîííûõ ïðîöåññîâ

x̂0 ∈ Ω̂R(PNx
∗) = {x̂ ∈ XN : ‖x̂− PNx∗‖XN ≤ R}, r > 0,

(2) x̂n+1 = ξN −Θ(F̂ ′∗(x̂n)F̂ ′(x̂n), αn)F̂ ′∗(x̂n)(F̂ (x̂n)− f̂ − F̂ ′(x̂n)(x̂N − ξN )).

Âìåñòî òî÷íîé ïðàâîé ÷àñòè óðàâíåíèÿ (1) äîñòóïíî åå ïðèáëèæåíèå f̃ , ãäå ‖f −
f̃‖Y ≤ δ. Çäåñü x∗ è PNx∗ � èñêîìîå è ïðèáëèæåííîå ðåøåíèÿ óðàâíåíèÿ (1), ξN =

PNξ, ξ � çàäàííîå ïðèáëèæåíèå ê x∗, f̂ = QM f̃ , 0 < αn+1 ≤ αn, supn=0,1,...
αn
αn+1

=

r < ∞, lim
n→∞

αn = 0. Óñòàíîâëåíî, ÷òî åñëè íà÷àëüíàÿ íåâÿçêà x∗ − ξ äîïóñêàåò
èñòîêîîáðàçíîå ïðåäñòàâëåíèå x∗ − ξ = F ′∗(x∗)v + w; w ∈ X, v ∈ Y, ‖w‖X ≤ ∆,
òî íàéäåòñÿ ýëåìåíò v̂ ∈ YM òàêîé, ÷òî ïðè âûïîëíåíèè óñëîâèÿ ‖F̂ ′∗(PNx∗)v̂ −
PNF

′∗(x∗)v‖XN ≤ κNM , lim
N,M→∞

κNM = 0, ñïðàâåäëèâî ñîîòíîøåíèå èñòîêîïðåä-

ñòàâèìîñòè PNx
∗ − ξN = F̂ ′∗(PNx

∗)v̂ + ŵ, v̂ ∈ XN , ‖ŵ‖XN ≤ ∆NM , ∆NM =
κNM + C1∆. Ïîêàçàíî, ÷òî ïðè âûïîëíåíèè ðÿäà ñòàíäàðòíûõ äîïîëíèòåëüíûõ
îãðàíè÷åíèé íà ïîðîæäàþùóþ ôóíêöèþ Θ(λ, α), îñòàíîâ ïðîöåññà (2) ïî àïðè-

îðíîìó ïðàâèëó n0(N,M) = max
{
n ∈ N : ∆NM · α

− 1
2

n + εNM · (αn + δ)−1 ≤ κ
}

ïðèâîäèò ê îöåíêå ‖x̂n0(N,M)−PNx∗‖XN = O
(

∆NM +(εNM +δ) ·α−1
n0(N,M)

)
. Ðàíåå

â [1] êëàññ èòåðàöèîííûõ ïðîöåññîâ (2) áûë èññëåäîâàí â ÷àñòíîì ñëó÷àå, êîãäà
îòîáðàæåíèÿ PN è QM ÿâëÿþòñÿ îðòîïðîåêòîðàìè.
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ (ïðîåêò 16�01�00039à).

ÑÏÈÑÎÊ ËÈÒÅÐÀÒÓÐÛ

(1) Êàðàáàíîâà Î.Â., Êîçëîâ À.È., Êîêóðèí Ì.Þ. Óñòîé÷èâûå êîíå÷íîìåð-
íûå èòåðàöèîííûå ïðîöåññû äëÿ ðåøåíèÿ íåëèíåéíûõ íåêîððåêòíûõ îïå-
ðàòîðíûõ óðàâíåíèé // Æóðíàë âû÷èñëèòåëüíîé ìàòåìàòèêè è ìàòåìà-
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Ðàññìîòðèì íà÷àëüíî-êðàåâóþ çàäà÷ó:

− ω2c−2u = ∆u−∇ ln(ρ(x, y))∇u, (x, y) ∈ Ω,(1)

u(0, y) = h1(y), y ∈ [0, 1],(2)

u(x, 0) = h2(x), x ∈ [0, 1],(3)

ux(0, y) = f1(y), y ∈ [0, 1],(4)

uy(x, 0) = f2(x), x ∈ [0, 1].(5)

Çàäà÷à (1) � (5) ÿâëÿåòñÿ íåêîððåêòíîé. Äëÿ ÷èñëåííîãî ðåøåíèÿ çàäà÷è
ìû ñíà÷àëà ñâåäåì åå ê îáðàòíîé çàäà÷å Aq = f ïî îòíîøåíèþ ê íåêîòîðîé
ïðÿìîé (êîððåêòíîé) çàäà÷å. Äàëåå ìû ñâåäåì ðåøåíèå îïåðàòîðíîãî óðàâíåíèÿ
Aq = f ê çàäà÷å ìèíèìèçàöèè öåëåâîãî ôóíêöèîíàëà J(q) = 〈Aq − f,Aq − f〉.
Ïîñëå âû÷èñëåíèå ãðàäèåíòà J ′q öåëåâîãî ôóíêöèîíàëà, ìû ïðèìåíÿåì ìåòîä ïî
êîîðäèíàòíîãî ñïóñêà äëÿ åãî ìèíèìèçàöèè [1].
×èñëåííûå ðåçóëüòàòû îáðàòíîé çàäà÷è ìåòîäîì Ëàíäâåáåðà

Â äàííîì ðàçäåëå äëÿ ðåøåíèÿ äâóìåðíîé ïðÿìîé çàäà÷è äëÿ óðàâíåíèÿ Ãåëüì-
ãîëüöà, èñïîëüçóåòñÿ ìåòîä êîíå÷íûõ ýëåìåíòîâ. Ïðîâåäåíà òðèàíãóëÿöèÿ ñ ÷èñ-
ëîì òðåóãîëüíèêîâ � Nt; âåðøèí � Nv; è ñ ÷èñëîì òî÷åê íà ãðàíèöå � N . Çàäà÷à
ðåøåíà ñ âû÷èñëèòåëüíîé ïàêåòîì FreeFEM++.

n
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)
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a) J(qn) b) N = 50, Nt = 5862 è Nv = 3032

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Êîìèòåòà íàóêè ÌÎÍ ÐÊ �1746/ÃÔ4

¾Òåîðèÿ è ÷èñëåííûå ìåòîäû ðåøåíèÿ îáðàòíûõ è íåêîððåêòíûõ çàäà÷ åñòåñòâîçíàíèÿ¿
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Äàííàÿ ðàáîòà ïîñâåùåíà èçó÷åíèþ ìåòîäîâ ÷èñëåííîãî ðåøåíèÿ çàäà÷ òîìî-
ãðàôèè, êîòîðûå îòëè÷àþòñÿ îò êëàññè÷åñêèõ "íåïîëíîòîé"ïîñòàíîâêè. Ê òàêî-
ãî ðîäà çàäà÷àì ìîæíî îòíåñòè çàäà÷ó ìåæñêâàæèííîãî ïðîñâå÷èâàíèÿ, êîòîðàÿ
áûëà âûáðàíà â êà÷åñòâå ìîäåëüíîé. Â ðàáîòå ïðèâåäåí àëãîðèòì (FOCUSS) ðå-
øåíèÿ äàííîé çàäà÷è [1, 2], êîòîðûé ñ âûñîêîé òî÷íîñòüþ ïîçâîëÿåò âîññòàíàâ-
ëèâàòü ñêîðîñòíîå ñòðîåíèå èññëåäóåìîé îáëàñòè äàæå â ñëó÷àå çàøóìëåííûõ
äàííûõ. Ïðîâåäåí ñðàâíèòåëüíûõ àíàëèç ïðåäëàãàåìîãî àëãîðèòìà è êëàññè÷å-
ñêèõ ïîäõîäîâ ðåøåíèÿ äàííîé çàäà÷è.
Ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ ïî âîññòàíîâëåíèþ ñêîðîñòíîé ìîäåëè

checkerboard (øàõìàòíàÿ äîñêà) ïîäòâåðæäàþò ýôôåêòèâíîñòü ïðåäëàãàåìîãî
àëãîðèòìà. Ðàñ÷åò áûëè ïðîâåäåíû êàê äëÿ òî÷íûõ, òàê è äëÿ çàøóìëåííûõ
äàííûõ.
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Â äîêëàäå áóäóò ïðèâåäåíû ïðèìåðû ðàçíîñòíûõ ìîäåëåé, ïî êîòîðûì ïðîâî-
äèëèñü ðàñ÷¼òû ðàçðûâíûõ ðåøåíèé îäíîìåðíûõ óðàâíåíèé ãàçîâîé äèíàìèêè
(óäàðíûõ âîëí è çàäà÷ î ðàñïàäàõ ðàçðûâà ïðè ñòîëêíîâåíèè òàêèõ âîëí).
Â ðàáîòå [1] áûëî îïèñàíî, ÷òî ëèíåàðèçîâàííûå ñõåìû Ãîäóíîâà-Êóëèêîâà

è Ñàôðîíîâà [2, 3] íà ðàçðûâíûõ ðåøåíèÿõ èìåþò ïîðÿäêè òî÷íîñòè, êîòîðûå
îòëè÷àþòñÿ îò ïåðâîãî ïîðÿäêà àïïðîêñèìàöèè ñõåìû. Îñíîâíîå ïðåäïîëîæå-
íèå î ïðè÷èíå äàííîãî ôàêòà ñâÿçàíî ñî îñîáåííîñòÿìè ñòðóêòóðû ðàçðûâíûõ
ðåøåíèé. Òàê, íàïðèìåð, ïîñëå ñòîëêíîâåíèÿ óäàðíûõ âîëí ïðîèñõîäèò ôîðìè-
ðîâàíèå èõ ñòàöèîíàðíîé ñòðóêòóðû, ò.å. øèðèíà óäàðíîé âîëíû óâåëè÷èâàåòñÿ ñ
òå÷åíèåì âðåìåíè è òîëüêî ÷åðåç îïðåäåëåííûé ìîìåíò ñòàíîâèòñÿ ïîñòîÿííîé.
Ïîêàçàíà çàâèñèìîñòü ñòðóêòóðû ðåøåíèé îò âûáîðà ÷èñëà Êóðàíòà äëÿ ðàñ÷¼-
òà. Ïî-âèäèìîìó, ýòîò ìîìåíò ïðèäåòñÿ ó÷èòûâàòü â ôîðìóëèðîâêå îáîáùåííîãî
ðåøåíèÿ äëÿ óðàâíåíèé ãàçîâîé äèíàìèêè.
Âàæíî îòìåòèòü, ÷òî â õîäå ýêñïåðèìåíòîâ áûëî îáíàðóæåíî îãðàíè÷åíèå íà

ïðèìåíèìîñòü ëèíåàðèçîâàííîé ñõåìû, êîòîðîå íå áûëî îïèñàíî â ðàáîòå [2]. Îêà-
çûâàåòñÿ, ëèíåàðèçàöèÿ ðåøåíèÿ çàäà÷è Ðèìàíà íà ãðàíèöå ÿ÷ååê ðàçíîñòíîé
ñåòêè èìååò ìåñòî íå äëÿ âñåõ òèïîâ ðàñïàäîâ ðàçðûâîâ. Âûñêàçûâàþòñÿ ïðè÷è-
íû è ìåòîäû ðåøåíèÿ ïðîáëåìû. Äîïîëíèòåëüíî, ñ ïîìîùüþ ÷èñëåííûõ ðàñ÷åòîâ
ïî ëèíåàðèçîâàííîé ñõåìå ïîêàçàíî âûïîëíåíèå çàêîíà íåóáûâàíèÿ ýíòðîïèè íà
ðàçðûâàõ, ãàðàíòèðîâàííîå â ðàáîòå [2], îäíàêî ýêñïåðèìåíòàëüíî íåèññëåäîâàí-
íîå ðàíåå.
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∂αu(t) = Au(t), u(0) = f ∈ D(A), t ∈ (0, T ], (1)

ãäå u(t), t ≥ 0 � ôóíêöèÿ ñî çíà÷åíèÿìè â êîìïëåêñíîì áàíàõîâîì ïðîñòðàíñòâå

X, ∂αu(t) = 1
Γ(1−α)

t∫
0

u′(s)ds
(t−s)α � äðîáíàÿ ïðîèçâîäíàÿ Êàïóòî ïîðÿäêà α ∈ (0, 1),

A : D(A) ⊂ X → X � çàìêíóòûé, ïëîòíî îïðåäåë¼ííûé, íåïðåðûâíî îáðàòèìûé
ëèíåéíûé îïåðàòîð, òàêîé ÷òî −A ñåêòîðèàëåí ñ óãëîì ñåêòîðèàëüíîñòè ϕ0 ∈
(0, π/2). Çàäà÷à (1), ðåøåíèå u ∈ C([0, T ], X) êîòîðîé ïîíèìàåòñÿ â ñìûñëå [1],
ÿâëÿåòñÿ êîððåêòíîé.
Èçó÷àåòñÿ ðàçíîñòíàÿ ñõåìà äëÿ çàäà÷è (1):

n∑
j=0

ajnuj
(∆t)α

= Aun, 1 ≤ n ≤ N, u0 = f, (2)

ãäå ∆t = T/N � øàã äèñêðåòèçàöèè, un � ïðèáëèæåíèå ê u(n∆t), 0 ≤ n ≤ N ,

ajn =
α

Γ(1− α)

( bjn
jα − (j − 1)α

− bj+1,n

(j + 1)α − jα
)
, j = 1, . . . , n− 1,

a0n = − α

Γ(1− α)
b1n, ann =

α

Γ(1− α)

( bnn
nα − (n− 1)α

)
,

bjn =

tj∫
tj−1

ds

s1−α(n∆t− s)α
, j = 1, . . . , n.

Òåîðåìà. Èìååò ìåñòî ïîòî÷å÷íàÿ ñõîäèìîñòü ñõåìû (2) ê ðåøåíèþ çàäà÷è
(1) ñ îöåíêîé

‖u[t/∆t] − u([t/∆t]∆t)‖ ≤ C(∆t)s(α), C = C(t), t ∈ [0, T ],

ãäå s(α) = α ïðè α ∈ (0, 1/2), s(α) = 1−α− ε ïðè α ∈ [1/2, 1), ε > 0 ñêîëü óãîäíî
ìàë, [x] åñòü öåëàÿ ÷àñòü ÷èñëà x.
Ðàáîòà ïðîâîäèëàñü ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò 16�01�00039à).
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Ìàðèéñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Éîøêàð-Îëà
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Èçó÷àåòñÿ íåêîððåêòíàÿ çàäà÷à Êîøè

(1)
{

ẍ(t) = Ax(t), t ∈ [0, T ]
x(0) = f ∈ D(A), ẋ(0) = 0

}
.

Çäåñü A : D(A) ⊂ H → H � íåîãðàíè÷åííûé, ïëîòíî îïðåäåë¼ííûé, ñàìî-
ñîïðÿæ¼ííûé ëèíåéíûé îïåðàòîð â ãèëüáåðòîâîì ïðîñòðàíñòâå H ñî ñïåêòðîì
σ(A) ⊂ [a,+∞), a > 0. Èçâåñòíî, ÷òî äàííàÿ çàäà÷à íå ìîæåò èìåòü áîëåå îä-
íîãî êëàññè÷åñêîãî ðåøåíèÿ. Â ïðåäïîëîæåíèè ñóùåñòâîâàíèÿ òàêîãî ðåøåíèÿ,
ðàññìîòðèì êëàññ ñõåì åãî äèñêðåòíîé àïïðîêñèìàöèè ñ ïàðàìåòðîì β > 0:

xn − 2xn+1 + xn+2 = (∆t)2A(−βxn + (1 + 2β)xn+1 − βxn+2), 0 ≤ n ≤ N − 2;

x0 = f, x1 =
(
E + 3/2(∆t)2A

)(
E + (∆t)2A

)−1
f.

(2)

Çäåñü ∆t = T/N � øàã äèñêðåòèçàöèè, xn ∈ H � ïðèáëèæåíèå ê x(n∆t), 0 ≤
n ≤ N , E � åäèíè÷íûé îïåðàòîð â H.
Ýëåìåíò x(T ) çàâåäîìî äîïóñêàåò èñòîêîîáðàçíîå ïðåäñòàâëåíèå x(T ) = A−pw,

w ∈ H ñ ïîêàçàòåëåì p ≥ 1. Ñëåäóþùèå òåîðåìû óñòàíàâëèâàþò äîñòàòî÷íûå è
íåîáõîäèìûå óñëîâèÿ ñòåïåííîé ñõîäèìîñòè ðàçíîñòíûõ ñõåì îïèñàííîãî êëàññà
â òåðìèíàõ ïîêàçàòåëÿ p.
Òåîðåìà 1. Äëÿ ñõåì (2) ðåøåíèÿ çàäà÷è (1) âûïîëíÿåòñÿ îöåíêà ñêîðîñòè

ñõîäèìîñòè

‖xn − x(n∆t)‖ ≤
{
C1(∆t)4p/3, 1 ≤ p < 3/2;

C1(∆t)2, p ≥ 3/2.

}
, 0 ≤ n ≤ N, C1 = C1(p).

Â ÷àñòíîñòè, ïðè ëþáîì p ≥ 1 èìååì ñòåïåííóþ ñõîäèìîñòü ñ ïîêàçàòåëåì 4/3.
Òåîðåìà 2. Ïóñòü äëÿ ñõåìû (2) ðåøåíèÿ çàäà÷è (1) ñïðàâåäëèâà îöåíêà

‖xN−x(T )‖ ≤ C2(∆t)q ñ íåêîòîðûì q ≥ 4/3. Òîãäà èìååò ìåñòî èñòîêîîáðàçíîå
ïðåäñòàâëåíèå x(T ) = A−pw c ëþáûì p ∈ (0, 3q/4). Áîëåå òîãî, åñëè q > 2, òî
f = 0 è x(t) ≡ 0.
Àíàëîãè òåîðåì 1, 2 äëÿ ñõåì (2) â ïðèìåíåíèè ê íåêîððåêòíîé çàäà÷å Êî-

øè âèäà (1) ñ ñåêòîðèàëüíûì îïåðàòîðîì â áàíàõîâîì ïðîñòðàíñòâå äîêàçàíû
â ñëó÷àå, êîãäà ïàðàìåòð β ïðèíàäëåæèò ìíîæåñòâó Ω(ϕ0) ⊂ (0,+∞), ãäå ϕ0 �
óãîë ñåêòîðèàëüíîñòè îïåðàòîðà A. Ïðèíàäëåæíîñòü β ∈ Ω(ϕ0) äëÿ êàæäûõ êîí-
êðåòíûõ β, ϕ0 ìîæíî ïðîâåðèòü ñ ïîìîùüþ êîìïüþòåðíîãî ðàñ÷¼òà. Ñóùåñòâóåò
ïðåäïîëîæåíèå, ÷òî Ω(ϕ0) = (0,+∞) äëÿ ëþáûõ ϕ0 ≤ π/3.
Ðàáîòà ïðîâîäèëàñü ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò 16�01�00039a).
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Â äîêëàäå èññëåäóþòñÿ ìåòîäû ðåãóëÿðèçàöèè íåêîððåêòíûõ ýêñòðåìàëüíûõ

çàäà÷ min{J(x) : x ∈ Q} ñ âûïóêëûì çàìêíóòûì îãðàíè÷åííûì ìíîæåñòâîì Q èç
ãèëüáåðòîâà ïðîñòðàíñòâà è íåâûïóêëûì ïðèáëèæåííî çàäàííûì ôóíêöèîíàëîì
J . Ðàññìàòðèâàþòñÿ çàäà÷è ñ J ∈ K , ãäå êëàññ K ñîñòîèò èç ñëàáî ïîëóíåïðå-
ðûâíûõ ñíèçó ôóíêöèîíàëîâ. Â ýòîì ñëó÷àå X∗(J) , Argmin{J(x) : x ∈ Q} 6= ∅.
Ïóñòü åùå L ⊃ K � êëàññ ïðèáëèæåííûõ ôóíêöèîíàëîâ J̃ . Ïîãðåøíîñòü ðåãóëÿ-
ðèçóþùåãî àëãîðèòìà R(J̃ , δ) íà êëàññå K èçìåðÿåòñÿ âåëè÷èíîé sup

J∈K
∆(R, J, δ),

ãäå ∆(R, J, δ) , sup
{

dist(R(J̃ , δ), X∗(J)) : J̃ ∈ L, sup
x∈Q
|J̃(x) − J(x)| ≤ δ

}
. Áóäåì

ãîâîðèòü, ÷òî èñõîäíàÿ çàäà÷à ðàâíîìåðíî óñëîâíî êîððåêòíà íà K, åñëè äëÿ
íåêîòîðîé ìîíîòîííî âîçðàñòàþùåé ôóíêöèè g = g(τ) ≥ 0, lim

τ→0
g(τ) = g(0) = 0,

âûïîëíÿåòñÿ dist(x,X∗(J)) ≤ g(J(x)− J∗) ∀x ∈ Q. Åñëè ({xn} ⊂ Q, lim
n→∞

J(xn) =

J∗)⇒ ( lim
n→∞

dist(xn, X
∗(J)) = 0) äëÿ âñåõ J ∈ K, òî çàäà÷ó (1) íàçûâàåì óñëîâíî

êîððåêòíîé íà K. Çäåñü J∗ = min{J(x) : x ∈ Q}.
Óñëîâèå 1. Êëàññ K ñîñòîèò èç ñëàáî ïîëóíåïðåðûâíûõ ñíèçó ôóíêöèîíàëîâ,

è åñëè J ∈ K, òî ôóíêöèîíàë x → J(x) + α‖x − u‖2 ïðèíàäëåæèò K äëÿ âñåõ
α > 0, u ∈ Q.
Òåîðåìà 1. Ïóñòü âûïîëíÿåòñÿ Óñëîâèå 1. Ðåãóëÿðèçóþùèé îïåðàòîð R òà-

êîé, ÷òî
sup
J∈K

∆(R, J, δ) ≤ κ(δ), lim
δ→0

κ(δ) = κ(0) = 0 (1)

äëÿ íåêîòîðîé ìîíîòîííî âîçðàñòàþùåé ôóíêöèè κ = κ(δ), ñóùåñòâóåò òîãäà
è òîëüêî òîãäà, êîãäà èñõîäíàÿ çàäà÷à ðàâíîìåðíî óñëîâíî êîððåêòíà íà K.
Òåîðåìà 2. Ïóñòü äëÿ íåêîòîðîãî R îöåíêà (1) âûïîëíÿåòñÿ ñ κ(δ) = Cδ.

Òîãäà ëþáîé ôóíêöèîíàë J ∈ K òàêîé, ÷òî X∗(J) = {x∗(J)} åñòü îäíîòî÷å÷íîå
ìíîæåñòâî, ÿâëÿåòñÿ ñèëüíî âûïóêëûì â îêðåñòíîñòè x∗(J).
Ñëåäóþùàÿ òåîðåìà óêàçûâàåò óñëîâèå, ïðè êîòîðîì äëÿ ðàññìàòðèâàåìîãî

êëàññà çàäà÷ ñóùåñòâóåò ðåãóëÿðèçóþùèé îïåðàòîð, íå èñïîëüçóþùèé èíôîðìà-
öèþ îá óðîâíå ïîãðåøíîñòè δ.
Òåîðåìà 3. Ïóñòü âûïîëíÿåòñÿ Óñëîâèå 1. Ðåãóëÿðèçóþùèé îïåðàòîð âèäà

R(J̃ , δ) = R(J̃) íà êëàññå K ñóùåñòâóåò òîãäà è òîëüêî òîãäà, êîãäà èñõîäíàÿ
çàäà÷à óñëîâíî êîððåêòíà íà K.
Ðàáîòà ïðîâîäèëàñü ïðè ÷àñòè÷íîé ïîääåðæêå ÐÔÔÈ (ïðîåêò �16�01�00039a).
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THE INFLUENCE OF INVASION ZONE PECULIARITIES NEAR
HORIZONTAL WELLS ON THE INTERPRETATION OF

RESISTIVITY LOGS
Koldaev D.A., Bocharov O.B.

† Novosibirsk Technology Center Baker Hughes, Novosibirsk
dkoldaev@gmail.com

Hydrocarbon reservoirs are in a state of equilibrium prior to drilling a well. This
state is disturbed by the drilling process. In particular, the drilling mud �ltrate
penetrates into an area around the wellbore and forms an invasion zone. It is a well-
known fact that this penetration into the invasion zone changes the resistivity of
the formation. Therefore, it may distort the results of formation evaluation based on
electromagnetic logging. Hence, investigation of �uid �ow in porous media around
horizontal wells enables improvement of EM data interpretation.
The invasion zone around a horizontal well may have a complex form [1]. To model

the invasion process, the 2D Buckley � Leverett model [2] was employed which takes
into account such processes as gravity forces, anisotropy, layered formation, boundary
e�ects and salt distribution.
Many of the necessary model parameters could be unknown while modeling. For

instance, initial conditions of the formation (the temperature, the �uids saturation
and the pressure distributions) might be unknown. The same applies to the formation
�uid properties (the density and the viscosity) and the formation properties (the
porosity and the permeability). The �uids and the formation interactions also have to
be determined (the capillary forces, the relative phase permeabilities). Optimization
of the mud �uid properties also plays a big role in increasing the e�ciency of oil
production.
As a rule, the formation properties estimations are performed by solving inverse

problems. Knowledge about the model sensitivity to its parameters is very useful for
evaluating the e�ciency of this information for solving inverse problems.
A series of calculations of the invasion zone around a horizontal well was performed.

They con�rmed that the invasion zone may have complex non axisymmetric shapes
due to boundary e�ects or/and formation anisotropy. However, the gravity force in
most real cases does not signi�cantly in�uence the invasion zone.
It is shown that various parameter combinations may lead to similar �ltrate and

salt distribution and consequently to identical resistivity �elds. To distinguish these
situations, one needs additional log data (information).

REFERENCES
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horizontal wells in the presence of boundaries using LWD directional resistivity
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Â äàííîé ðàáîòå èññëåäîâàíà áàçîâàÿ ìàòåìàòè÷åñêàÿ ìîäåëü èíôåêöèîííîãî

çàáîëåâàíèÿ Ã.È. Ìàð÷óêà [1], ñîñòîÿùàÿ èç ÷åòûðåõ íåëèíåéíûõ îáûêíîâåííûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé (ÎÄÓ) ñ çàïàçäûâàþùèì àðãóìåíòîì, êîòîðûå
îïèñûâàþò èçìåíåíèå ÷èñëà àíòèãåíîâ V (t), ðîñò ïëàçìàòè÷åñêèõ êëåòîê C(t),
áàëàíñ ÷èñëà àíòèòåë F (t) è õàðàêòåðèñòèêó ïîðàæåííîãî îðãàíà m(t):

(1)
V̇ = (β − γF (t))V (t), Ḟ = ρC(t)− (µf + ηγV (t))F (t), t ∈ (0, T )

Ċ = αF (t− τ)V (t− τ)− µc(C(t)− C∗), ṁ = σV (t)− µmm(t).

Îáðàòíàÿ çàäà÷à ñîñòîèò â íàõîæäåíèè âåêòîðà ïàðàìåòðîâ q = (τ, α, β, γ, ρ, µf ,
η, µc, σ, µm)T ïî çàäàííûì íà÷àëüíûì óñëîâèÿì V (0) = V0, C(0) = C∗, F (0) =
ρC∗/µf ,m(0) = 0 è äîïîëíèòåëüíûì èçìåðåíèÿì ñîñòîÿíèé ñèñòåìû ÎÄÓ (1) â
ôèêñèðîâàííûå ìîìåíòû âðåìåíè tk, k = 1, ...,K:

(2) V (tk) = V k, F (tk) = F k, C(tk) = F k, m(tk) = mk.

Ðåøåíèå îáðàòíîé çàäà÷è (1)-(2) ñâîäèòñÿ ê íàõîæäåíèþ ìèíèìóìà ñîîòâåò-
ñòâóþùåãî öåëåâîãî ôóíêöèîíàëà, êîòîðûé ÷èñëåííî îïðåäåëÿåòñÿ ãåíåòè÷åñêèì
àëãîðèòìîì.
Îïðåäåëåíî îïòèìàëüíîå êîëè÷åñòâî èçìåðåíèé K, êîòîðûå íåîáõîäèìî áðàòü

äëÿ àäåêâàòíîãî ÷èñëåííîãî îïðåäåëåíèÿ ïàðàìåòðîâ q. Äëÿ ýòîãî ïðîâåäåí àïî-
ñòåðèîðíûé (ïðàêòè÷åñêèé) àíàëèç [2] ìîäåëè íà èäåíòèôèöèðóåìîñòü ñ ïîìî-
ùüþ èññëåäîâàíèÿ ÷èñëà îáóñëîâëåííîñòè ìàòðèöû ÷óâñòâèòåëüíîñòè è ñ ïîìî-
ùüþ èññëåäîâàíèÿ ñîáñòâåííûõ ÷èñåë ìàòðèöû Ãåññå. Ïðåäñòàâëåíû ðåçóëüòàòû
÷èñëåííûõ ðàñ÷åòîâ.
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ìèíèñòåðñòâà îáðàçîâàíèÿ è

íàóêè Ðîññèéñêîé Ôåäåðàöèè, ãðàíòà Ïðåçèäåíòà ÐÔ (íîìåð ÌÊ-1214.2017.1) è
ãðàíòà � 1746/ÃÔ4 ¾Òåîðèÿ è ÷èñëåííûå ìåòîäû ðåøåíèÿ îáðàòíûõ è íåêîð-
ðåêòíûõ çàäà÷ åñòåñòâîçíàíèÿ¿.
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Ðàññìîòðåíà ìàòåìàòè÷åñêàÿ ìîäåëü ñåêðåöèè è êèíåòèêè Ñ-ïåïòèäà [1, 2],

êîòîðàÿ ñîäåðæèò 8 ïàðàìåòðîâ, òðè èç íèõ îòíîñÿòñÿ ê êèíåòèêå Ñ-ïåïòèäà
(ïîêàçàòåëÿ, îòðàæàþùåãî óðîâåíü ñåêðåöèè èíñóëèíà): k01, k21, k12, îñòàëüíûå
îòíîñÿòñÿ ê ñåêðåöèè ïîäæåëóäî÷íîé æåëåçû α, β,m, h, x0:

(1)



˙cp1(t) = −[k01 + k21]cp1(t) + k12cp2(t) +mx(t)

˙cp2(t) = k21cp1(t)− k12cp2(t)
˙x(t) = −mx(t) + y(t)
˙y(t) = −α(y(t)− β[G− h])

cp1(0) = 0, cp2(0) = 0, x(0) = x0, y(0) = 0

×òîáû ïîíÿòü õàðàêòåð ðàçðàáîòàííîé ìîäåëè, íåîáõîäèìî èäåíòèôèöèðîâàòü
èíäèâèäóàëüíûå ïàðàìåòðû ìîäåëè.
Ïðåäñòàâëåí îáçîð òèïîâ àíàëèçà èäåíòèôèöèðóåìîñòè: àïðèîðíàÿ (õàðàêòåðè-
çóåò ñâîéñòâà ñàìîé ñèñòåìû), àïîñòåðèîðíàÿ (âûÿâëÿåò íåèäåíòèôèöèðóåìûå
ïàðàìåòðû, êîòîðûå ÿâëÿþòñÿ ñëåäñòâèåì íåîïðåäåëåííîñòè â äàííûõ) è ÷óâ-
ñòâèòåëüíîñòü ïàðàìåòðîâ (èññëåäóåò â êàêîé ñòåïåíè âàðèàáåëüíîñòü êàæäîãî
ïàðàìåòðà è íà÷àëüíûõ óñëîâèé ìîäåëè îïðåäåëÿåò âàðèàáåëüíîñòü ðåçóëüòàòîâ
ìîäåëèðîâàíèÿ).
Â ÷àñòíîñòè ïðîäåìîíñòðèðîâàíà âàæíîñòü ìåòîäà àíàëèçà ÷óâñòâèòåëüíîñòè
ìîäåëè, îñíîâàííîãî íà èññëåäîâàíèè ñâîéñòâ ìàòðèöû ÷óâñòâèòåëüíîñòè [3].
Òàêæå èçó÷åí âîïðîñ î âûáîðå îïòèìàëüíûõ âðåìåííûõ òî÷åê èçìåðåíèÿ [4].
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Ìîáèëüíàÿ âèäåîñúåìêà òðàäèöèîííî èñïîëüçóåòñÿ ïðè ¾ðó÷íîé¿ äèàãíîñòè-

êå è ïàñïîðòèçàöèè òåêóùåãî ñîñòîÿíèÿ àâòîìîáèëüíûõ äîðîã. Â ïîñëåäíèå ãî-
äû âû÷èñëèòåëüíûå âîçìîæíîñòè ìîáèëüíûõ óñòðîéñòâ ñóùåñòâåííî âûðîñëè,
÷òî ïîçâîëÿåò ïîñòàâèòü çàäà÷ó äèàãíîñòèêè ïîâðåæäåíèé äîðîæíîãî ïîëîòíà
ïî èçìåðåíèÿì íà ñåðèè ïîñëåäîâàòåëüíûõ êàäðîâ âèäåîñúåìêè. Â ïëîñêîì ñëó-
÷àå ðåøåíèå îáðàòíîé çàäà÷è ôîòîãðàììåòðèè ñ ïîìîùüþ ðàññòàíîâêè ãðàôè÷å-
ñêèõ ìàðêåðîâ íå âñòðå÷àåò îñîáåííûõ òðóäíîñòåé (ñì. [1]). Â ïðîñòðàíñòâåííîì
ñëó÷àå [2] ðåøåíèå çàäà÷è ñâîäèòñÿ ê ôîðìèðîâàíèþ ïî ãðàôè÷åñêèì ìåòêàì
ýëåìåíòîâ ìàòðèöû ãåîìåòðè÷åñêèõ ïðåîáðàçîâàíèé è âîññòàíîâëåíèþ òðåõìåð-
íûõ êîîðäèíàò òî÷åê îáúåêòà ïî ïåðñïåêòèâíûì ïðîåêöèÿì â êàæäîé êàðòèííîé
ïëîñêîñòè. Â äàííîé ðàáîòå ìû ñîçäàåì ìîáèëüíîå ïðèëîæåíèå è òåñòèðóåì èç-
âåñòíûå àëãîðèòìû ïîèñêà ëîêàëüíûõ îñîáåííîñòåé èçîáðàæåíèé. Îòìåòèì, ÷òî
ïðèìåíåíèå ¾óãëîâûõ¿ ôèëüòðîâ ([3]�[5]) öåëåñîîáðàçíî äëÿ àíàëèçà èçîáðàæå-
íèé îáúåêòîâ èñêóññòâåííîãî ïðîèñõîæäåíèÿ, íàïðèìåð, ïèðàìèäêè èëè êóáèêà,
â âåðøèíàõ êîòîðûõ è ðàñïîëàãàþòñÿ ìàðêåðû. Îáúåêòàì åñòåñòâåííîãî ïðîèñ-
õîæäåíèÿ, òàêèì, êàê ïðîìîèíû, ÿìû è âûáîèíû â àñôàëüòîâî-áåòîííîì ïîêðû-
òèè, ïðèñóùå íàëè÷èå ëîêàëüíûõ íåîäíîðîäíîñòåé, ïîýòîìó â áîëüøåé ñòåïåíè
ïðèãîäíû äåòåêòîðû áëîáîâ (êàïåëü, blob), îñíîâàííûõ íà ìåòîäå Ëàïëàñà [6].
Ðàáîòà ïðîâîäèëàñü ïðè ÷àñòè÷íîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåí-

òàëüíûõ èññëåäîâàíèé è Àäìèíèñòðàöèè Òîìñêîé îáëàñòè (êîä ïðîåêòà 16-41-
700400 ð_à).
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Â ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à âîññòàíîâëåíèÿ ìíîæåñòâà òî÷åê åäèíè÷íîãî
êðóãà, â êîòîðûõ âåêòîðíîå ïîëå òåðïèò ðàçðûâ ïåðâîãî ðîäà. Äàííûìè äëÿ
çàäà÷è ÿâëÿþòñÿ çíà÷åíèÿ ïðîäîëüíîãî è/èëè ïîïåðå÷íîãî ýêñïîíåíöèàëüíîãî
ëó÷åâîãî ïðåîáðàçîâàíèÿ ïîëÿ.
Ïðîäîëüíîå ýêñïîíåíöèàëüíîå ëó÷åâîå ïðåîáðàçîâàíèå âåêòîðíîãî ïîëÿ ïðåä-

ñòàâëÿåò ñîáîé ìíîæåñòâî èíòåãðàëîâ îò êîìïîíåíò ïîëÿ, ñâåðíóòûõ ñ êîìïîíåí-
òàìè íàïðàâëÿþùåãî âåêòîðà ïðÿìîé èíòåãðèðîâàíèÿ è óìíîæåííûìè íà ôóíê-
öèþ, çàâèñÿùóþ îò äðóãîé íåîòðèöàòåëüíîé ôóíêöèè, íàçûâàåìîé ïîãëîùåíèåì.
Âîîáùå ãîâîðÿ, ïîãëîùåíèå � íå ïîñòîÿííàÿ ôóíêöèÿ. Ïîïåðå÷íîå ëó÷åâîå ïðå-
îáðàçîâàíèå îïðåäåëÿåòñÿ àíàëîãè÷íûì îáðàçîì, òîëüêî êîìïîíåíòû âåêòîðíîãî
ïîëÿ ñâîðà÷èâàþòñÿ ñ êîìïîíåíòàìè âåêòîðà, îðòîãîíàëüíîãî ïðÿìîé èíòåãðè-
ðîâàíèÿ.
Äëÿ ðåøåíèÿ óêàçàííîé çàäà÷è èñïîëüçîâàí ìåòîä ïîñòðîåíèÿ èíäèêàòîðîâ

ðàçðûâà [1], [2] � îïåðàòîðîâ, ïðåäñòàâëÿþùèõ ñîáîé êîìáèíàöèè îïåðàòîðîâ
äèôôåðåíöèðîâàíèÿ è îáðàòíîé ïðîåêöèè. Ïðèìåíåíèå îïåðàòîðîâ èíäèêàòîðà
ðàçðûâà ê ëó÷åâûì ïðåîáðàçîâàíèÿì ïîçâîëÿåò âèçóàëèçèðîâàòü ìíîæåñòâî òî-
÷åê ðàçðûâà ïîëÿ [3].
Ïðèâåäåíû ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ, èëëþñòðèðóþùèõ ïðèìåíå-

íèå îïåðàòîðîâ èíäèêàòîðà ðàçðûâà â ðàññìàòðèâàåìîé çàäà÷å.
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Ðàññìàòðèâàåòñÿ ìîäåëü ìíîãîêîìïîíåíòíûõ ìíîãîñêîðîñòíûõ ñìåñåé. Äëÿ
íåå òåîðåìû î ãëîáàëüíîì ñóùåñòâîâàíèè ñëàáûõ ðåøåíèé ìíîãîìåðíûõ çàäà÷
áûëè ïîëó÷åíû ñîâñåì íåäàâíî (ñì., íàïðèìåð, [1]�[3]), áëàãîäàðÿ ÷åìó ñîñòîÿ-
íèå ýòîé òåîðèè ñòàëî ñîïîñòàâèìî ñ òàêîâûì äëÿ îäíîêîìïîíåíòíûõ ìîäåëåé.
Ïðè ýòîì îòêðûëèñü ïðîáëåìû, õàðàêòåðíûå èìåííî äëÿ ñìåñåé, è îòëè÷àþùèå
èõ ïðèíöèïèàëüíî îò îäíîêîìïîíåíòíûõ ìîäåëåé. Â îïðåäåëåííîé ñòåïåíè ýòè
òðóäíîñòè îïèñàíû â [4], [5]. Äëÿ ìíîãèõ èç íèõ ïîêà íåÿñíû ïóòè ïðåîäîëåíèÿ.
Êàê è â ìíîãîìåðíîì ñëó÷àå, êëàññè÷åñêèå ðåçóëüòàòû äëÿ îäíîêîìïîíåíòíîãî

âÿçêîãî ãàçà íå ïåðåíîñÿòñÿ íà ìíîãîêîìïîíåíòíûé îäíîìåðíûé ñëó÷àé êàêèì�
òî àâòîìàòè÷åñêèì îáðàçîì, â ÷àñòíîñòè, â ñèëó ïðèíöèïèàëüíî èíîé ñòðóêòóðû
âÿçêèõ ÷ëåíîâ � íàëè÷èÿ íåäèàãîíàëüíîé ìàòðèöû âÿçêîñòåé. Ýòî îòëè÷èå ïî
ñâîåé ñëîæíîñòè íå çàâèñèò îò ðàçìåðíîñòè äâèæåíèÿ.
Â äîêëàäå áóäåò ïðåäñòàâëåíà òåîðåìà î ñóùåñòâîâàíèè è åäèíñòâåííîñòè

ñèëüíîãî ðåøåíèÿ íà÷àëüíî�êðàåâîé çàäà÷è î äâèæåíèè ñìåñè ñ íåäèàãîíàëüíîé
ìàòðèöåé âÿçêîñòåé, áóäóò îáñóæäàòüñÿ ïåðñïåêòèâû è òðóäíîñòè äàëüíåéøåãî
ðàçâèòèÿ òåîðèè.
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî íàó÷íîãî ôîíäà (ïðîåêò � 15-

11-20019).
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Â ðàáîòå [1] ýêñïåðèìåíòàëüíî ïîêàçàíî, ÷òî ïðè êàïèëëÿðíîé ïðîïèòêå ïî-

ðèñòîãî ìàòåðèàëà (ãàçîáåòîí �Ñèáèò�) ïðîöåññ ïðîñà÷èâàíèÿ âëàãè ñîïðîâîæ-
äàåòñÿ äâèæåíèåì òåïëîâîãî ôðîíòà. Ïðè ýòîì óñëîâèÿ ýêñïåðèìåíòà ÿâëÿëèñü
èçîòåðìè÷åñêèìè.
Ìîæíî âûäåëèòü òðè âçàèìîñâÿçàííûõ ôèçè÷åñêèõ ïðîöåññà, ïðîèñõîäÿùèõ

ïðè êàïèëëÿðíîé ïðîïèòêå:
1. àäñîðáöèÿ âëàãè âñëåäñòâèå âëèÿíèÿ Âàí-äåð-âààëüñîâûõ ñèë ïðè ìåæìî-

ëåêóëÿðíîì âçàèìîäåéñòâèè;
2. ñîðáöèîííîå óâëàæíåíèå ïîðèñòîãî ìàòåðèàëà â ðåçóëüòàòå âûäåëåíèÿ ïàðà

ïðè äâèæåíèè æèäêîñòè ïî ïîðàì è êàíàëàì â ïðîöåññå òðåíèÿ è õèìè÷åñêèõ
ðåàêöèé;
3. ïðîöåññ ïåðåíîñà òåïëà ïðè äâèæåíèÿ ïàðà âíóòðè ïîðèñòîé ñðåäû.
Â ðàáîòå èñïîëüçîâàíà up-scaling-òåõíîëîãèÿ äëÿ ïîñòðîåíèÿ ãîìîãåííîé ñðå-

äû ñ ýôôåêòèâíûìè ôèçè÷åñêèìè ñâîéñòâàìè, ïîëíîñòüþ ýêâèâàëåíòíûìè ôè-
çè÷åñêèì ñâîéñòâàì èñõîäíîé ãåòåðîãåííîé ïîðèñòîé ñðåäû.
Äëÿ âûøå îïèñàííûõ ïðîöåññîâ, â ðåçóëüòàòå ÷èñëåííîé ãîìîãåíèçàöèè, îïðå-

äåëåíû ýôôåêòèâíûå êîýôôèöèåíòû òåïëîïðîâîäíîñòè è ïðîíèöàåìîñòè ïîðè-
ñòîãî îáðàçöà ïî âîäå. Äëÿ ïîñòðîåííîé ãîìîãåííîé ñðåäû âûïîëíåíî ðåøåíèå
çàäà÷è èäåíòèôèêàöèè îáú¼ìíîãî òåïëîâîãî èñòî÷íèêà ïðè êàïèëëÿðíîé ïðî-
ïèòêå ñ ïîìîùüþ ãðàäèåíòíîãî ìåòîäà Ôëåò÷åðà-Ðèâñà.
Âûïîëíåíî ñðàâíåíèå ïîëó÷åííûõ ðåçóëüòàòîâ ñ ýêñïåðèìåíòàëüíûìè äàííû-

ìè, êîòîðûå ïðèâåäåíû â ðàáîòå [2].
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ñòèïåíäèè ïðåçèäåíòà Ðîññèé-

ñêîé Ôåäåðàöèè (ÑÏ-3627.2016.5)

ÑÏÈÑÎÊ ËÈÒÅÐÀÒÓÐÛ

(1) Íèçîâöåâ Ì.È., Ñòåðëÿãîâ À.Í., Òåðåõîâ Â.È Ðàñïðîñòðàíåíèå òåïëîâîãî
ôðîíòà ïðè êàïèëëÿðíîé ïðîïèòêå ïîðèñòûõ ìàòåðèàëîâ. // Ïîëçóíîâ-
ñêèé âåñòíèê. � Èçä-âî: ÔÃÁÎÓ ÂÏÎ ¾Àëòàéñêèé ãîñóäàðñòâåííûé òåõ-
íè÷åñêèé óíèâåðñèòåò èì. È.È. Ïîëçóíîâà¿ (ÀëòÃÒÓ) (Áàðíàóë), 2010. �
�3. Ñ. 39-43.

(2) Íèçîâöåâ Ì.È., Ñòåðëÿãîâ À.Í., Òåðåõîâ Â.È Âëèÿíèå ãðàäèåíòà òåì-
ïåðàòóðû íà íà âëàãîïåðåíîñ â ïîðèñòûõ ìàòåðèàëàõ. // Ïîëçóíîâñêèé
âåñòíèê. � Èçä-âî: ÔÃÁÎÓ ÂÏÎ ¾Àëòàéñêèé ãîñóäàðñòâåííûé òåõíè÷å-
ñêèé óíèâåðñèòåò èì. È.È. Ïîëçóíîâà¿ (ÀëòÃÒÓ) (Áàðíàóë), 2012. � �3-
1. Ñ. 17-31.
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Ìàð÷óê Àí.Ã.
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Â íàñòîÿùåå âðåìÿ ñîçäàíû òåõíè÷åñêèå ñðåäñòâà ðåãèñòðàöèè ðàñïðîñòðà-
íÿþùåéñÿ â ãëóáîêîì îêåàíå âîëíû öóíàìè è ìãíîâåííîé ïåðåäà÷è â ðåæèìå
ðåàëüíîãî âðåìåíè å¼ ïàðàìåòðîâ â öåíòð îáðàáîòêè äàííûõ. Ýòî äà¼ò âîçìîæ-
íîñòü ñòàâèòü è ðåøàòü îáðàòíóþ çàäà÷ó âîññòàíîâëåíèÿ î÷àãà öóíàìè. Åñëè
ðåøèòü ýòó çàäà÷ó äîñòàòî÷íî áûñòðî, òî ìîæíî äàòü ïðîãíîç âûñîòû âîëíû ó
ïîáåðåæüÿ åù¼ äî å¼ ïðèõîäà ê ïîáåðåæüþ. Ïîýòîìó, ñåé÷àñ àêòèâíî âåä¼òñÿ ðà-
áîòà ïî ðàçðàáîòêå áûñòðûõ è ýôôåêòèâíûõ ìåòîäîâ ðåøåíèÿ îáðàòíîé çàäà÷è
âîññòàíîâëåíèÿ î÷àãà öóíàìè ïî çàïèñÿì ãëóáîêîâîäíûõ ðåãèñòðàòîðîâ. Îäíèì
èç ïîäõîäîâ ÿâëÿåòñÿ âîññòàíîâëåíèå íà÷àëüíîãî ñìåùåíèÿ âîäíîé ïîâåðõíîñòè,
êàê ëèíåéíîé êîìáèíàöèè íåáîëüøèõ ¾áàçèñíûõ¿ èñòî÷íèêîâ ïðîñòîé ôîðìû.
Òàêîé ïîäõîä ïîçâîëÿåò îöåíèâàòü âûñîòó âîëí ó áåðåãà äàæå, íå ïðîâîäÿ ïðÿ-
ìîãî ðàñ÷¼òà ðàñïðîñòðàíåíèÿ öóíàìè îò ïîñòðîåííîãî ïîñëå ðåøåíèÿ îáðàòíîé
çàäà÷è î÷àãà. Íåêîòîðûå èç ðàçðàáîòàííûõ ìåòîäîâ óæå óñïåøíî èñïîëüçóþòñÿ
â ðàáîòå ñëóæá ïðåäóïðåæäåíèÿ öóíàìè.
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Â íåðàâíîìåðíî íàãðåòûõ îáúåìàõ æèäêîñòè, íàõîäÿùèõñÿ â ïîëå òÿæåñòè,

ðàçâèâàþòñÿ ñâîáîäíî-êîíâåêòèâíûå òå÷åíèÿ. Ìíîãèå òåõíîëîãè÷åñêèå è òåõíè-
÷åñêèå ïðîöåññû, òàêèå êàê ðîñò êðèñòàëëîâ è ýïèòàêñèàëüíûõ ïëåíîê, è ðàçíî-
ìàñøòàáíûå ïðèðîäíûå êîíâåêòèâíûå ÿâëåíèÿ, íàïðèìåð, òåïëîîáìåí íà ãðàíè-
öå ðàçäåëà îêåàíà è àòìîñôåðû, â ìàíòèè Çåìëè è â ôîòîñôåðå Ñîëíöà, èìåþò
ôèçè÷åñêóþ ïðèðîäó è ïðîñòðàíñòâåííóþ ôîðìó, àíàëîãè÷íóþ íàáëþäàåìîé â
ãîðèçîíòàëüíûõ ñëîÿõ, ïîäîãðåâàåìûõ ñíèçó. Â ÈÒ ÑÎ ÐÀÍ áûëè âûïîëíåíû
ðàáîòû, íàïðàâëåííûå íà ýêñïåðèìåíòàëüíîå èññëåäîâàíèå òåïëîâîé ãðàâèòàöè-
îííîé êîíâåêöèè â ãîðèçîíòàëüíûõ ñëîÿõ æèäêîñòè ïðè ñòàöèîíàðíûõ è íåñòà-
öèîíàðíûõ ãðàíè÷íûõ óñëîâèÿõ [1]. Â ðàáîòàõ èçó÷åíà ýâîëþöèÿ âî âðåìåíè ïðî-
ñòðàíñòâåííîé ôîðìû òå÷åíèÿ, ïîëåé òåìïåðàòóðû è ñêîðîñòè. Îñîáûé èíòåðåñ
ïðåäñòàâëÿþò äàííûå î ëîêàëüíûõ îñîáåííîñòÿõ ñîïðÿæåííîãî òåïëîîáìåíà è
ðàñïðåäåëåíèå ïîëåé òåìïåðàòóðû è òåðìè÷åñêèõ íàïðÿæåíèé âíóòðè òâåðäûõ
ãðàíèö. Â õîäå ôèçè÷åñêîãî ýêñïåðèìåíòà çàòðóäíèòåëüíî ïîëó÷èòü äàííûå î
ðàñïðåäåëåíèè òåìïåðàòóðû âíóòðè òâåðäûõ ãðàíèö, ïîýòîìó àêòóàëüíî ïðîâå-
äåíèå ÷èñëåííîãî ìîäåëèðîâàíèÿ. ×èñëåííî â ñîïðÿæåííîé ïîñòàíîâêå, ìåòîäîì
êîíå÷íûõ ýëåìåíòîâ, èññëåäîâàí íåñòàöèîíàðíûé ñîïðÿæåííûé òåïëîîáìåí â ãî-
ðèçîíòàëüíîì ñëîå æèäêîñòè. Ðàññ÷èòàíû ïîëÿ òåìïåðàòóðû, êàê â æèäêîñòè,
òàê è â òâåðäûõ ñòåíêàõ. Èçó÷åíà ýâîëþöèÿ êîíâåêòèâíûõ òå÷åíèé è ïîëåé òåì-
ïåðàòóðû ïîñëå âíåçàïíîãî ïîäâîäà òåïëà ïîä îñíîâàíèå ãîðèçîíòàëüíîãî ñëîÿ.
Ïîëó÷åííûå äàííûå ïîçâîëÿþò ðàññ÷èòàòü ëîêàëüíûå è èíòåãðàëüíûå òåïëîâûå
ïîòîêè è ýíåðãåòèêó òå÷åíèÿ íà âñåõ ñòàäèÿõ åãî ðàçâèòèÿ. Ìîæíî ðàññ÷èòàòü
ðîñò ñðåäíåìàññîâîé òåìïåðàòóðû æèäêîñòè è ðîñò äàâëåíèÿ çà ñ÷åò åå òåïëî-
âîãî ðàñøèðåíèÿ. Ïî ïîëÿì òåìïåðàòóðû è ãðàäèåíòàì òåìïåðàòóðû â òâåðäûõ
ãðàíèöàõ ìîæíî ðàññ÷èòàòü òåðìè÷åñêèå íàïðÿæåíèÿ. Â öåëîì ïîëó÷åííûå äàí-
íûå ïîçâîëÿþò îïèñàòü èçìåíåíèÿ ýíåðãåòèêè ïðîöåññà âî âðåìåíè è ïðîöåññû
âîçäåéñòâèÿ íà îáòåêàåìûå ãðàíèöû, âêëþ÷àÿ íåñòàöèîíàðíûå ïîëÿ òåðìè÷åñêèõ
íàïðÿæåíèé. Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ãðàíò 15-08-
07991à).

ÑÏÈÑÎÊ ËÈÒÅÐÀÒÓÐÛ

(1) Áåðäíèêîâ Â.Ñ., Ìàðêîâ Â.À., Ìàëûøåâ Â.È. Ýêñïåðèìåíòàëüíûå èññëå-
äîâàíèÿ òåïëîâîé ãðàâèòàöèîííîé êîíâåêöèè â ãîðèçîíòàëüíûõ ñëîÿõ
æèäêîñòè ïðè ñòàöèîíàðíûõ è íåñòàöèîíàðíûõ ãðàíè÷íûõ óñëîâèÿõ.
// Ñòðóêòóðà ãèäðîäèíàìè÷åñêèõ ïîòîêîâ (âûíóæäåííîå òå÷åíèå, òåïëî-
âàÿ êîíâåêöèÿ): Ñá. íàó÷. òð. Íîâîñèáèðñê, 1986. Ñ. 39-67.
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Èññëåäîâàíèÿ ñòðóéíûõ òå÷åíèé ñ ó÷åòîì ýôôåêòà ïëàâó÷åñòè - îäíà èç çà-

äà÷ ãåîôèçè÷åñêîé ãèäðîìåõàíèêè. Ýòî îáóñëîâëåíî ñîâðåìåííûìè ïðîáëåìàìè
ãåîäèíàìèêè è ôèçèêè àòìîñôåðû. Èíòåðåñ ïðåäñòàâëÿåò ðàçâèòèå òåðìîãðàâè-
òàöèîííûõ ñòðóéíûõ òå÷åíèé ïðè çàðîæäåíèè öèêëîíîâ è ñìåð÷åé â àòìîñôåðå,
çàêîíîìåðíîñòè òå÷åíèé âîçäóøíûõ ìàññ, íåñóùèõ ïðèìåñè îò òðóá ÒÝÖ. Àíàëî-
ãè÷íûå ïðîáëåìû ïåðåíîñà ïðèìåñåé îò ëîêàëèçîâàííûõ èñòî÷íèêîâ õàðàêòåðíû
äëÿ êðóïíûõ âîäîåìîâ. Â çàäà÷àõ ãåîäèíàìèêè ýòî èññëåäîâàíèå õàðàêòåðèñòèê
è ïîâåäåíèÿ ìàíòèéíûõ ïëþìîâ. Î÷åâèäíî, ÷òî ïðÿìîå íàáëþäåíèå çà ïëþìîì
íåâîçìîæíî. Ïîýòîìó äëÿ åãî èçó÷åíèÿ íåîáõîäèìû ýêñïåðèìåíòû, êàê íà ëà-
áîðàòîðíûõ ìîäåëÿõ, òàê è ïðîâåäåíèå ÷èñëåííîãî ìîäåëèðîâàíèÿ, ïàðàëëåëüíî
ñ ôèçè÷åñêèìè ýêñïåðèìåíòàìè. Êîìïëåêñíîå ôèçè÷åñêîå è ÷èñëåííîå ìîäåëè-
ðîâàíèå ãëîáàëüíûõ ãåîôèçè÷åñêèõ ïðîöåññîâ äîëæíî áûòü ñîãëàñîâàíî ñ ðå-
çóëüòàòàìè ãåîôèçè÷åñêîé ñåéñìîòîìîãðàôèè. Â ÈÒ ÑÎ ÐÀÍ áûëè âûïîëíåíû
ðàáîòû, íàïðàâëåííûå íà ýêñïåðèìåíòàëüíîå è ÷èñëåííîå èññëåäîâàíèå ïðîöåñ-
ñîâ ôîðìèðîâàíèÿ è âûõîäà íà äíåâíóþ ïîâåðõíîñòü ïëþìîâ, ðàçâèâàþùèõñÿ
íàä ëèíåéíûìè èñòî÷íèêàìè òåïëà [1]. Â ðàáîòàõ èçó÷åíà ýâîëþöèÿ âî âðåìåíè
ïðîñòðàíñòâåííîé ôîðìû òå÷åíèÿ, ïîëåé òåìïåðàòóðû è ñêîðîñòè â çàâèñèìî-
ñòè îò ïîäâîäèìîé ìîùíîñòè. Â äàííîé ðàáîòå, ñ ïîìîùüþ ïàêåòà ïðîãðàìì
ñîáñòâåííîé ðàçðàáîòêè, ïðîâîäèòñÿ ÷èñëåííîå ìîäåëèðîâàíèå íåñòàöèîíàðíîãî
êîíâåêòèâíîãî òåïëîîáìåíà ïðè âîçíèêíîâåíèè ïëàâó÷åé ñòðóè íàä ëèíåéíûì èñ-
òî÷íèêîì òåïëà ðàçëè÷íîé ìîùíîñòè â ñèëüíîâÿçêîé æèäêîñòè. Ìåòîäîì êîíå÷-
íûõ ýëåìåíòîâ [2] ðåøåíû óðàâíåíèÿ òåðìîãðàâèòàöèîííîé êîíâåêöèè â ïðèáëè-
æåíèè Áóññèíåñêà â ïåðåìåííûõ òåìïåðàòóðà, âèõðü è ôóíêöèÿ òîêà. Èçó÷åíà
ïðîñòðàíñòâåííàÿ ôîðìà êîíâåêòèâíûõ òå÷åíèé è ïîëåé òåìïåðàòóðû â æèäêî-
ñòè è âåðõíåé ãîðèçîíòàëüíûõ ñòåíêàõ ðàçëè÷íîé òåïëîïðîâîäíîñòè. Ïðîâåäåíî
ñðàâíåíèå ïîëó÷åííûõ äàííûõ ñ ýêñïåðèìåíòàëüíûìè. Èññëåäîâàíà ýâîëþöèÿ
ñòðóêòóðû òå÷åíèÿ òåðìîãðàâèòàöèîííîé ïðèðîäû â çàâèñèìîñòè îò ìîùíîñòè
èñòî÷íèêà òåïëà. Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ãðàíò
15-08-07991à).

ÑÏÈÑÎÊ ËÈÒÅÐÀÒÓÐÛ

(1) Àíòîíîâ Ï.Â., Àðáóçîâ Â.À., Áåðäíèêîâ Â.Ñ. è äð. Ýêñïåðèìåíòàëüíûå è
÷èñëåííûå èññëåäîâàíèÿ íåñòàöèîíàðíûõ ïëàâó÷èõ ñòðóé. Àâòîìåòðèÿ.
2012. 48, �3. Ñ. 90-100

(2) Ñîëîâåé÷èê Þ.Ã., Ðîÿê Ì.Ý., Ïåðñîâà Ì.Ã. Ìåòîä êîíå÷íûõ ýëåìåíòîâ
äëÿ ðåøåíèÿ ñêàëÿðíûõ è âåêòîðíûõ çàäà÷. � Íîâîñèáèðñê: èçä-âî ÍÃÒÓ,
2007. - 896 ñ.



ÑÁÎÐÍÈÊ ÒÅÇÈÑÎÂ IX ÌÎËÎÄÅÆÍÎÉ ØÊÎËÛ... C.47

Ðåøåíèå êîýôôèöèåíòíîé îáðàòíîé çàäà÷è äëÿ ãèïåðáîëè÷åñêîãî
óðàâíåíèÿ ñ ïîìîùüþ ìåòîäîâ ñòàòèñòè÷åñêîãî ìîäåëèðîâàíèÿ

Íîâèêîâ Í.Ñ., Ìåäâåäåâ È.Í.
Èíñòèòóò âû÷èñëèòåëüíîé ìàòåìàòèêè è ìàòåìàòè÷åñêîé ãåîôèçèêè ÑÎ

ÐÀÍ, Íîâîñèáèðñê
novikov-1989@yandex.ru

Ðàññìàòðèâàåòñÿ êîýôôèöèåíòíàÿ äâóìåðíàÿ îáðàòíàÿ çàäà÷à îïðåäåëåíèÿ
êîýôôèöèåíòà ρ(x, y) ãèïåðáîëè÷åñêîãî óðàâíåíèÿ:

utt(x, y, t) = ∆x,yu(x, y, t)−∇ ln ρ(x, y)∇u.
Êðîìå òîãî, ðàññìàòðèâàåòñÿ îäíîìåðíûé âàðèàíò äàííîé ïîñòàíîâêè. Çàäà÷è
ïîäîáíîãî òèïà âîçíèêàþò, â ÷àñòíîñòè, â àêóñòèêå è ñåéñìèêå, ãäå äèíàìè÷å-
ñêèé õàðàêòåð ïîñòàíîâîê îáðàòíûõ çàäà÷ ïîçâîëÿåò ïîëó÷èòü ðÿä ïðåèìóùåñòâ
ïî ñðàâíåíèþ ñ êèíåìàòè÷åñêèìè.
Äëÿ ðåøåíèÿ îáðàòíîé çàäà÷è èñïîëüçîâàí ìíîãîìåðíûé àíàëîã ìåòîäà Ãåëü-
ôàíäà - Ëåâèòàíà - Êðåéíà [1]. Èñïîëüçîâàíèå äàííîãî ïîäõîäà ïîçâîëÿåò ñâåñòè
íåëèíåéíóþ îáðàòíóþ çàäà÷ó ê ñåìåéñòâó ëèíåéíûõ èíòåãðàëüíûõ óðàâíåíèé
ñëåäóþùåãî âèäà:

Φk(x, t) =
1

2

∑
m

∫ x

−x
(fkm)′(t− s)Φm(x, s)ds− 1

2

∫ π

−π

eiky

ρ(0, y)
dy, k ∈ Z

Êðîìå òîãî, ìåòîä ïîçâîëÿåò ñôîðìóëèðîâàòü íåîáõîäèìûå è äîñòàòî÷íûå óñëî-
âèÿ ðàçðåøèìîñòè îáðàòíîé çàäà÷è.
×èñëåííîå ðåøåíèå ïîëó÷åííîãî ñåìåéñòâà óðàâíåíèé ïîëó÷åíî íà îñíîâå ìå-
òîäîâ Ìîíòå-Êàðëî [2]. Ïîñêîëüêó äëÿ âîññòàíîâëåíèÿ èñêîìîãî êîýôôèöèåíòà
íåîáõîäèìî âû÷èñëèòü òîëüêî çíà÷åíèÿ ðåøåíèÿ Φk(x, t) òîëüêî ïðè t = x−0, èñ-
ïîëüçîâàíèå ìåòîäîâ ñòàòèñòè÷åñêîãî ìîäåëèðîâàíèÿ [3], â ÷àñòíîñòè, ìîäèôèêà-
öèè ìåòîäà ïîäîáíûõ òðàåêòîðèé ïîçâîëÿåò ïîñòðîèòü ýôôåêòèâíûå ÷èñëåííûå
àëãîðèòìû ðåøåíèÿ ðàññìîòðåííûõ îáðàòíûõ çàäà÷.
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(2) S. Kabanikhin, K. Sabelfeld, N. Novikov, M. Shishlenin Numerical solution
of the multidimensional Gelfand�Levitan equation // Journal of Inverse and
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×ÈÑËÅÍÍÛÅ ÀËÃÎÐÈÒÌÛ ÓÑÂÎÅÍÈß ÄÀÍÍÛÕ ÄËß
ÌÎÄÅËÅÉ ÏÅÐÅÍÎÑÀ È ÒÐÀÍÑÔÎÐÌÀÖÈÈ ÏÐÈÌÅÑÅÉ Â

ÀÒÌÎÑÔÅÐÅ
Ïåíåíêî À.Â.

Èíñòèòóò âû÷èñëèòåëüíîé ìàòåìàòèêè è ìàòåìàòè÷åñêîé ãåîôèçèêè ÑÎ
ÐÀÍ, Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê

a.penenko@yandex.ru
Â ðàáîòå ïðåäñòàâëåíû àëãîðèòìû óñâîåíèÿ äàííûõ èçìåðåíèé êîíöåíòðàöèè

õèìè÷åñêèõ âåùåñòâ äëÿ ìîäåëè òðàíñïîðòà è òðàíñôîðìàöèè ïðèìåñåé â àòìî-
ñôåðå. Çàäà÷à óñâîåíèÿ äàííûõ ðàññìàòðèâàåòñÿ êàê ïîñëåäîâàòåëüíîñòü ñâÿçàí-
íûõ îáðàòíûõ çàäà÷, êîãäà ðåçóëüòàòû ðåøåíèÿ îäíîé çàäà÷è ÿâëÿþòñÿ àïðèîð-
íîé èíôîðìàöèåé äëÿ ðåøåíèÿ ïîñëåäóþùèõ. Àëãîðèòì îñíîâàí íà âàðèàöèîí-
íîì ïîäõîäå ñî ñëàáûìè îãðàíè÷åíèÿìè è ñõåìå ðàñùåïëåíèÿ[1,2]. Äëÿ ëèíåéíîé
ñòàäèè ïåðåíîñà ðàçðàáîòàí ïðÿìîé (áåç èòåðàöèé) àëãîðèòì. Äëÿ íåëèíåéíîé
ñòàäèè òðàíñôîðìàöèè èñïîëüçóþòñÿ ãðàäèåíòíûå àëãîðèòìû è àëãîðèòìû òè-
ïà Íüþòîíà. Ýôôåêòèâíîñòü ðàáîòû àëãîðèòìà áûëà ïðîâåðåíà íà ðåàëüíûõ
äàííûõ.
Ðàáîòà ïîääåðæàíà ïðîåêòîì MK-8214.2016.1, Ïðîãðàììàìè ôóíäàìåíòàëü-

íûõ èññëåäîâàíèé ÐÀÍ I.33Ï, II.2Ï, à òàêæå ïðîåêòîì ÐÔÔÈ 17-01-00137.
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ÎÁÐÀÒÍÀß ÇÀÄÀ×À ÂÎÑÑÒÀÍÎÂËÅÍÈß ÏÀÐÀÌÅÒÐÎÂ
ÄÂÈÆÅÍÈß ÓÅÄÈÍÅÍÍÛÕ ÂÎËÍ

Ïåðåâàëîâà Å.Ã.
Èíñòèòóò ãèäðîäèíàìèêè èì. Ì.À. Ëàâðåíòüåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê

ulan_ev@ngs.ru

Ðàññìàòðèâàåòñÿ ìàòåìàòè÷åñêàÿ ìîäåëü âíóòðåííèõ âîëí áîëüøîé àìïëèòó-
äû â ñëàáîñòðàòèôèöèðîâàííîé æèäêîñòè â ïîëå ñèëû òÿæåñòè. Ïðåäïîëàãàåòñÿ,
÷òî ôîíîâûé ïðîôèëü ïëîòíîñòè æèäêîñòè çàâèñèò ýêñïîíåíöèàëüíî îò ãëóáè-
íû. Â òàêîé ñèòóàöèè õàðàêòåðèñòèêè âîëíîâîãî äâèæåíèÿ (ñêîðîñòü íåëèíåé-
íîé âîëíû, åå àìïëèòóäà è ò.ï.) îïðåäåëÿþòñÿ êîýôôèöèåíòîì, çàäàþùèì òîí-
êóþ ñòðóêòóðó ñòðàòèôèêàöèè [1]. Â äàííîé ðàáîòå èññëåäóåòñÿ îáðàòíàÿ çàäà÷à
âîññòàíîâëåíèÿ êîýôôèöèåíòà ïëîòíîñòè ïî êðèâîé àìïëèòóäíîé äèñïåðñèè äëÿ
óåäèíåííûõ âîëí. Óêàçàííàÿ çàäà÷à ñâîäèòñÿ [2] ê ðåøåíèþ èíòåãðàëüíîãî óðàâ-
íåíèÿ Ôðåäãîëüìà ïåðâîãî ðîäà ñ ÿäðîì ñïåöèàëüíîãî âèäà. Äëÿ ýòîãî óðàâíå-
íèÿ àíàëèçèðóåòñÿ ñâîéñòâî åäèíñòâåííîñòè åãî ðåøåíèé â êëàññå àíàëèòè÷åñêèõ
ôóíêöèé, îïèñûâàþùèõ âîçìóùåíèÿ òîíêîé ñòðóêòóðû ñòðàòèôèêàöèè.
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ÎÁÐÀÒÍÛÅ ÇÀÄÀ×È ÄËß ÓÐÀÂÍÅÍÈÉ ÒÐÅÒÜÅÃÎ ÏÎÐßÄÊÀ
Ïîïîâ Ñ.Â.1, Íèêîëàåâ Í.Í.2

1 Ñåâåðî-Âîñòî÷íûé ôåäåðàëüíûé óíèâåðñèòåò èìåíè Ì.Ê. Àììîñîâà,
ßêóòñê, Ðåñïóáëèêà Ñàõà (ßêóòèÿ)

guspopov@mail.ru
2 Íþðáèíñêèé òåõíè÷åñêèé ëèöåé èìåíè À.Í. ×óñîâñêîãî,

Íþðáà, Ðåñïóáëèêà Ñàõà (ßêóòèÿ)
nuke1987@mail.ru

Â ðàáîòå óñòàíàâëèâàþòñÿ ðàçðåøèìîñòè îáðàòíûõ çàäà÷ íàõîæäåíèÿ âìåñòå ñ
ðåøåíèåì íåèçâåñòíûõ êîýôôèöèåíòîâ ïðè ðåøåíèè äëÿ óðàâíåíèé òðåòüåãî ïî-
ðÿäêà ïî âðåìåííîé ïåðåìåííîé ïðè çàäàíèè òî÷å÷íûõ è èíòåãðàëüíûõ óñëîâèé
ïåðåîïðåäåëåíèÿ.
Îáðàòíàÿ çàäà÷à I. Íàéòè ôóíêöèè u(x, t), q(t), ÿâëÿþùèåñÿ â ïðÿìîóãîëü-

íèêå Q = (0, 1)× (0, T ) ðåøåíèåì óðàâíåíèÿ

(1) uttt + uxx + q(t)u = f(x, t)

òàêèå, ÷òî äëÿ íèõ âûïîëíÿþòñÿ íà÷àëüíûå óñëîâèÿ

(2) u(x, 0) = ut(x, 0) = u(x, T ) = 0, x ∈ Ω

êðàåâûå óñëîâèÿ

(3) u(0, t) = u(1, t) = 0, t ∈ (0, T ),

à òàêæå óñëîâèÿ ïåðåîïðåäåëåíèÿ ux(0, t) = ψ(t), t ∈ (0, T ), ãäå f(x, t), ψ(t) �
çàäàííûå ôóíêöèè, îïðåäåëåííûå ïðè x ∈ Ω, t ∈ [0, T ].
Îáðàòíàÿ çàäà÷à II. Íàéòè ôóíêöèè u(x, t) è q(t), ÿâëÿþùèåñÿ â ïðÿìî-

óãîëüíèêå Q ðåøåíèåì óðàâíåíèÿ (1) ïðè âûïîëíåíèè óñëîâèé (2), (3), à òàêæå
óñëîâèÿ ïåðåîïðåäåëåíèÿ

(4)
∫ 1

0

K(x)u(x, t) dx = ψ(t), t ∈ (0, T ).

Äîêàçàòåëüñòâî òåîðåìû ñóùåñòâîâàíèÿ ðåãóëÿðíûõ ðåøåíèé îáðàòíûõ çàäà÷
I è II ìåòîäàìè, ïðèìåíÿåìûìè â ðàáîòàõ [1, 2].
Ðàáîòà ïðîâîäèëàñü ïðè ÷àñòè÷íîé ïîääåðæêå Ìèíîáðíàóêè Ðîññèè â ðàìêàõ

ãîñóäàðñòâåííîãî çàäàíèÿ íà âûïîëíåíèå ÍÈÐ íà 2017-2019 ãã. (ïðîåêò �6069).
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1Ïðèõîäüêî À.Þ., 1,2,3Øèøëåíèí Ì.À.

1Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê
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3Èíñòèòóò âû÷èñëèòåëüíîé ìàòåìàòèêè è ìàòåìàòè÷åñêîé ãåîôèçèêè ÑÎ
ÐÀÍ, Íîâîñèáèðñê

e-mails: Prikhodko1997@gmail.com, mshishlenin@ngs.ru
Îäíîé èç âàæíûõ çàäà÷ äèàãíîñòèêè ñîñòîÿíèÿ ñêâàæèíû ÿâëÿåòñÿ îïåðà-

òèâíîå îïðåäåëåíèå èçìåíåíèÿ äåáèòà ñêâàæèíû è îáâîäíåííîñòè [1]. Â äàííîé
ðàáîòå ïðåäëîæåí àëãîðèòì îöåíèâàíèÿ óêàçàííûõ ïàðàìåòðîâ ïóòåì ðåøåíèÿ
îáðàòíîé çàäà÷è. Â îáðàòíîé çàäà÷å òðåáóåòñÿ îïðåäåëèòü êîëè÷åñòâî æèäêî-
ñòè ïîñòóïàþùåé èç ïëàñòà â ñêâàæèíó (äåáèò) è îòíîøåíèå êîëè÷åñòâà âîäû ê
êîëè÷åñòâó íåôòè (îáâîäíåííîñòü), ïî èçìåðåííûì äàâëåíèþ è òåìïåðàòóðå íà
çàäàííîé ãëóáèíå [2].
Âàæíîñòü ðåøåíèÿ ïðÿìîé è îáðàòíîé çàäà÷è äëÿ äâóõôàçíîãî ïîòîêà (æèä-

êîñòü è ãàç) â ñêâàæèíå îïðåäåëÿåòñÿ òåì, ÷òî â íàñòîÿùåå âðåìÿ òîëüêî â Ðîñ-
ñèè ýêñïëóàòèðóåòñÿ îêîëî ñòà òûñÿ÷ ñêâàæèí. Óñòàíîâêà ñïåöèàëüíîãî îáîðó-
äîâàíèÿ, ïîçâîëÿþùåãî îñóùåñòâëÿòü ïîñòîÿííûé ìîíèòîðèíã ðàáîòû ñêâàæèí,
ïðîöåññ î÷åíü ñëîæíûé è äîðîãîñòîÿùèé. Ìîíèòîðèíã ìîæíî ðåàëèçîâàòü, åñëè
èñïîëüçîâàòü âõîäÿùèå â ñòàíäàðòíûé íàáîð òåëåìåòðèè ïîãðóæíîãî íàñîñà äàò-
÷èêè äàâëåíèÿ è òåìïåðàòóðû, à òàêæå óñòàíîâëåííûå ïðàêòè÷åñêè íà êàæäîé
ñêâàæèíå äàò÷èêè, èçìåðÿþùèå äàâëåíèå è òåìïåðàòóðó.
Ïîêàçàíî, ÷òî ïðè çàäàííîì óðîâíå ïîãðåøíîñòè èçìåðåíèé, îáðàòíàÿ çàäà-

÷à ìîæåò èìåòü ìíîæåñòâî ðåøåíèé, êîòîðûå ñîñðåäîòî÷åíû â ñåêòîðå ïåðåñå-
÷åíèÿ ñîîòâåòñòâóþùèõ ëèíèé óðîâíÿ. Òàêèì îáðàçîì, íåêîððåêòíîñòü çàäà÷è
(à èìåííî, íå åäèíñòâåííîñòü ðåøåíèÿ) õîòÿ è ÿâëÿåòñÿ íåïðåîäîëèìîé, îäíàêî
ìíîæåñòâî ðåøåíèé ìîæåò áûòü ëîêàëèçîâàíî â îïðåäåëåííîì ñåêòîðå. Ïðîâåäåí
ñðàâíèòåëüíûé àíàëèç íåñêîëüêèõ ÷èñëåííûõ ìåòîäîâ ðåøåíèÿ îáðàòíîé çàäà÷è.
Ïðèâåäåíû ðåçóëüòàòû ÷èñëåííûõ ðàñ÷åòîâ.
Ðàáîòà ïðîâîäèëàñü ïðè ÷àñòè÷íîé ïîääåðæêå ÐÔÔÈ (ïðîåêòû 16-01-00755,

16-29-15120 è 17-51-540004).
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Ýêîíîìè÷åñêèé ôàêóëüòåò ÍÃÓ, Èíñòèòóò ýêîíîìèêè è îðãàíèçàöèè
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Ñíèæåíèå íîðìû ïðèáûëè � ñâèäåòåëüñòâî îòíîñèòåëüíîãî èçáûòêà êàïèòàëà.
Àáñîëþòíîå ïåðåíàêîïëåíèå èìååò ìåñòî, åñëè ïðîèçâåäåíî íå áîëüøå ïðèáàâî÷-
íîé ñòîèìîñòèSt ≤ St−1, ÷åì äî óâåëè÷åíèÿ îñíîâíîãî êàïèòàëà Kt > Kt−1. Òåìï
ïðèðîñòà ôîíäîâîîðóæåííîñòè çàäàí êàê ôóíêöèÿ îòíîñèòåëüíîé îïëàòû òðóäà
u è íîðìû çàíÿòîñòè v

(1) ˆK/L = n1 + n2u+ n3(v − vc),

ãäå n1 < 0, n2 > 0, n3 > 0, 1 > vc > 0.
Ïðåæíÿÿ ìîäåëü âîñïðîèçâîäñòâà [1], îïèðàþùàÿñÿ íà ñèñòåìó èç ïÿòè íåëè-

íåéíûõ ÎÄÓ, äîïîëíåíà óðàâíåíèåì (2) äëÿ íîâîé ïåðåìåííîé vc, âûñòóïàâøåé
ïàðàìåòðîì â (1):

(2) vc =

{
vmax
c , St > St−1

vmin
c , St ≤ St−1

.

Íà÷àëî èëè ïðåêðàùåíèå àáñîëþòíîãî ïåðåíàêîïëåíèÿ îñíîâíîãî êàïèòàëà
îïðåäåëÿåò äèñêðåòíûå ïåðåêëþ÷åíèÿ çíà÷åíèé vc, âàæíûå äëÿ ñèñòåìíîé äè-
íàìèêè.
Óïðîùåííûé îáîáùåííûé ôèëüòð Êàëìàíà ñîâìåñòíî ñ ìåòîäîì ìàêñèìóìà

ïðàâäîïîäîáèÿ ïðåäîñòàâèë íàèáîëåå âåðîÿòíûå çíà÷åíèÿ ïåðåìåííûõ è ïàðà-
ìåòðîâ ðàñøèðåííîé ìîäåëè ïî ñòàòèñòèêå BEA è BLS äëÿ áàçîâîãî ïåðèîäà
1979�2016 ãã. Â ìîäåëè îòñóòñòâóåò ñòàöèîíàðíîå ñîñòîÿíèå. Â ôàçîâîì ïðî-
ñòðàíñòâå ðåãóëÿðíûå öèêëû íå ïðèòÿãèâàþòñÿ êàêèì-ëèáî ïåðèîäè÷åñêèì àò-
òðàêòîðîì; ðåøåíèÿì ñâîéñòâåííà ïîâûøåííàÿ ÷óâñòâèòåëüíîñòü ê íà÷àëüíûì
óñëîâèÿì, à òàêæå ê çíà÷åíèÿì ïàðàìåòðîâ, ÷òî ñâèäåòåëüñòâóåò î ñòðóêòóðíîé
íåóñòîé÷èâîñòè.
Ïðîàíàëèçèðîâàíû òåíäåíöèè ãîñóäàðñòâåííî-ìîíîïîëèñòè÷åñêîãî êàïèòàëèç-

ìà (ÃÌÊ): ïàäåíèå íîðìû íàêîïëåíèÿ è äîëè îïëàòû òðóäà â íàöèîíàëüíîì
äîõîäå, çàìåäëåíèå òåìïîâ ýêîíîìè÷åñêîãî ðîñòà, âûðàáîòêè, ðàáî÷åé ñèëû è çà-
íÿòîñòè. Ðàçðàáîòàí èíåðöèîííûé ñöåíàðèé I è � áîëåå ïðåäïî÷òèòåëüíûé äëÿ
êàïèòàëà è ìåíåå ïðåäïî÷òèòåëüíûé äëÿ òðóäÿùèõñÿ � ñöåíàðèé III.
Áëèçîðóêàÿ îïòèìèçàöèÿ âîñïðîèçâîäñòâà ïî êðèòåðèÿì êàïèòàëèñòè÷åñêîé

ýôôåêòèâíîñòè óñèëèâàåò òåíäåíöèþ ê ïðîñòîìó íàòóðàëüíîìó âîñïðîèçâîäñòâó
îñíîâíîãî êàïèòàëà. Ðåçêîå óìåíüøåíèå íîðìû íàêîïëåíèÿ è êàïâëîæåíèé óâå-
ëè÷èâàåò â ñöåíàðèè III ïî îòíîøåíèþ ê ñöåíàðèþ I (â ñðåäíåì èòîãå) ðåíòà-
áåëüíîñòü, ïðèáûëü è ïðèáàâî÷íóþ ñòîèìîñòü ïðè ïîòåðÿõ â óðîâíå è íîðìå
çàíÿòîñòè, à òàêæå â îïëàòå òðóäà, ÷òî îáîñòðÿåò ñîöèàëüíûå ïðîòèâîðå÷èÿ.
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Î÷åð÷åííûå àâòîðîì ðàìêè ïðîìûøëåííûõ öèêëîâ â ÑØÀ â ñöåíàðèè I: 2017�
2024 ãã. äëÿ ïåðâîãî, 2025�2031 ãã. äëÿ âòîðîãî; â ñöåíàðèè III ïðîìûøëåííûé
öèêë îõâàòèò 2017�2031 ãã. Ñïàä ïðîèçâîäñòâà â 2017�2020 ãã. â ñöåíàðèè III ïðî-
äëèòñÿ äîëüøå, ÷åì â 2017�2019 ãã. â ñöåíàðèè I. Â îáîèõ ñëó÷àÿõ àìåðèêàíñêèé
êðèçèñ, ñêîðåå âñåãî, ïåðåðàñòåò â ìèðîâîé.
Ïðåîäîëåíèþ âåêîâîé ñòàãíàöèè ÃÌÊ ìîã áû ñëóæèòü îðèãèíàëüíûé ìîáèëè-

çàöèîííûé ñöåíàðèé II, ñìÿã÷àþùèé êëàññîâûå ïðîòèâîðå÷èÿ â íåïîñðåäñòâåí-
íûõ èíòåðåñàõ òðóäà è êàïèòàëà. Âåðîÿòíîñòü åãî âîïëîùåíèÿ íèçêà â ñèëó ñëî-
æèâøèõñÿ èíñòèòóöèîíàëüíûõ, ãåîïîëèòè÷åñêèõ è ýêîëîãè÷åñêèõ îãðàíè÷åíèé,
îñíîâàòåëüíîå îñâåùåíèå êîòîðûõ âûõîäèò çà ðàìêè äàííîé ðàáîòû.
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òèêà êîíöåïöèè åñòåñòâåííîãî óðîâíÿ áåçðàáîòèöû) // Ìåæäóíàðîäíàÿ
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Çàäà÷à âîññòàíîâëåíèÿ ïîòåíöèàëà îïåðàòîðà Øòóðìà-Ëèóâèëëÿ ïî
êîíå÷íîìó íàáîðó ñïåêòðàëüíûõ äàííûõ

Ñàâ÷óê À.Ì.
Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Ì.Â. Ëîìîíîñîâà, Ìîñêâà
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Ðàññìîòðèì êëàññè÷åñêóþ îáðàòíóþ çàäà÷ó âîññòàíîâëåíèÿ âåùåñòâåííîãî ïî-
òåíöèàëà îïåðàòîðà Øòóðìà-Ëèóâèëëÿ L, çàäàííîãî íà êîíå÷íîì îòðåçêå ïî
ñïåêòðàëüíîé ôóíêöèè. Ìû ðàññìàòðèâàåì êðàåâûå óñëîâèÿ Äèðèõëå, õîòÿ ìå-
òîä è ðåçóëüòàòû ëåãêî ïåðåíîñÿòñÿ íà ñëó÷àé êðàåâûõ óñëîâèé Äèðèõëå-Íåéìàíà.
Íàø ïîäõîä ïîçâîëÿåò ïîëó÷àòü ðåçóëüòàòû, êàê äëÿ êëàññè÷åñêèõ ïîòåíöèà-
ëîâ, òàê è äëÿ ïîòåíöèàëîâ-ðàñïðåäåëåíèé ïåðâîãî ïîðÿäêà ñèíãóëÿðíîñòè. Ëåã-
êî âèäåòü, ÷òî ïîñêîëüêó îïåðàòîð äåéñòâóåò íà êîíå÷íîì îòðåçêå, ñïåêòðàëüíàÿ
ôóíêöèÿ åñòü ôóíêöèÿ ñêà÷êîâ. Ïðè ýòîì òî÷êè ðàçðûâîâ ñîâïàäàþò ñ ñîáñòâåí-
íûìè çíà÷åíèÿìè îïåðàòîðà L, à âåëè÷èíû ñêà÷êîâ ðàâíû íîðìèðîâî÷íûì ÷èñ-
ëàì. Õîðîøî èçâåñòíî, ÷òî ïî äâóì äàííûì âåùåñòâåííûì ïîñëåäîâàòåëüíîñòÿì
(ïðè óñëîâèè ïîëîæèòåëüíîñòè íîðìèðîâî÷íûõ ÷èñåë è ïðè âûïîëíåíèè îïðå-
äåëåííûõ àñèìïòîòè÷åñêèõ ñîîòíîøåíèé) ïîòåíöèàë q âîññòàíàâëèâàåòñÿ îäíî-
çíà÷íî. Ìû èçó÷àåì âîïðîñ î âîññòàíîâëåíèè ïîòåíöèàëà ïî êîíå÷íîìó íàáîðó
ñïåêòðàëüíûõ äàííûõ, îñòàâëÿÿ â êàæäîé ïîñëåäîâàòåëüíîñòè N ïåðâûõ ÷ëåíîâ.
Êðîìå òîãî, ìû ïðåäïîëàãàåì èçâåñòíûìè íåñêîëüêî ïåðâûõ ÷ëåíîâ â àñèìï-
òîòè÷åñêèõ ïðåäñòàâëåíèÿõ äëÿ ñîáñòâåííûõ çíà÷åíèé è íîðìèðîâî÷íûõ ÷èñåë
(íàïðèìåð, äëÿ ñëó÷àÿ êâàäðàòè÷íî ñóììèðóåìîé ôóíêöèè q ìû ïðåäïîëàãàåì
èçâåñòíûì ñðåäíåå çíà÷åíèå ïîòåíöèàëà). ßñíî, ÷òî òàêàÿ èíôîðìàöèÿ íå ïîçâî-
ëÿåò íàéòè ïîòåíöèàë â òî÷íîñòè, õîòÿ õîðîøî èçâåñòåí ÿâíûé àëãîðèòì, ïîçâî-
ëÿþùèé ïîñòðîèòü ïðèáëèæåíèå ïîòåíöèàëà. Íàøà öåëü - äàòü îöåíêè íà íîðìó
ðàçíîñòè ìåæäó èñòèííûì ïîòåíöèàëîì è åãî ïðèáëèæåíèåì â ïîäõîäÿùåì ïðî-
ñòðàíñòâå Ñîáîëåâà. Îöåíêè òàêîãî âèäà áûëè èçâåñòíû äàâíî, íî áûëè ëîêàëü-
íûìè - ñîäåðæàëè ïîñòîÿííûå, çàâèñÿùèå îò ïîòåíöèàëà, ÷òî äåëàëî ýòè îöåíêè
ìàëîïðèìåíèìûìè äëÿ ïðàêòè÷åñêîãî èñïîëüçîâàíèÿ. Ñ äðóãîé ñòîðîíû, ÿñíî,
÷òî ïðè îòñóòñòâèè âîîáùå êàêîé-ëèáî àïðèîðíîé èíôîðìàöèè ïîãðåøíîñòü ìî-
æåò îêàçàòüñÿ ñêîëü óãîäíî áîëüøîé. Ìû ðàññìîòðèì äâà âèäà àïðèîðíîé èí-
ôîðìàöèè: èíôîðìàöèþ î íîðìå ïîòåíöèàëà èëè èíôîðìàöèþ î ïîëíîì íàáîðå
ñïåêòðàëüíûõ äàííûõ. Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêî-
ãî íàó÷íîãî ôîíäà (ãðàíò 17-11-01215).
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Êàçàíñêèé (Ïðèâîëæñêèé) ôåäåðàëüíûé óíèâåðñèòåò, Êàçàíü
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Èññëåäóåòñÿ çàäà÷à î ñîáñòâåííûõ êîëåáàíèÿõ îáîëî÷êè ñ óïðóãî ïðèñîåäè-
íåííûìè ãðóçàìè. Çàäà÷à ñâîäèòñÿ ê îïðåäåëåíèþ ñîáñòâåííûõ çíà÷åíèé è ñîá-
ñòâåííûõ ôóíêöèé çàäà÷è íà ñîáñòâåííûå çíà÷åíèÿ äëÿ ñèñòåìû äèôôåðåíöè-
àëüíûõ óðàâíåíèé ñ ðàöèîíàëüíîé çàâèñèìîñòüþ îò ñïåêòðàëüíîãî ïàðàìåòðà [1].
Óñòàíîâëåíî, ÷òî çàäà÷à íà ñîáñòâåííûå çíà÷åíèÿ èìååò ïîñëåäîâàòåëüíîñòü êî-
íå÷íîêðàòíûõ ñîáñòâåííûõ çíà÷åíèé, çàíóìåðîâàííûõ ïî âîçðàñòàíèþ ñ ó÷åòîì
êðàòíîñòè, ñ åäèíñòâåííîé ïðåäåëüíîé òî÷êîé íà áåñêîíå÷íîñòè. Ïîñëåäîâàòåëü-
íîñòè ñîáñòâåííûõ çíà÷åíèé ñîîòâåòñòâóåò íîðìèðîâàííàÿ ïîñëåäîâàòåëüíîñòü
ñîáñòâåííûõ ôóíêöèé. Ïîëó÷åíû ðåçóëüòàòû î ÷èñëå ñîáñòâåííûõ çíà÷åíèé íà
ïðîèçâîëüíîì èíòåðâàëå. Èñõîäíàÿ áåñêîíå÷íîìåðíàÿ çàäà÷à àïïðîêñèìèðóåòñÿ
çàäà÷åé â êîíå÷íîìåðíîì ïîäïðîñòðàíñòâå. Èññëåäóåòñÿ ñõîäèìîñòü è ïîãðåø-
íîñòü ïðèáëèæåííûõ ñîáñòâåííûõ çíà÷åíèé è ñîáñòâåííûõ ôóíêöèé. Çàäà÷à â
êîíå÷íîìåðíîì ïîäïðîñòðàíñòâå ýêâèâàëåíòíà ìàòðè÷íîé çàäà÷å íà ñîáñòâåí-
íûå çíà÷åíèÿ ñ ðàöèîíàëüíîé çàâèñèìîñòüþ îò ñïåêòðàëüíîãî ïàðàìåòðà. Èññëå-
äóåòñÿ ðàçðåøèìîñòü ìàòðè÷íîé çàäà÷è è ñâîéñòâà ðåøåíèé. Äëÿ âû÷èñëåíèÿ
ñîáñòâåííûõ çíà÷åíèé íà çàäàííîì èíòåðâàëå ðàöèîíàëüíîé ìàòðè÷íîé çàäà÷è
íà ñîáñòâåííûå çíà÷åíèÿ ïðåäëîæåí è îáîñíîâàí ìåòîä äåëåíèÿ ñïåêòðà. Ïðåä-
ñòàâëåííûå ðåçóëüòàòû îáîáùàþò è ðàçâèâàþò ðåçóëüòàòû, ïîëó÷åííûå â [2].
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåí-

òàëüíûõ èññëåäîâàíèé (ïðîåêòû � 16-01-00301, 17-41-160277, 17-08-01279).
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ÅÄÈÍÑÒÂÅÍÍÎÑÒÜ ÐÅØÅÍÈß ÄÂÓÌÅÐÍÎÉ ÏÐßÌÎÉ
ÇÀÄÀ×È ÂÎËÍÎÂÎÃÎ ÏÐÎÖÅÑÑÀ Ñ ÌÃÍÎÂÅÍÍÛÌ È

ØÍÓÐÎÂÛÌ ÈÑÒÎ×ÍÈÊÀÌÈ
Ñàòûáàåâ À.Äæ., Àíèùåíêî Þ.Â., Êîêîçîâà À.Æ., Àëèìêàíîâ À.À.

Îøñêèé òåõíîëîãè÷åñêèé óíèâåðñèòåò, Êûðãûçñòàí
abdu-satybaev@mail.ru, programm85@mail.ru

Äàííàÿ ñòàòüÿ ïîñâÿùåíà îáîñíîâàíèþ åäèíñòâåííîñòè ðåøåíèÿ ïîñòàâëåí-
íîé çàäà÷è. Çàäà÷à ðàññìàòðèâàåòñÿ â òîé ïîñòàíîâêå, êîòîðàÿ íåîáõîäèìà äëÿ
ðåøåíèÿ îáðàòíîé çàäà÷è.

(1)
u
′′

tt(z, y, t) + b1(z,y)
c1(z,y)u

′

t(z, y, t) = σ1(z,y)
c1(z,y)4u(z, y, t) +

σ
′
1z(z,y)
c1(z,y) u

′

z(z, y, t)+

+
σ1y(z,y)
c1(z,y) u

′

z(z, y, t) + a1(z,y)
c1(z,y)u(z, y, t), (z, t) ∈ R2

+, y ∈ R,

(2) u(z, y, t)|t<0 = 0, u
′

z(z, y, t)|z=0 = −1

2
(r(y)δ(t) + h(y)θ(t)),

ãäå a1(z, y), b1(z, y), c1(z, y), σ1(z, y) - êîýôôèöèåíòû óðàâíåíèÿ, îïèñûâàþùèå ôè-
çè÷åñêèå ïàðàìåòðû ñðåäû, u(z, y, t) - âîçìóùåíèå ñðåäû, 4u(z, y, t) = u

′′

zz +u
′′

yy -
îïåðàòîð Ëàïëàñà, r(y), h(y) - ôóíêöèè èñòî÷íèêè, δ(t) - äåëüòà ôóíêöèÿ Äèðàêà,
θ(t) - òåòà ôóíêöèÿ Õåâèñàéäà.
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Èñïîëüçîâàíèå êîìïëåêñà ïðîãðàìì AMIKS äëÿ ÷èñëåííîãî àíàëèçà
ñòîõàñòè÷åñêîãî óðàâíåíèÿ òåïëîïðîâîäíîñòè ìåòîäîì Ìîíòå-Êàðëî

íà ñóïåðêîìïüþòåðå
Ñìèðíîâ Ä.Ä., Èâàíîâ À.À.

Èíñòèòóò âû÷èñëèòåëüíîé ìàòåìàòèêè è ìàòåìàòè÷åñêîé ãåîôèçèêè ÑÎ
ÐÀÍ

smirnovdd@mail.ru, 6ppp@mail.ru
Â äàííîé ðàáîòå ñ ïîìîùüþ êîìïëåêñà ïðîãðàìì AMIKS ïðîâîäèòñÿ ÷èñëåí-

íûé àíàëèç ñòîõàñòè÷åñêîãî óðàâíåíèÿ òåïëîïðîâîäíîñòè [1] ìåòîäîì Ìîíòå-
Êàðëî íà ñóïåðêîìïüþòåðå. Äèíàìè÷åñêàÿ ñèñòåìà, çàäàííàÿ óðàâíåíèåì òåï-
ëîïðîâîäíîñòè íàõîäèòñÿ ïîä âîçäåéñòâèåì ñëó÷àéíûõ øóìîâ, êîòîðûå ìîãóò
áûòü, êàê âíåøíèå (àääèòèâíûå), òàê è âíóòðåííèå (ìóëüòèïëèêàòèâíûå) øó-
ìû, ê òîìó æå ñëó÷àéíûì ìîæåò áûòü êîýôôèöèåíò òåìïåðàòóðîïðîâîäíîñòè.
Êîìïëåêñ ïðîãðàìì AMIKS (ñîêðàùåíèå îáðàçîâàíî ïåðâûìè áóêâàìè ôàìè-
ëèé ðàçðàáîò÷èêîâ íà àíãëèéñêîì ÿçûêå: Artemiev, Marchenko, Ivanov, Korneev,
Smirnov) ïðåäñòàâëÿåò ñîáîé óäîáíûé ïðîãðàììíûé èíñòðóìåíò äëÿ ÷èñëåííî-
ãî àíàëèçà ñèñòåì ñòîõàñòè÷åñêèõ äèôôåðåíöèàëüíûõ óðàâíåíèé (ÑÄÓ) ëþáîé
ðàçìåðíîñòè íà ñóïåð-ÝÂÌ. Ñ ïîìîùüþ AMIKS ìîæíî îïèñûâàòü ðàçëè÷íûå
ìîäåëè, çàäàâàåìûå ñèñòåìàìè ÑÄÓ, íàõîäèòü âåðîÿòíîñòíûå è ñòàòèñòè÷åñêèå
õàðàêòåðèñòèêè îò ÷èñëåííîãî ðåøåíèÿ ýòèõ ñèñòåì ÑÄÓ: îöåíêó ìàòåìàòè÷å-
ñêîãî îæèäàíèÿ, îöåíêó äèñïåðñèè, ïëîòíîñòü ðàñïðåäåëåíèÿ âûäåëåííîé êîì-
ïîíåíòû ðåøåíèÿ äëÿ çàäàííîãî óçëà ñåòêè, ÷àñòîòíûé ôàçîâûé ïîðòðåò (×ÔÏ)
è ÷àñòîòíóþ èíòåãðàëüíóþ êðèâóþ (×ÈÊ) [2]. Ðàññ÷èòûâàåìûå õàðàêòåðèñòèêè
äëÿ ðåøåíèÿ ñèñòåìû ÑÄÓ äîëæíû ïîêàçàòü ðåàêöèþ äèíàìè÷åñêîé ñèñòåìû íà
ñëó÷àéíûå âîçìóùåíèÿ, îáùèå çàêîíîìåðíîñòè â ïîâåäåíèè ÷èñëåííîãî ðåøåíèÿ
è ìàêñèìàëüíî âîçìîæíûå óêëîíåíèÿ ìîäåëèðóåìûõ òðàåêòîðèé ðåøåíèÿ ñèñòå-
ìû ÑÄÓ. Íàáîð âåðîÿòíîñòíûõ è ñòàòèñòè÷åñêèõ õàðàêòåðèñòèê, ðåàëèçîâàííûõ
â AMIKS, ïîçâîëÿåò óäîâëåòâîðèòü âûøåóêàçàííûì òðåáîâàíèÿì.
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåí-

òàëüíûõ èññëåäîâàíèé (êîä ïðîåêòà 17-01-00698 À¿).
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ÄÈÔÔÓÇÈÈ�ÐÅÀÊÖÈÈ ÏÐÈ ÓÑËÎÂÈÈ ÄÈÐÈÕËÅ ÍÀ
ÃÐÀÍÈÖÅ
Ñîáîëåâà Î.Â.

Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè ÄÂÎ ÐÀÍ, Âëàäèâîñòîê
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Öåëüþ ðàáîòû ÿâëÿåòñÿ ÷èñëåííûé àíàëèç êîýôôèöèåíòíûõ îáðàòíûõ ýêñòðå-
ìàëüíûõ çàäà÷ äëÿ ñòàöèîíàðíîãî íåëèíåéíîãî óðàâíåíèÿ äèôôóçèè�ðåàêöèè,
îïèñûâàþùåãî ïðîöåññ ìàññîïåðåíîñà â îãðàíè÷åííîé îáëàñòè Ω â ïðîñòðàíñòâå
Rd, d = 1, 2 ñ ëèïøèöåâîé ãðàíèöåé Γ. Èñõîäíàÿ êðàåâàÿ çàäà÷à îïèñûâàåòñÿ
ñîîòíîøåíèÿìè

(1) −λ∆ϕ+ k(ϕ)ϕ = f â Ω, ϕ = 0 íà Γ.

Çäåñü ϕ � êîíöåíòðàöèÿ çàãðÿçíÿþùåãî âåùåñòâà (ïðèìåñè), λ = const> 0 � êî-
ýôôèöèåíò äèôôóçèè, k(ϕ) = ϕ2 � âåëè÷èíà, õàðàêòåðèçóþùàÿ ðàñïàä âåùåñòâà
çà ñ÷åò õèìè÷åñêèõ ðåàêöèé, f � ïëîòíîñòü îáúåìíûõ èñòî÷íèêîâ.
Èññëåäóåìàÿ îáðàòíàÿ çàäà÷à çàêëþ÷àåòñÿ â íàõîæäåíèè íåèçâåñòíîãî ïàðà-

ìåòðà k(ϕ) è êîíöåíòðàöèè çàãðÿçíÿþùåãî âåùåñòâà ϕ ïî äîïîëíèòåëüíîé èí-
ôîðìàöèè î ñîñòîÿíèè ñðåäû â íåêîòîðîé ïîäîáëàñòè Q ⊂ Ω. Óêàçàííàÿ çàäà÷à
ôîðìóëèðóåòñÿ êàê çàäà÷à ìèíèìèçàöèè îïðåäåëåííîãî ôóíêöèîíàëà êà÷åñòâà
íà ðåøåíèÿõ èñõîäíîé êðàåâîé çàäà÷è [1]. Èññëåäîâàíèå ðàçðåøèìîñòè ïîñòàâ-
ëåííîé êîýôôèöèåíòíîé îáðàòíîé çàäà÷è, âûâîä ñèñòåìû îïòèìàëüíîñòè, ïîëó-
÷åíèå îöåíîê óñòîé÷èâîñòè îòíîñèòåëüíî ìàëûõ âîçìóùåíèé ôóíêöèîíàëà êà÷å-
ñòâà è ïðàâîé ÷àñòè f óðàâíåíèÿ (1) àíàëîãè÷íû èññëåäîâàíèÿì ïðîâåäåííûì â
ðàáîòå [1].
Â äàííîé ðàáîòå ðàçðàáàòûâàåòñÿ è èññëåäóåòñÿ àëãîðèòì ÷èñëåííîãî ðåøå-

íèÿ îáðàòíîé ýêñòðåìàëüíîé çàäà÷è äëÿ ñòàöèîíàðíîãî íåëèíåéíîãî óðàâíåíèÿ
äèôôóçèè�ðåàêöèè. Â îñíîâó àëãîðèòìà ëîæèòñÿ ñèñòåìà îïòèìàëüíîñòè àíà-
ëîãè÷íàÿ ñèñòåìå ïîëó÷åíîé â [1]. ×èñëåííîå ðåøåíèå ïðÿìûõ è ñîïðÿæåííûõ
çàäà÷ ïðîâîäèòñÿ ñ ïîìîùüþ ìåòîäà ñåòîê. Ìåòîä Íüþòîíà ïðèìåíÿåòñÿ, êàê
äëÿ ðåøåíèÿ ïðÿìîé è ñîïðÿæåííîé çàäà÷, òàê è äëÿ ðåàëèçàöèè àëãîðèòìà ÷èñ-
ëåííîãî ðåøåíèÿ ïîñòàâëåííîé îáðàòíîé ýêñòðåìàëüíîé çàäà÷è.
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåí-

òàëüíûõ èññëåäîâàíèé (ïðîåêò 16-01-00365-a).
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Â äîêëàäå ðàññìîòðåíà çàäà÷à

A(t)x′(t) +B(t)x(t) = f(t), x(0) = x0, t ∈ [0, 1],

ãäå A(t), B(t) � (n × n)-ìàòðèöû, f(t) è x(t) � çàäàííàÿ è èñêîìàÿ n-ìåðíûå
âåêòîð-ôóíêöèè, ýëåìåíòû ìàòðèö A(t), B(t) è f(t) äîñòàòî÷íî ãëàäêèå, è

detA(t) ≡ 0.

Òàêèå çàäà÷è ïðèíÿòî íàçûâàòü äèôôåðåíöèàëüíî-àëãåáðàè÷åñêèìè óðàâíåíèÿ-
ìè (ÄÀÓ). Äàííûé êëàññ óðàâíåíèé îòíîñèòñÿ ê êëàññó íåêîððåêòíûõ çàäà÷.
Õàðàêòåðèñòèêîé ñëîæíîñòè òàêèõ óðàâíåíèé ÿâëÿåòñÿ ïîíÿòèå èíäåêñà - ìè-

íèìàëüíîãî ÷èñëà äèôôåðåíöèðîâàíèé è êîíå÷íûõ ïðåîáðàçîâàíèé, íåîáõîäè-
ìûõ äëÿ òîãî, ÷òîáû èñõîäíîå ÄÀÓ ìîæíî áûëî ðåäóöèðîâàòü ê îáûêíîâåííîìó
äèôôåðåíöèàëüíîìó óðàâíåíèþ, ðàçðåøåííîìó îòíîñèòåëüíî ïðîèçâîäíîé (ñì.,
íàïð., [1]).
Äëÿ ðàññìàòðèâàåìûõ óðàâíåíèé ïðåäëîæåíî ñåìåéñòâî êîëëîêàöèîííî-âàðèàöèîííûõ

ðàçíîñòíûõ ñõåì íåâûñîêîãî ïîðÿäêà. Ïîñòðîåíèå äàííûõ ñõåì îñíîâàíî íà èäå-
ÿõ, èçëîæåííûõ â ñòàòüÿõ [2, 3].
Ïîä÷åðêíóòû ïðåèìóùåñòâà äàííûõ àëãîðèòìîâ, ïðèâåäåíû äîñòàòî÷íûå óñëî-

âèÿ ñõîäèìîñòè è ðåçóëüòàòû ÷èñëåííûõ ðàñ÷åòîâ òåñòîâûõ ïðèìåðîâ.
Èññëåäîâàíèå âûïîëíåíî ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ â ðàìêàõ íàó÷-

íîãî ïðîåêòà � 16-31-00219 ìîë-à, 15-01-03228-à, 16-51-540002-Âüåò-à.
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Ñîëîâü¼â Ï.Ñ., Ñîëîâü¼â Ñ.È., Ñàìñîíîâ À.À.

Êàçàíñêèé (Ïðèâîëæñêèé) ôåäåðàëüíûé óíèâåðñèòåò, Êàçàíü
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Ïóñòü V � âåùåñòâåííîå áåñêîíå÷íîìåðíîå ãèëüáåðòîâî ïðîñòðàíñòâî ñ íîðìîé
‖ · ‖, R � ÷èñëîâàÿ ïðÿìàÿ, Λ ⊂ R. Ââåäåì îòîáðàæåíèÿ a : Λ × V × V → R è
b : Λ×V ×V → R, êîòîðûå ïðè ôèêñèðîâàííîì ïåðâîì àðãóìåíòå µ ∈ Λ ÿâëÿþò-
ñÿ ñèììåòðè÷íûìè áèëèíåéíûìè ôîðìàìè a(µ, ·, ·) è b(µ, ·, ·). Ïðåäïîëîæèì, ÷òî
ïðè ôèêñèðîâàííîì µ ∈ Λ áèëèíåéíàÿ ôîðìà a(µ, ·, ·) ÿâëÿåòñÿ ïîëîæèòåëüíî-
îïðåäåëåííîé è îãðàíè÷åííîé, òî åñòü ñóùåñòâóþò ïîëîæèòåëüíûå ïîñòîÿííûå
α1(µ) è α2(µ) òàêèå, ÷òî α1(µ)‖v‖2 ≤ a(µ, v, v) ≤ α2(µ)‖v‖2 äëÿ ëþáîãî v ∈ V.
Ïðåäïîëîæèì òàêæå, ÷òî ïðè ôèêñèðîâàííîì µ ∈ Λ áèëèíåéíàÿ ôîðìà b(µ, ·, ·)
ÿâëÿåòñÿ âïîëíå íåïðåðûâíîé, òî åñòü b(µ, vi, vi) → b(µ, v, v) ïðè i → ∞ äëÿ
vi ⇀ v â V ïðè i → ∞. Ñèìâîëîì ⇀ îáîçíà÷åíà ñëàáàÿ ñõîäèìîñòü â ãèëüáåð-
òîâîì ïðîñòðàíñòâå V. Îáîçíà÷èì K(µ) = {v : v ∈ V, b(µ, v, w) = 0 ∀w ∈ V } è
ïðåäïîëîæèì, ÷òî K = K(µ) íå çàâèñèò îò µ ∈ Λ, codimK = ∞. Ïðåäïîëîæèì,
÷òî îòîáðàæåíèÿ a(µ, ·, ·) è b(µ, ·, ·) ÿâëÿþòñÿ íåïðåðûâíûìè ïî ïåðâîìó àðãó-
ìåíòó µ ∈ Λ. Ñôîðìóëèðóåì íåëèíåéíóþ çàäà÷ó íà ñîáñòâåííûå çíà÷åíèÿ: íàéòè
λ ∈ Λ, u ∈ V \K òàêèå, ÷òî

a(λ, u, v) = λb(λ, u, v) ∀v ∈ V.
Èñõîäíàÿ çàäà÷à â áåñêîíå÷íîìåðíîì ãèëüáåðòîâîì ïðîñòðàíñòâå àïïðîêñè-

ìèðóåòñÿ çàäà÷åé â êîíå÷íîìåðíîì ïîäïðîñòðàíñòâå. Èññëåäóåòñÿ ñõîäèìîñòü
è ïîãðåøíîñòü ïðèáëèæåííûõ ñîáñòâåííûõ çíà÷åíèé, ñîáñòâåííûõ ýëåìåíòîâ è
ñîáñòâåííûõ ïîäïðîñòðàíñòâ. Îáùèå ðåçóëüòàòû ïðèìåíÿþòñÿ äëÿ èññëåäîâàíèÿ
ñõåìû ìåòîäà êîíå÷íûõ ýëåìåíòîâ ñ ÷èñëåííûì èíòåãðèðîâàíèåì äëÿ îáûêíî-
âåííîé äèôôåðåíöèàëüíîé çàäà÷è íà ñîáñòâåííûå çíà÷åíèÿ âòîðîãî ïîðÿäêà ñ
íåëèíåéíîé çàâèñèìîñòüþ îò ñïåêòðàëüíîãî ïàðàìåòðà. Ïðåäñòàâëåííûå ðåçóëü-
òàòû îáîáùàþò è ðàçâèâàþò ðåçóëüòàòû, ïîëó÷åííûå â ðàáîòàõ [1, 2, 3]
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåí-

òàëüíûõ èññëåäîâàíèé (ïðîåêòû � 16-01-00301, 17-41-160277, 17-08-01279).
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Ïîñëå äèñêðåòèçàöèè çàäà÷è íà ñîáñòâåííûå çíà÷åíèÿ äëÿ ñèììåòðè÷íûõ ýë-

ëèïòè÷åñêèõ äèôôåðåíöèàëüíûõ óðàâíåíèé ïîëó÷àþò ìàòðè÷íóþ çàäà÷ó íà ñîá-
ñòâåííûå çíà÷åíèÿ Au = λBu ñ áîëüøèìè ðàçðåæåííûìè ñèììåòðè÷íûìè ìàò-
ðèöàìè A è B. Îáû÷íî ýòè ìàòðèöû èìåþò î÷åíü áîëüøèå ðàçìåðû, à ìàòðèöà A
ÿâëÿåòñÿ ïëîõî îáóñëîâëåííîé. Ìû ðàññìàòðèâàåì ñèòóàöèþ, êîãäà ìàòðèöû A
è B íåâîçìîæíî ðàçìåñòèòü â ïàìÿòè êîìïüþòåðà, à äîñòóïíà òîëüêî îïåðàöèÿ
óìíîæåíèÿ ìàòðèöû íà âåêòîð. Êëàññè÷åñêèå ÷èñëåííûå ìåòîäû ðåøåíèÿ ìàò-
ðè÷íûõ çàäà÷ íà ñîáñòâåííûå çíà÷åíèÿ íå ìîãóò ïðèìåíÿòüñÿ â ðàññìàòðèâàåìîé
ñèòóàöèè, ïîñêîëüêó âûñîêàÿ ðàçìåðíîñòü ìàòðèö A è B íå ïîçâîëÿåò èñïîëü-
çîâàòü ïàìÿòü êîìïüþòåðà äëÿ èõ õðàíåíèÿ è îáðàáîòêè. Â äàííîé ñèòóàöèè
øèðîêî ïðèìåíÿþòñÿ ðàçëè÷íûå âàðèàíòû ìåòîäà èòåðàöèè ïîäïðîñòðàíñòâà ñ
ïðåäîáóñëàâëèâàíèåì [1, 2]. Ýòè ìåòîäû ñâîäÿò íà êàæäîì èòåðàöèîííîì øà-
ãå ðåøåíèå èñõîäíîé çàäà÷è âûñîêîé ðàçìåðíîñòè ê âû÷èñëåíèþ ïðèáëèæåííûõ
ðåøåíèé, ïîëó÷åííûõ ñ ïîìîùüþ ðåøåíèÿ çàäà÷è ìàëîé ðàçìåðíîñòè â ïîäïðî-
ñòðàíñòâå.
Â íàñòîÿùåé ðàáîòå èññëåäóåòñÿ ñèììåòðè÷íàÿ çàäà÷à íà ñîáñòâåííûå çíà÷å-

íèÿ A(λ)u = λB(λ)u ñ íåëèíåéíîé çàâèñèìîñòüþ îò ñïåêòðàëüíîãî ïàðàìåòðà.
Ïðåäïîëàãàåòñÿ íåïðåðûâíàÿ çàâèñèìîñòü ìàòðèö A(µ) è B(µ) îò ïàðàìåòðà µ.
Ïîëó÷åíû ðåçóëüòàòû î ñóùåñòâîâàíèè è ñâîéñòâàõ ðåøåíèé çàäà÷è. Äëÿ ðåøå-
íèÿ çàäà÷è ïðåäëîæåí ìåòîä èòåðàöèè ïîäïðîñòðàíñòâà ñ ïðåäîáóñëàâëèâàíè-
åì. Èññëåäîâàíà ñõîäèìîñòü è ïîãðåøíîñòü ìåòîäà. Ïðåäñòàâëåííûå ðåçóëüòàòû
îáîáùàþò è ðàçâèâàþò ðåçóëüòàòû, ïîëó÷åííûå â [1, 2, 3].
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåí-

òàëüíûõ èññëåäîâàíèé (ïðîåêòû � 16-01-00301, 17-41-160277, 17-08-01279).

ÑÏÈÑÎÊ ËÈÒÅÐÀÒÓÐÛ

(1) Ñîëîâü¼â Ñ.È. Íåëèíåéíûå çàäà÷è íà ñîáñòâåííûå çíà÷åíèÿ. Ïðèáëèæåí-
íûå ìåòîäû. � Saarbr�ucken: LAP Lambert Academic Publishing, 2011. �
256 ñ.

(2) Solov′�ev S.I. Preconditioned iterative methods for a class of nonlinear eigenvalue
problems // Linear Algebra Appl. � 2006. � V. 415. No. 1. � P. 210�229.

(3) Ñîëîâü¼â Ñ.È. Àïïðîêñèìàöèÿ íåëèíåéíûõ ñïåêòðàëüíûõ çàäà÷ â ãèëü-
áåðòîâîì ïðîñòðàíñòâå // Äèôôåðåíö. óðàâíåíèÿ. � 2015. � Ò. 51, � 7. �
Ñ. 937�950.



ÑÁÎÐÍÈÊ ÒÅÇÈÑÎÂ IX ÌÎËÎÄÅÆÍÎÉ ØÊÎËÛ... C.63

ÈÑÑËÅÄÎÂÀÍÈÅ ÂËÈßÍÈß ËÅÄÎÂÛÕ ÑÒÐÓÊÒÓÐ Â
ØÅËÜÔÎÂÎÉ ÇÎÍÅ ÀÐÊÒÈÊÈ ÍÀ ÑÈÍÒÅÒÈ×ÅÑÊÈÅ
ÑÅÉÑÌÎÃÐÀÌÌÛ ÏÐÈ ×ÈÑËÅÍÍÎÌ ÒÐÅÕÌÅÐÍÎÌ

ÌÎÄÅËÈÐÎÂÀÍÈÈ
Ñòîãíèé Ï.Â., Ïåòðîâ Ä.È.

Ìîñêîâñêèé Ôèçèêî-Òåõíè÷åñêèé Èíñòèòóò (Ãîñóäàðñòâåííûé
Óíèâåðñèòåò), Äîëãîïðóäíûé

Èíñòèòóò Àâòîìàòèçàöèè Ïðîåêòèðîâàíèÿ ÐÀÍ, Ìîñêâà
stognii@phystech.edu, diapetr@gmail.com

Áûëè ïðîâåäåíû ÷èñëåííûå ýêñïåðèìåíòû ïî ðåøåíèþ çàäà÷ ñåéñìîðàçâåäêè
â øåëüôîâîé çîíå Àðêòèêè [1]. Ðàññìàòðèâàëèñü ìîäåëè, ñîäåðæàùèå õàðàêòåð-
íûå äëÿ äàííîãî ðåãèîíà ëåäîâûå ñòðóêòóðû: òîðîñû [2], àéñáåðãè, ëåäîâîå ïîëå.
Èññëåäîâàëîñü âëèÿíèå ëåäîâûõ êîíñòðóêöèé íà âîëíîâûå ïîëÿ ïðè çíà÷èòåëü-
íûõ è íåçíà÷èòåëüíûõ ðàçìåðàõ ëåäîâûõ îáðàçîâàíèé ïî ñðàâíåíèþ ñ ãëóáèíîé
ìîðÿ.
Íà ðèñ. 1 ïðåäñòàâëåíî ñõåìàòè÷íîå èçîáðàæåíèå ìîäåëè ñ àéñáåðãîì, ãëóáèíà

ïîäâîäíîé ÷àñòè êîòîðîãî ñðàâíèìà ñ ãëóáèíîé âîäíîãî ñëîÿ � 70 ì. è 100 ì.,
ñîîòâåòñòâåííî, à òàêæå ñèíòåòè÷åñêàÿ ñåéñìîãðàììà äëÿ äàííîé ìîäåëè.

a) Ñõåìàòè÷íîå èçîáðàæåíèå ìîäåëè á) Ñåéñìîãðàììà ìîäåëè

Ðèñ. 1. Ñõåìàòè÷íîå èçîáðàæåíèå è ñèíòåòè÷åñêàÿ ñåéñìîãðàì-
ìà ìîäåëè

Ðàáîòà ïðîâîäèëàñü ïðè ÷àñòè÷íîé ïîääåðæêå ãðàíòà ÐÍÔ�10269.15.32.ÐÍÔ33.
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Òåîðåìà åäèíñòâåííîñòè îáðàòíîé êðàåâîé çàäà÷è
Òîêìàãàìáåòîâ Í.Å., Òëåóëåñîâà À.Ì.

Êàçàõñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. Àëü-Ôàðàáè, Àëìàòû
aigerimtleulessova@gmail.com

Â íàñòîÿùåé ðàáîòå èññëåäóåòñÿ ãðàíè÷íàÿ îáðàòíàÿ çàäà÷à ñïåêòðàëüíîãî
àíàëèçà äèôôåðåíöèàëüíîãî îïåðàòîðà ñ èíòåãðàëüíûìè ãðàíè÷íûìè óñëîâèÿ-
ìè â ôóíêöèîíàëüíîì ïðîñòðàíñòâå L2(0, b),ãäå b < ∞. Äîêàçàíî òåîðåìà åäèí-
ñòâåííîñòè îáðàòíîé êðàåâîé çàäà÷è â L2(0, b). Çàìåòèì, ÷òî êðàåâîé îáðàòíîé
çàäà÷åé ñïåêòðàëüíîãî àíàëèçà ÿâëÿåòñÿ ïðîáëåìà âîññòàíàâëåíèÿ ãðàíè÷íûõ
óñëîâèé îïåðàòîðà ïî åãî ñïåêòðó è íåêîòîðûõ äîïîëíèòåëüíûõ äàííûõ.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Êîìèòåòà íàóêè ÌÎÍ ÐÊ �0757/ÃÔ4

è �0773/ÃÔ4
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ÎÁÐÀÒÍÛÅ ÇÀÄÀ×È ÝËÅÊÒÐÎÐÀÇÂÅÄÊÈ È ÑÒÐÓÊÒÓÐÍÛÅ
ÎÑÎÁÅÍÍÎÑÒÈ ÑÐÅÄÛ

Ôèëàòîâ Â.Â.
ÀÎ Ñèáèðñêèé íàó÷íî-èññëåäîâàòåëüñêèé èíñòèòóò ãåîëîãèè, ãåîôèçèêè è

ìèíåðàëüíîãî ñûðüÿ, Íîâîñèáèðñê
vv�lat@gmail.com

Èçâåñòíî, ÷òî ìíîãèå ÿâëåíèÿ, ïðîèñõîäÿùèå â ïîðèñòûõ ôëþèäîíàñûùåí-
íûõ ñðåäàõ ïîä âîçäåéñòâèåì ãåîôèçè÷åñêèõ ïîëåé, ðåàëüíî ìîãóò áûòü îïèñà-
íû òîëüêî íà îñíîâå íåêîòîðûõ ôåíîìåíîëîãè÷åñêèõ ïîäõîäîâ, â êîòîðûõ òåîðèÿ
ÿâëåíèÿ íå çàâèñèò îò ðåàëüíîé ôèçè÷åñêîé êèíåòèêè ïðîöåññà, íî êîòîðûå ïîç-
âîëÿþò èñïîëüçîâàòü äëÿ êîíäåíñèðîâàííûõ ñðåä îòíîñèòåëüíî íåáîëüøîå êîëè-
÷åñòâî ïàðàìåòðîâ.
Èìåííî íà ýòèõ ïîäõîäàõ ôàêòè÷åñêè îñíîâàíî ðåøåíèå îáðàòíûõ çàäà÷ ãåî-

ôèçèêè. Â ÷àñòíîñòè, ñèñòåìà óðàâíåíèé Ìàêñâåëëà, ëåæàùàÿ â îñíîâå òåîðèè è
ïðàêòè÷åñêîãî èñïîëüçîâàíèÿ ýëåêòðîìàãíèòíûõ ïîëåé îïåðèðóåò òîëüêî òðåìÿ
ïàðàìåòðàìè, îðèåíòèðîâàííûìè íà ñïëîøíóþ ñðåäó

rotE = −∂B
∂τ

; rotH = σj +
∂D

∂τ
+ jst

ãäå j - ïëîòíîñòü òîêà; j = σ E; σ- ýëåêòðîïðîâîäíîñòü; E- ýëåêòðè÷åñêîå ïîëå;
B- ìàãíèòíàÿ èíäóêöèÿ; D- ýëåêòðè÷åñêàÿ èíäóêöèÿ; jst - ñèñòåìà ñòîðîííèõ
òîêîâ
Â ðåàëüíîñòè äëÿ ðåøåíèÿ ãåîëîãè÷åñêèõ çàäà÷ ïðîãíîçèðîâàíèÿ íåîáõîäèìà

ãîðàçäî áîëåå äåòàëüíàÿ èíôîðìàöèÿ: î ëèòîëîãèè ïîðîä, òðåùèíîâàòîñòè, ïîðè-
ñòîñòè, íàëè÷èè ðàçëè÷íîãî ðîäà íàðóøåíèé è ëîêàëüíûõ âêëþ÷åíèé, à òàêæå î
ñîñòàâå è ôàçîâîì ñîñòîÿíèè ôëþèäîâ-çàïîëíèòåëåé ïîðîâîãî ïðîñòðàíñòâà êîë-
ëåêòîðîâ. Òî åñòü, èíòåðåñ ïðåäñòàâëÿþò ôàêòè÷åñêè íå ïàðàìåòðû, çàëîæåííûå
â óðàâíåíèÿ, à ñòðóêòóðà ñðåäû, êîòîðàÿ íà ìàêðîóðîâíå èõ îáóñëàâëèâàåò. Â
ïðèíöèïå âñÿ ýòà èíôîðìàöèÿ ñîäåðæèòñÿ â ãåîôèçè÷åñêèõ ïîëÿõ, íî åå èçâëå-
÷åíèå, êàê ïðàâèëî, íàõîäèòñÿ çà ðàìêàìè ðåøåíèÿ ñòàíäàðòíûõ îáðàòíûõ çàäà÷.
Ìîæíî ïðåäëîæèòü äâà ñïîñîáà äëÿ óëó÷øåíèÿ ñèòóàöèè. Ïåðâûé - çàêëþ÷àåòñÿ
â óñëîæíåíèè óðàâíåíèé ïóòåì ââåäåíèÿ íîâûõ ýôôåêòîâ è ïàðàìåòðîâ.
Òàêèõ âàðèàíòîâ ñóùåñòâóåò äîâîëüíî ìíîãî. Íàïðèìåð, â ýëåêòðîìàãíèòíûõ

ïîëÿõ, ïðîÿâëåíèå äâîéíîãî ýëåêòðè÷åñêîãî ñëîÿ ìîæåò áûòü ñìîäåëèðîâàíî ïî-
ÿâëåíèåì ýëåêòðîêèíåòè÷åñêîãî ÷ëåíà â ïëîòíîñòè òîêà, êîòîðàÿ â îòñóòñòâèè
äèñïåðñèè ñâîéñòâ ñðåäû çàïèñûâàåòñÿ â âèäå [1]:

j = αρj(u− v) + σ(E + v ×B)

ãäå α- ýëåêòðîàêóñòè÷åñêèé ïàðàìåòð; ρj- ïàðöèàëüíàÿ ïëîòíîñòü ôëþèäà; u-v-
ðàçíîñòü ñêîðîñòåé ìàòðèöû è æèäêîñòè;
Îäíàêî ïîäîáíîå óñëîæíåíèå ìîäåëè ñóùåñòâåííî çàòðóäíÿåò ðåøåíèå îáðàò-

íûõ çàäà÷.Àëüòåðíàòèâîé ìîæåò ñëóæèòü ó÷åò äèñïåðñèè ñâîéñòâ ñðåäû. Îäèí
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èç ôåíîìåíîëîãè÷åñêèõ ïîäõîäîâ ó÷åòà äèñïåðñèè îñíîâàí íà èñïîëüçîâàíèè ìî-
äåëè ñðåäû ñ "ïàìÿòüþ". Ïðè ýòîì, óðàâíåíèå äëÿ ïëîòíîñòè òîêà ïðèìåò âèä
[2]:

j = σ(0)[E−
∫ b

a

m(τ)E(t− τ) dx]

Â ýòîì óðàâíåíèè ìîäåëèðóåòñÿ âëèÿíèå íà èçìåðÿåìûå ïàðàìåòðû ïðîöåññà
ðåëàêñàöèè ñâîéñòâ ñðåäû (â äàííîì ñëó÷àå ïðîâîäèìîñòè), ïîñêîëüêó ôóíê-
öèÿ ïàìÿòè m(τ) èìåííî ýòîò ïðîöåññ è õàðàêòåðèçóåò. Íî ñàì ýòîò ïðîöåññ è
îïèñûâàþùèå åãî óðàâíåíèÿ äåòàëüíî íå èçó÷àëèñü. Êàê ïðàâèëî, ðàññìàòðè-
âàåòñÿ àïïðîêñèìàöèÿ ïðîöåññà ðåëàêñàöèè, çàâèñÿùàÿ îò î÷åíü îãðàíè÷åííîãî
÷èñëà ïàðàìåòðîâ (íàïðèìåð, ïàðàìåòðîâ Êîóëà-Êîóëà). Â òî æå âðåìÿ ìîæíî
ïîêàçàòü, ÷òî èìåííî ó÷åò ïîëíîãî ïðîöåññà ðåëàêñàöèè ïîçâîëÿåò ñóùåñòâåí-
íî ïîâëèÿòü íà ðåøåíèå îáðàòíîé çàäà÷è. Ýòî ìîæíî óâèäåòü èç ïðîâåäåííîãî
íàìè ñðàâíåíèå ðåçóëüòàòîâ ðåøåíèÿ îáðàòíîé çàäà÷è îöåíêè òàêèõ ïàðàìåòðîâ
êàê ïîðèñòîñòü è òðåùèíîâàòîñòü ïî ïîëíîé êðèâîé ðåëàêñàöèè è ïî ïàðàìåòðàì
àïïðîêñèìàöèîííîé ìîäåëè.
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NONSCATTERING ACOUSTIC INHOMOGENEITIES IN MEDIUM
WITH A SPHERICAL STRATIFICATION

Chirkunov Yu. A.
Novosibirsk State University of Architecture and Civil Engineering (Sibstrin),

Novosibirsk
chr101@mail.ru

We considered a scattering problem in an inhomogeneous medium with a spherical
strati�cation, provided that in the external medium occur acoustic oscillations with
the wave numbers which do not coincide with the wave numbers of natural oscillations
of this external medium.We ascertained that there exist local inhomogeneities (domains)
for which there is no scattered �eld, induced by a falling on these inhomogeneities
acoustic �eld, created by external compactly distributed sources.It means that these
inhomogeneities cannot be detected by the acoustic �eld generated from external
compactly distributed sources. We obtained the formulas de�ning the basic parameters
of such nonscattering inhomogeneities. The problem of existence of presence of very
small local nonscattering (or masked) acoustic inhomogeneities in a spherically symmetric
industrial products arises when these products are tested by acoustic �eld generated
by external compact distributed sources. Some of these inhomogeneities can lead to
destruction of the product. Knowledge of the characteristics of such local inhomogeneities
allows us to use other (not acoustic) methods for the checks of the products if it is
necessary. The obtained results can also be used in case of a fall of the electromagnetic
�eld, produced by external compactly distributed sources, on the object located in
the inhomogeneous medium having a spherical strati�cation.
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FORWARD PROBLEM OF MAGNETIC RESONANCE,
CONSIDERING EFFECT OF FORMATIOIN ELECTRICAL

CONDUCTIVITY, MICROSTUCTURE, AND THE BLOCH-SIEGERT
EFFECT

Shushakov O.A.1,2,3
1) Novosibirsk Technology Center, Baker Hughes, Novosibirsk 2) Voevodsky Institute
of Chemical Kinetics and Combustion, Siberian Branch of the Russian Academy of

Sciences, Novosibirsk 3) Novosibirsk state university, Novosibirsk
Oleg.Shushakov@bakerhughes.com

The forward problem of magnetic-resonance geophysics exempli�es the e�ect of
formation electrical conductivity, formation microstructure, and the Bloch-Siegert
e�ect. The results of the study can be applied to magnetic-resonance geophysical
applications such as magnetic-resonance logging while drilling and wireline. Magnetic
resonance sounding (MRS) in a geomagnetic �eld can be applied to detect formations
with hydrogen-containing �uids at depths of 100 m and deeper, depending on the
electromagnetic shielding of formations and the intensity of natural and anthropogenic
electromagnetic noises [1, 2]. The Bloch-Siegert shift [3] provides an additional rotation
of nuclear magnetization during the pulse duration. The theoretical study and the
experimental veri�cation of the Bloch-Siegert e�ect have been conducted [4]. Distribution
of porosity and permeability with depth can be determined by inversion of the integral
equation with an experimentally measured and modeled nuclear magnetic resonance
(NMR) signal [2]. The relaxation of the proportional to the NMR signal magnetization
is described in terms of Bloch-Torrey equations [5]. The boundary conditions characterize
the longitudinal and the transverse relaxivity on the pore surface. The solution for the
relaxation times depends on the surface-to-volume ratio of pores, the core grain radius,
and the local magnetic-�eld gradient. MRS calibration experiments for multiple spin-
relaxation times have been performed with the use of two-pulse sequences [6].
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Ïóñòü QT = {(r, t) : r ∈ (0, R) , t ∈ (0, T )}. Ðàññìîòðèì ñëåäóþùóþ çàäà÷ó

c(u)ρ(u)
∂u

∂t
=

1

r

∂

∂r

(
λ(u)r

∂u

∂r

)
, (r, t) ∈ QT , (1)

u (0, t) = p (t) , ur (0, t) = q (t) , t ∈ [0, T ] , (2)

ãäå ôóíêöèè c(u), ρ(u), λ(u) ïîëîæèòåëüíû, äâàæäû íåïðåðûâíî äèôôåðåíöèðó-
åìû â ñîîòâåòñòâóþùåé îáëàñòè, à p(t), g(t) ∈ C1(0, T ). Â ýòîé çàäà÷å íåîáõîäèìî
íàéòè ôóíêöèþ u(r, t), óäîâëåòâîðÿþùóþ (1), (2), à òàêæå ãðàíè÷íîå çíà÷åíèå
u(R, t) = ϕ(t). Ñóùåñòâîâàíèå â íåêîòîðîé îáëàñòè DT ⊂ QT òðåáóåìîé ôóíêöèè
u(r, t) ñëåäóåò èç ðåçóëüòàòîâ, ïðåäñòàâëåííûõ â ðàáîòå [1]. Îäíàêî, ïðè ðåøåíèè
ïðèêëàäíûõ çàäà÷, âìåñòî òî÷íûõ p(t), q(t) èçâåñòíû íåêîòîðûå ïðèáëèæåíèÿ
pδ(t), qδ(t), è δ òàêèå, ÷òî ‖p(t) − pδ(t)‖ ≤ δ è ‖q(t) − qδ(t)‖ ≤ δ, è â àêòóàëüíîé
ïðàêòèêå òðåáóåòñÿ ïî ýòèì ïðèáëèæåííûì äàííûì íàéòè ÷èñëåííîå ðåøåíèå
uδ(r, t) çàäà÷è (1),(2), à òàêæå îïðåäåëèòü ãðàíè÷íóþ ôóíêöèþ ϕδ(t).
Ïîñòðîåíèå ÷èñëåííîãî ðåøåíèÿ çàäà÷è (1), (2) îñóùåñòâëÿëîñü ñ ïîìîùüþ

ìåòîäà äèñêðåòíîé ðåãóëÿðèçàöèè, âêëþ÷àþùåãî ïåðåõîä ê êîíå÷íî-ðàçíîñòíûì
óðàâíåíèÿì è ïðèìåíåíèå ðåãóëÿðèçèðóþùèõ ôóíêöèîíàëîâ, à èññëåäîâàíèå ÷èñ-
ëåííîãî ìåòîäà ïðîâîäèëîñü â ñîîòâåòñòâèè ñ ïîäõîäîì, ïðåäëîæåííûì â [2].
Â ðåçóëüòàòå áûëè íàéäåíû ñîîòíîøåíèÿ ìåæäó âåëè÷èíàìè øàãîâ äèñêðåòè-
çàöèè ïî ïðîñòðàíñòâåííîé ïåðåìåííîé, ïåðåìåííîé, õàðàêòåðèçóþùåé âðåìÿ,
ïàðàìåòðîì ðåãóëÿðèçàöèè è ïîãðåøíîñòüþ èñõîäíûõ äàííûõ, îáåñïå÷èâàþùèå
ëîêàëüíóþ óñòîé÷èâîñòü ïðåäëàãàåìîãî ìåòîäà, à òàêæå áûëè ïîëó÷åíû îöåíêè
ïîãðåøíîñòåé ÷èñëåííûõ ðåøåíèé. Ñ öåëüþ ïðîâåðêè ïðèíöèïèàëüíîé âîçìîæ-
íîñòè ïîñòðîåíèÿ ÷èñëåííîãî ðåøåíèÿ çàäà÷è (1),(2) ìåòîäîì äèñêðåòíîé ðåãó-
ëÿðèçàöèè è ïîëó÷åíèÿ ýêñïåðèìåíòàëüíûõ îöåíîê ïîãðåøíîñòåé áûë ïðîâåäåí
âû÷èñëèòåëüíûé ýêñïåðèìåíò, ðåçóëüòàòû êîòîðîãî ñâèäåòåëüñòâóþò î äîñòàòî÷-
íîé ýôôåêòèâíîñòè ïðåäëîæåííîãî ìåòîäà.
Ðàáîòà ïðîâîäèëàñü ïðè ÷àñòè÷íîé ïîääåðæêå Ìèíèñòåðñòâà îáðàçîâàíèÿ è

íàóêè ÐÔ (ãðàíò � 8.9692.2017/Á×)
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