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The quadrature for integral from product 

of functions 

• Let us consider the quadrature to calculate an integrals having the form 
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Then the quadrature for approximation of integral (1) will be 
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is taken place, where 



Calculation of potential of an ellipsoid  
• Let us consider the body       with density      , bounded by surface of  an 

ellipsoid. Choose the Cartesian coordinates with origin in centre of ellipsoid,   

with axes directed along the main axes of the ellipsoid. The potential of 

body in point   
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r,,  . Then  Pass to spherical coordinates  
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 rgCalculating the integrals from the function  
  

, we obtain 
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Calculation of force of attraction of an 

ellipsoid 

• The force of attraction in spherical 

coordinates  is the vector  
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The function             is tended to infinity when             and    

Let the grid by  variable r is uniform and a nodes of the grid include the edges 

of the body. If the points where the force components are calculated are 

situated at the middles of intervals between neighboring nodes then provided  

 
 and function                      hasn’t any singularities, except only logarithmic ones. 

 

• 3.2 The component of force of attraction by coordinate  
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we obtain 



In the computation the first integral we multiply the function              on 

 

multiplier   
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Then the integral                               and the function                      have  

 

the only logarithmic singularity in point 

• 3.3 The component of force of attraction by coordinate  

 

• Denote 

 

• Then 
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• In the computation of the first integral we multiply the function  

 

• on multiplier                                           and denote the calculated value of the first  

 

• integral with the such multiplier as  

1

2

sin cos

sin

j

j

d





 







  2 1,j jv   

 0 0, j    

0

   , , ,f r r    
2

2 2
0 0 0

.
2 cos

r
g r

r rr r 



  

        0 0 0 0 0sin sin sin 3 cos ln ,G x r x r w x         

 
 

 
 

22 2
0 0 00 0

2

cos6 cos 3
.

sin

r x r r sq xx r x r
x

sq x sq x







  
 

 0G x

 

2

0

sin

sin sin



  

 2 0, .I  



Denote  
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• The integral                                                and the function 

 

• have the only logarithmic singularity.  
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The analytical calculation of potential  

and force of attraction of an ellipsoid  

for special case of density. 

• Let us consider an ellipsoid in Cartesian coordinates  
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• The potential of an ellipsoid with the such distribution of density is [1] 

 

 

 

 

 

 

 

 

 

 

 

 

• and         satisfies the equation 
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This integral can be calculated analytically  
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Let us consider an elongated ellipsoid of rotation along axis 

Pass to spherical coordinates  , , .r 
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4.2 The components of force of attraction of the ellipsoid 
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The integrals                    and                     can be calculated analytically :                      

 

 

 

 

 

 

 

 

• Numerical experiments 
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To calculate the integral (3) we use the uniform grid by coordinate  r inside the body  

and uniform grids  by other coordinates. All the grids are displaced on half step of  

integration with respect to edges of integration. 

The potential of an ellipsoid of rotation is the function that does not depends  

from coordinate   0
 . Therefore it is sufficiently to replace the variable  

after integration of inner integral.  
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in the same node 
 
 

,
100 1

,

j k

jk

j k

U r

U r





  

 ,j kU r ,j kU r

and maximum  

for calculated value of potential 

. 

The values of average  

0.5 , 100 ,N 

 0 0.001, 10 .r 

.j

The number of nodes on intervals  0,
j

R
 
  and  ,10

j
R
 
 

was the same for every value  

jk the error of calculation in percents in point kj
r,

with respect to precise value 

1 1

1 r NN

av jk

k jrN N





 
 

  max
,

max jk
j k

 

The values of input parameters were:  ,rN N 
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Table.1. The values of average and maximum errors of potential’s calculation  

in percents for different number of nodes in grid . 



To describe the error of calculation  the components of the force of 

attraction we will choose the error in the following form:  
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In the calculation the component of the force of attraction by coordinate  
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we will consider the potential  as a function of three variables . 

Thank you for attention ! 



Picture 1. The graph of the function               when             ( о ) and 
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