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Ïîñòàíîâêà çàäà÷è

Â îáëàñòè Ω× (0,T ), T > 0,
Ω = {(x , y) ∈ Rn+1|x ∈ (0, h), y ∈ D ⊂ Rn} ðàññìàòðèâàåòñÿ çàäà÷à

utt = uxx + L(y)u, (x , y) ∈ Ω, t ∈ (0,T ), (1)

u(x , y , 0) = u(x , y ,T ) = 0, (x , y) ∈ Ω, (2)

u|∂D = 0, x ∈ [0, h], t ∈ [0,T ], (3)

u(0, y , t) = f (y , t), y ∈ D, t ∈ [0,T ], (4)

ux(0, y , t) = g(y , t), y ∈ D, t ∈ [0,T ]. (5)

Áóäåì ïîëàãàòü, ÷òî D � ñâÿçíàÿ îãðàíè÷åííàÿ îáëàñòü ñ
ëèïøèöåâîé ãðàíèöåé, à îïåðàòîð L(y) îáëàäàåò ñëåäóþùèìè
ñâîéñòâàìè:

C1

n∑
j=1

ν2
j ≤

n∑
i,j=1

aij(y)νiνj äëÿ ëþáûõ νi ∈ R, (6)

aij = aji , i , j = 1, n, (7)

0 ≤ c(y) ≤ C2, (8)

aij ∈ C 1(D̄), c ∈ C (D̄). (9)
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Ïîñòàíîâêà çàäà÷è

Çàäà÷ó (1)�(5) ðàññìàòðèâàåì êàê îáðàòíóþ ê ñëåäóþùåé ïðÿìîé

çàäà÷å

uxx = Au, (x , y) ∈ Ω, t ∈ (0,T ), (10)

u(x , y , 0) = u(x , y ,T ) = 0, (x , y) ∈ Ω, (11)

u|∂D = 0, x ∈ [0, h], t ∈ [0,T ], (12)

ux(0, y , t) = g(y , t), y ∈ D, t ∈ [0,T ], (13)

u(h, y , t) = q(y , t), y ∈ D, t ∈ [0,T ], (14)

ãäå A(x)u = utt(x , y , t)− L(y)u(x , y , t), x ∈ [0, h].
Â ïðÿìîé çàäà÷å (10)�(14) òðåáóåòñÿ îïðåäåëèòü ôóíêöèþ
u ∈ L2(Ω× (0,T )) ïî çàäàííûì ôóíêöèÿì q, g ∈ L2(D × (0,T )).
Â îáðàòíîé çàäà÷å (1)�(5) òðåáóåòñÿ îïðåäåëèòü ôóíêöèþ
q ∈ L2(D × (0,T )) èç (10)�(14) ïî äîïîëíèòåëüíîé èíôîðìàöèè î
ðåøåíèè ïðÿìîé çàäà÷è

u(0, y , t) = f (y , t), y ∈ D, t ∈ [0,T ]. (15)
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Îïðåäåëåíèå

Ôóíêöèþ u ∈ L2(Ω× (0,T )) áóäåì íàçûâàòü îáîáùåííûì
ðåøåíèåì çàäà÷è ïðîäîëæåíèÿ (1)�(5), åñëè äëÿ ëþáûõ
ω ∈ H2(Ω× (0,T )) òàêèõ, ÷òî

ω(h, y , t) = 0, y ∈ D, t ∈ [0,T ], (16)

ωx(h, y , t) = 0, y ∈ D, t ∈ [0,T ], (17)

ω(x , y , 0) = ω(x , y ,T ) = 0, (x , y) ∈ Ω, (18)

ω|∂D = 0, x ∈ [0, h], t ∈ [0,T ], (19)

âûïîëíÿåòñÿ óñëîâèå∫
Ω

∫ T

0

u(ωxx − Aω)dtdxdy

=

∫
D

∫ T

0

(g(y , t)ω(0, y , t)− f (y , t)ωx(0, y , t))dtdy . (20)
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Îïðåäåëåíèå

Ôóíêöèþ u ∈ L2(Ω× (0,T )) áóäåì íàçûâàòü îáîáùåííûì
ðåøåíèåì ïðÿìîé çàäà÷è (10)�(14), åñëè äëÿ ëþáûõ
ω ∈ H2(Ω× (0,T )) òàêèõ, ÷òî

ω(h, y , t) = 0, y ∈ D, t ∈ [0,T ], (21)

ωx(0, y , t) = 0, y ∈ D, t ∈ [0,T ], (22)

ω(x , y , 0) = ω(x , y ,T ) = 0, (x , y) ∈ Ω, (23)

ω|∂D = 0, x ∈ [0, h], t ∈ [0,T ], (24)

âûïîëíÿåòñÿ óñëîâèå∫
Ω

∫ T

0

u(ωxx − Aω)dtdxdy

=

∫
D

∫ T

0

(g(y , t)ω(0, y , t) + q(y , t)ωx(h, y , t))dtdy . (25)
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Òåîðåìà óñëîâíîé óñòîé÷èâîñòè

Ïóñòü äëÿ íåêîòîðûõ q, g ∈ L2(D × (0,T )) è f ∈ H1(D × (0,T ))
ôóíêöèÿ u ∈ L2(Ω× (0,T )) ÿâëÿåòñÿ îáîáùåííûì ðåøåíèåì çàäà÷è
ïðîäîëæåíèÿ (1)�(5), òîãäà èìåþò ìåñòî íåðàâåíñòâà:

‖u‖2(x) ≤
(
‖q‖2 +

1

2

n∑
i,j=1

‖aij‖C(D) · ‖Di f ‖ · ‖Dj f ‖

+
C2

2
‖f ‖2 − 1

2
‖ft‖2 − 1

2
‖g‖2

) x
l ×

×
(
‖f ‖2 +

1

2

n∑
i,j=1

‖aij‖C(D) · ‖Di f ‖ · ‖Dj f ‖

+
C2

2
‖f ‖2 − 1

2
‖ft‖2 − 1

2
‖g‖2

) l−x
l · e2x(l−x)

− C1

2

n∑
j=1

‖Dj f ‖2 +
1

2
‖ft‖2 +

1

2
‖g‖2, (26)
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‖u‖2(x) ≤
(
‖q‖2 +

1

2
‖ft‖2 +

1

2
‖g‖2 − C1

2

n∑
i=1

‖Di f ‖2
) x

l ×

×
(
‖f ‖2 +

1

2
‖ft‖2 +

1

2
‖g‖2 − C1

2

n∑
i=1

‖Di f ‖2
) l−x

l · e2x(l−x)

+
1

2

n∑
i,j=1

‖aij‖C(D) · ‖Di f ‖ · ‖Dj f ‖

+
C2

2
‖f ‖2 − 1

2
‖ft‖2 − 1

2
‖g‖2, (27)

(26) :

∫ T

0

∫
D

n∑
i,j=1

aij(y)Di f Dj fdydt +

∫ T

0

∫
D
c(y)f 2(y , t)dydt > ‖ft‖2 + ‖g‖2

(28)

(27) :

∫ T

0

∫
D

n∑
i,j=1

aij(y)Di f Dj fdydt +

∫ T

0

∫
D
c(y)f 2(y , t)dydt < ‖ft‖2 + ‖g‖2

(29)
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Âñïîìîãàòåëüíûå ëåììû

Ïóñòü ôóíêöèÿ u - ðåøåíèå ðàññìàòðèâàåìîé çàäà÷è. Òîãäà èìåþò
ìåñòî ñëåäóþùèå óòâåðæäåíèÿ:

Lemma (1)

∫ T

0

∫
D
uAuxdydt =

∫ T

0

∫
D
uxuxxdydt, (30)

Lemma (2)

∫ T

0

∫
D
uAudydt =

∫ T

0

∫
D
u2
xdydt +

∫ T

0

∫
D

n∑
i,j=1

aij(y)Di f Dj fdydt

+

∫ T

0

∫
D
c(y)f 2dydt − ‖ft‖2 − ‖g‖2. (31)
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Äîêàçàòåëüñòâî

Êàæäóþ èç ôóíêöèé q, g ∈ L2(D × (0,T )), f ∈ H1(D × (0,T ))
ïðèáëèæàåì ñîîòâåòñòâóþùèìè ïîñëåäîâàòåëüíîñòÿìè {qm}, {gm},
{fm}, {f ′mt}, {Di fm}i=1,n ∈ C∞0 (D × [0,T ]).
Äëÿ êàæäûõ {gm, qm} ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è
(10)�(14) um ∈ C∞(Ω× [0,T ]).
Äàëåå ôèêñèðóåì èíäåêñ m è îïóñêàåì åãî. Ðàññìàòðèâàåì ôóíêöèþ

ϕ(x) =

∫ T

0

∫
D
u2(x , y , t)dydt (32)

è äèôôåðåíöèðóåì åå äâàæäû

ϕ′(x) = 2

∫ T

0

∫
D
uux(x , y , t)dydt, (33)

ϕ′′(x) = 2

∫ T

0

∫
D

(u2
x + uuxx)(x , y , t)dydt. (34)
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Äîêàçàòåëüñòâî

Â ñèëó (31) èç (34) èìååì

ϕ′′(x) =4

∫ T

0

∫
D
u2
x (x , y , t)dydt + 4a, (35)

a =
1

2

∫ T

0

∫
D

n∑
i,j=1

aij(y)Di f Dj fdydt +
1

2

∫ T

0

∫
D
c(y)f 2(y , t)dydt

− 1

2
‖ft‖2 − 1

2
‖g‖2. (36)

Òåïåðü ðàññìîòðèì ôóíêöèþ

ψ(x) = ln (ϕ(x) + |a|), (37)

ψ′(x) =
ϕ′(x)

ϕ(x) + |a|
, (38)

ψ′′(x) =
ϕ′′(x)(ϕ(x) + |a|)− ϕ′(x)ϕ′(x)

(ϕ(x) + |a|)2
. (39)
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Äîêàçàòåëüñòâî

Ïîêàæåì, ÷òî

ψ′′(x) + 4 ≥ 0, x ∈ [0, h]. (40)

Ðàññìîòðèì òîëüêî ÷èñëèòåëü, òàê êàê çíàìåíàòåëü ïîëîæèòåëåí(
4

∫ ∫
u2
x + 4a

)(∫ ∫
u2 + |a|

)
−
(

2

∫ ∫
uux
)2

+ 4
(∫ ∫

u2 + |a|
)

=4

[∫ ∫
u2
x ·
∫ ∫

u2 −
(∫ ∫

uux
)2
]

+ 4|a|
∫ ∫

u2
x + 4

(∫ ∫
u2
)2

+ 4(a + |a|)
∫ ∫

u2 + 4|a|(a + |a|) ≥ 0.

Ò.î. ôóíêöèÿ ψ(x) + 2x2 âûïóêëà íà [0, h]. Èç ñâîéñòâà âûïóêëûõ
ôóíêöèé èìååì

ψ(x) + 2x2 ≤ x

h

(
ψ(h) + 2h2

)
+

h − x

h
ψ(0).
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Äîêàçàòåëüñòâî

Ó÷èòûâàÿ âèä ôóíêöèé

ψ(x) = ln (ϕ(x) + |a|),

ϕ(x) =

∫ T

0

∫
D
u2(x , y , t)dydt,

èç

ψ(x) + 2x2 ≤ x

h

(
ψ(h) + 2h2

)
+

h − x

h
ψ(0)

èìååì∫ T

0

∫
D
u2(x , y , t)dydt ≤

(
‖q‖2 + |a|

) x
h
(
‖f ‖2 + |a|

) h−x
h

e2x(h−x) − |a|,

(41)

ãäå a =
1

2

∫ T

0

∫
D

n∑
i,j=1

aij(y)Di f Dj fdydt +
1

2

∫ T

0

∫
D
c(y)f 2(y , t)dydt

− 1

2
‖ft‖2 − 1

2
‖g‖2. (42)
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Áëàãîäàðþ çà
âíèìàíèå!

À. Ò. Íóðñåèòîâà Îöåíêà óñëîâíîé óñòîé÷èâîñòè ðåøåíèÿ çàäà÷è ïðîäîëæåíèÿ äëÿ ãèïåðáîëè÷åñêîãî óðàâíåíèÿ


