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Abstract—In this paper are considered the questions of unique solvability and redefinitions of a
nonlocal inverse problem for the Fredholm integro-differential equation of the second order with
degenerate kernel, integral condition, and spectral parameter. Calculations of the value of the
spectral parameter are reduced to the solve of trigonometric equations. Systems of algebraic
equations are obtained. The singularities that arose in determining arbitrary constants are studied.
A criterion for unique solvability of the problem is established and the corresponding theorem is
proved.
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I. PROBLEM STATEMENT

Mathematical modeling of many processes occurring in the real world often leads to the study of initial
or inverse boundary value problems for ordinary differential and integro-differential equations. Integro-
differential equations are mathematical models of the flow of many physical processes and the operation
of technical systems (see, for example, [1]). In the cases, where the boundary of the flow domain of a
physical process is not available for measurements, nonlocal conditions in integral form can serve as an
additional information sufficiently for one-valued solvability of the problem. A large number of papers
have been devoted to the study of integro-differential equations (see, for example, [2]—[9]).

In this paper we consider singularities in solving nonlocal inverse boundary value problem for the
ordinary Fredholm integro-differential equation with degenerate kernel, integral condition and spectral
parameter. The values of spectral parameter are calculated and for which the solvability of the inverse
boundary value problem is established. Standard methods for solving the integro-differential equation do
not pass here. Integro-differential equations with a degenerate kernel for other formulation of problems
were considered, in particular, in [10]—{14].

Thus, on a segment [0; 7] we consider an equation of the form

T
u"(t)+)\2u(t):V/K(t,s)u(s)ds+ﬁa(t) (1)
0

under the following conditions

T
u(T) = /u (t)tdt, v'(T) = o, (2)
0

E-mail: tursunbay@rambler.ru



2 YULDASHEV
u(0) =, (3)

where 0 < T' < oo is given real number, A is positive spectral parameter, v is real nonzero parameter,

k

@, r = const , [ is the coefficient of redefinition, « (t) € C[0;T], K(t,s) = > ai(t) bi(s), a;(t) €
i=1

C[0;TY], bi(s) € C[0;T]. Here it is assumed that the nonzero functions a;(t) and b;(s) are linearly
independent.

The question of the uniqueness of the solution of the inverse problem (1)—(3) reduces to the question
of the triviality of solution of the homogeneous integro-differential equation under the homogeneous
condition v/ (T) = 0.

2. CONSTRUCTION OF SOLUTION OF THE DIRECT BOUNDARY VALUE PROBLEM
(1), (2)

Taking the degeneracy of the kernel into account, we write the equation (1) in the following form

k
W (1) + A% u /Z (s)ds + Ba (1), (4)
i=1
By the aid of notation
T
Ti:/bi(s)u(s)ds (5)
0

the equation (4) is rewritten as follows

k
u () + A%u(t) =v Y ai(t) i+ Bal(t). (6)
=1

Differential equation (6) is solved by the method of variation of arbitrary constants
u(t) =Aq1 cos At + Ag sin At + 1 (t), (7)

where A1, Ao while arbitrary constants,

y\t

k t
Z +551() hi(t):/sin)\(t—s)ai(s)ds,z’zl,k;,
i=1 0

In order to find the unknown coefficients A1 and A9 in (7) we use the first condition from (2) and there
we arrive at equality

Aro1(N) = —Ag02(N) + o, (8)

where

1 T 1 1
o1(A) = <1+ﬁ) cos /\T_X sin )\T—i—ﬁ, o2(A) = (1—1——) sin AT + — cos AT,

T
5o=/n<t>tdt—n<:f>.
0
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ON INVERSE BOUNDARY VALUE PROBLEM 3

2.1. Casel
In (8), we assume that
o1(A) =02(A) =0. (9)
Then we arrive at the trivial result: £o =0, i.e. v =/ =0. In this case the corresponding model
differential equation u” (t) + A2 u (t) = 0 has an infinite set of solutions u (t) = A1 cos At + A3 sin \t,
where A1, A, are arbitrary constants.
We calculate the values of the parameter A, for which (9) takes plase. Let be
1 T . 1
o1(\) = (1+ﬁ) cos AT = 1 sin AT + 15 =0

for some A. This condition is equivalent to equation (1 + )\2) cos AT — AT sin AT + 1 = 0, which has
solutions

1+ A2
arcsin tAn —i—M,nEN, (10)

\/(1+)\%)2+)\%T2 r

where N is the set of natural numbers. The formula (10) is a transcendent equation with respect to A,,.
[t can be solved by the method of successive approximations

1+ (-1)"
Ap=
T

L+ (-1n 14+ A2
Ayl = +( )arcsin L +H,n€N,p:1,2,...
! Jaeazteaz,re T
or graphically
T = An, 14 M2
{ Crenr e were p(0w)= fal
_#arcsmy( n)—i-?, \/(1—1—)\%) +A27T2

1
Suppose now, that for some A the following equality holds oo(A) = (1—|—F) sin AT +

T T
5 cos AT = 0. This condition is equivalent to the trigonometric equation tan AT = —lj\_)\z. Hence
we obtain solutions:
1 AnT
)\n:—farctan1+)\%+%,n€]\7. (11)

The second formula in (11)is a transcendent equation with respect to A,,. It can be also solved by the
method of successive approximations or graphically.

The set of all values of the parameter A ,,, defined by (11), we denote by A ;. The set of all values of
the parameter \,,, defined by (10), we denote by A 5. Total number of parameter values \,, is countable.
Since 0 € T < oo, then A1 N As =0. So, the function u (t) = A1 cos A\t + Ao sin A\t can not be a
solution of the boundary value problem (1), (2). Consequently, the boundary value problem (1), (2) does
not have solutions in this case.

Thus, the following lemma is proved.

Lemma 1. Suppose that conditions (9) are fulfilled. Then the boundary value problem (1), (2) has
no solutions on the segment [0; T .
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22 Case?2
Suppose that

0’1()\71)?50, 0-2()‘71):0' (12)
Then for the values of the spectral parameter A,, € A we construct the solution of the direct boundary

value problem (1), (2). By virtue of (12), from (8) we obtain that A; = %\ ]
01(An

number. Since the spectrum of the parameter A,, consists the set A1, defined by formula (11), the
function (7) takes the form

and Ao is an arbitrary

u(t, A\p) = S0 cos Apt+ Ag sin A\t +n(t). (13)
Ul( n)
Taking
T
éo= [noytdr—n(r), Zn {0+ 51 1)
0

t

t
hi(t)= /sin At—s)ai(s)ds,i=1k, 01(t)= /sin At —s)a(s)ds
0 0

into account we transform the expression (13)

u(t, A\p) = Ag sin Ay, t—{—)\ Zﬂ i +)\£50() (14)

n n

where

T
§i () ZCOSA t[/hz t)tdt — ()]Jrh,-(t), i=1,k,
0

T
cos Apt
Substituting (14) into (5), we arrive at the system of algebraic equations (SAE)
—~ 72 — @it DBy i=T 15
T] ij — 42 + X, i =L, R, ( )
7j=1

T T
where H;j = [bi(s) &, (s)ds, ®; = fbi(s) sin A sds, B; = [bi(s)do (s)ds.
0 0 0

SAE (15) is uniquely solvable for any finite right-hand side, if fulfilled the following condition

v v 14
1-—H —H ... —H
)\n 11 )\n 12 )\n 1k
1% 14
7H21 1_7[_[22”' 7H2k
Ai(v, Ap)=| *n An An 0. (16)
1% 1% 1%
—H —H . 1-ZH
)\n k1 )\n k2 2 kk
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The determinant A4 (v, \,) in (16) is a polynomial with respect to v/\,, of the degree not higher
than k. So the equation A(v, A\y,) = 0 has no more than & different roots. We denote them by i,
1 <m < k. Then v = A, u.,, are called the characteristic numbers (eigenvalues) of the kernel of the
integro-differential equation (1). For other values v # A, pu, solutions of SAE (15) are written in the
form

Ali(yv )\n) B AQi(Va )‘n) .
’L:A N ) :17k7
R NTOD W I WV TP W A
where
v v v v
l—ran TnHl(i—l) ®q TnHl(i—l—l) TnHlk
v v v v
Avi(v An) = , 21 , 23i—1) P2 . 2(i+1) N 2k ,
v v v v
rnHkl rnHk(z‘—n P rnHk(z‘-H) 1_>\7nHkk

while the determinant Ag;(v, A,) differs from Aq;(v, A,) that the column @ in it is replaced by B;.
Substituting values of 7; from last expression into (14), we derive

k k
: v Aqi(v, An) Bl Agi(v, An)
n) =A nt+ 1 ~ oy S T ~ oy S .
u(t, \n) g[sm)\ t+ N 2 A, ) £ (t)} + N n; NS Ei(t)+d0(t)
(17)
In order to uniquely determine A 5 we use the second condition in (2).
% M’g (T, An)
Ag = 2

T T My, (T

where

k
Aqi(v, An
Mln(t?An):SIH)\nt+7ZA1 (V A )

14
/\n P 1(1/’ >\n) 51 (t>7

k
May, (t, Ay, ;; §i (1) + 60 (1),

n

Vs A (v, An)
LT A) = A AT 4+ — 2L\ An) er o
1n (T, An) cos +AnZEA1(V,)\n) & (1),

, v o= Aai(v, An) ,
2n(Ta)\n)_/\n;wfi(T)+5o(T)7

)

T
& (T) =hy(T) - ——~—— nsm)\ 2 {/hz t)tdt —hq(T)
0

)

. T
0 (7) = 6y (1) - et {/mmdtalm
0
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T T
h’i(T):)\n/cos A (T —8)a;(s)ds, &, (T) = )\n/cos An (T —s)a(s)ds.
0 0

Itis easy toseethat M, (T, Ay,) # 0, A, € A1. Now from (17)we derive the solution of the boundary
value problem (1), (2)

u(t, )\n) = Vi (ta)\n) + B8 Wi, (t,)\n), An € Ala te [0» T]v (18)
where
My, (t,An) M, (T, \y)
MY, (T An)’ My, (T An)
The uniqueness of the solution of the boundary value problem (1), (2) follows from that for ¢ = 0 and
B = 0it takes place u (t,\,) = 0forallt € [0; T]and A € A;.
Thus, the following lemma is proved.

Vln (t7)\n) = Wln (ty)\n) = M?n (ta)\n) - Mln (tv)\n)

Lemma 2. Let be conditions (12) are [ulfilled. Then on the segment [0; T for all values of
parameter A, € Ay the boundary value problem (1), (2) has a unique solution in the form of (18),
if condition (16) is fulfilled.

23 Cased3

We assume that

01()\”):0, O‘Q()\n)#o. (19)

Then for the values of the spectral parameter A,, € A5 we construct the solution of the direct boundary
value problem (1),(2). By virtue of condition (19), from (8) we obtain that A is an arbitrary number and

Ag = .

02 (
function (7) in this case takes the form

Since the spectrum of the parameter A,, consists of the set A o, defined by formula (10),

w(t, \n) = A1 cos Ay t+A ZT,CZ +A£52() (20)

n

where

T
Ci(t) = hy(t) SmA ! {/h t)tdt — (T)],il,k,
0

T
sm/\ t
do (t) =61 (t) { d1(t)tdt —61(T)
[

Substituting (20) into (5), we arrive at the system of algebraic equations (SAE)

b ZTJ ”_Alxpmuf Ci,i=1,k, (21)
j=1 "

where

T T T
P;; —O/bi(s)gj (s)ds, ¥, —O/bi(s) cos Apsds, C; —O/bi(s)ég (s)ds.
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ON INVERSE BOUNDARY VALUE PROBLEM 7

SAE (21)is uniquely solvable for any finite right-hand side, if fulfilled the following condition

14 14 14

l1-—Py —Py ... —P
/\n /\n 12 /\n 1k

14 14 14

7P 1—7P22... 7P2k

Az(v, \p)=| An An An # 0. (22)

14 14 14

—P — Py ...1-=P

)\n k1 )\n k2 \ kk

The determinant As(v, A,,) in (22) is a polynomial with respect to v/, of the degree at most k.
The equation A3(v, A,,) = 0 has at most k different roots. We denote them by w,,, 1 < m < k. Then
v = A, wqy, are the characteristic numbers of the kernel of the integro-differential equation (1). For other
values v # A, wy, the solutions of SAE (21) are written in the form

Asi(v, An) | B Aui(v, An)

z:A 2 N ) ':17 ; 2
’ ! A3(V7 A'rL) N /\n A3(V> )\n) ! k ( 3)

where
1% 1% 1% 14
1—)\*1311 Tpl(i—l) vy rpl(i—i-l) Tplk
14 1% 1% 14
— P oo — Py o — Py, ... —P
D T T e P VD W
v v v v
rnpkl rnpkz(i—l) e Epk(i—i-l) 1_)\7npkk

while the determinant A 4;(v, \,,) differs from Ag;(v, A,) that the column ¥ in it is replaced by C';.
Substituting (23) into (20), we obtain

U(taAn) :Al Gln (ta>\n)+BG2n (t’)\n)a (24)
where
k
12 Agl‘(l/, >\n)
n ] n - n N A /. N N\ Z t’
G1n (t,Ay) = cos A t+)\n;A3(V7)\n)C (t)
Vo A gi(v, Ap)
GQn(t,/\n)Z%(t)‘f‘/\n;MCz‘(t)-

In order to uniquely determine A1 we use the second condition in (2). Then from (24) we obtain a
unique solution of the boundary value problem (1), (2)

u(t,\n) =@ Vaon (t,An) + BWap (t,An), An € Ao, t € [0; T1, (25)
where
Gln( a>\n) G/ (Ta)\n)
n (T A e ——E n ta)\n = n t,>\ n(t A 77
Va ( ) Glln (T,)\n) Wy ( ) Go ( ) G1 ( )G/ ( /\n)

G, ZA?” An) Ci(T) = Apsin Ay T #0, Ap € As.

The uniqueness of the solution of the boundary value problem (1), (2) follows from (25) that for ¢ =0
and g = 0 it takes place u (¢, A,,) = 0forallt € [0; T] and A € As.
Thus, the following lemma is proved.
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Lemma 3. Let be conditions (19) are fulfilled. Then on the segment [0; T| for all values of
parameter A, € Ao the boundary value problem (1), (2) has a unique solution in the form of (25),
if condition (22) is fulfilled.

24. Case4
Suppose that
o1(An) #0, o2(Ay) #0. (26)

Then for the values of the spectral parameter A\,, € Ag = (0; c0) \ (A1 U A3) we construct the solution
of the direct boundary value problem (1), (2). By virtue of condition (26), from (8) we obtain that

u(t, \p) = Ao [—020\”) cos A, t + sin )\nt] +< (1), (27)
0'1(>\n)
where ¢ (t) 5(0 ) cos A, t+ 1 (t). Now we use the second condition in (2) and from (27) we obtain
01{(An
that

Az o3(Ap)

Noor T 8

An
o=u (t, Ap)t=r = An A2 [02( ) sin A, T + cos )\nT} +< (T) =
Ul()\n)

where o3(Ay) =1+ A2 +cos A\, T
Since A,, > 0, then o3(\,) > 0 and we can uniquely find the unknown coefficient Ao from (28)

N JI(A’N) /
Ar = 5 (o= (1)), (29)
Substituting (29) into (27), we obtain
k
ut, )\n):)\ng)ég(t)+%ZriDi(t)+)\£E(t), (30)

where

T
D;(t)=h;(t) +54(t)/hi(t)tdt— S4(t)hi (T)—ANp 03 ()R, (T),
0

T
E(6)=61(0)+34(0) [ 61(0)tdt ~ 54651 () ~ \a 52 ()5 (T),
0
)\n) 0'1()\71) .
03(t) = — 2( cos Apt—+ sin Ay, t,
3 () o3(An) o3(An)
2 K !
04(t) = (jfof(iZ)t_i_ )\Unl(f\i)) sin A\, T, h;(t) /sin An (t—s)a;(s)ds, i=1,k,
0
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ON INVERSE BOUNDARY VALUE PROBLEM 9

Substituting (30) into (5), we obtain a system of algebraic equations (SAE)

k
v 15} .
TZ'—THZT]'QU:QOFU-}-T”F%,Zzl,k, (31)
j=1
where Q;; = fb s)ds, F1; = Ay, fb d3(s)ds, Foj = fb
SAE (31) is uniquely solvable for any ﬁmte right-hand sides, if the following condition is fulfilled
14 v 14
_EQH /\*nQu Tank
14 14 14
—Q 1——Qa ... —Q
As, A\p)=| Ao o7 Ao 2 A O 2o, (32)
14 14 14
Tanl )\*an;Q ---1—)\*an1€
Then the solutions of SAE (31) are written in the form
A An) B Asi(v, An) L
A 70 W R W 70 W AR Y
where
v v v v
1- HQII Tan(i_l) Fp EQWH) Tank
14 14 14 14
A a0 An) — Tn@m )\anz(pl) Fjo EQQ(Prl) )\*ank i
14 v 14 v
)\*an )\ank(iq) Fp EQWH) 1—rank
Substituting (33) into (30), we obtain
u(t, )‘n):(PV?m(ta )\n)‘i‘ﬁ W3n(t7 /\n)v /\n€A37 (34)
where
Lk
Van (t, An) = An 03 (t An; D (t),
k
Wan (£, An) = B, v Ml% (t).

Ne A2 2B A

1=

Now we assume that ¢ = 0 and 8 = 0. Then it follows from (34) that w (¢, A,,) = 0 for all A,, € A3,
t € [0; T']. Hence implies uniqueness of the solution of the boundary value problem (1), (2) in this case.
Thus, the following lemma is proved.

Lemma 4. Let conditions (26) are fulfilled. Then on the segment [0; T| for all values of the
parameter \,, € A3 the boundary value problem (1), (2) has a unique solution in the form of the
[unction (34), if condition (32) is fulfilled.

3. SOLVABILITY OF THE INVERSE BOUNDARY VALUE PROBLEM (1)—(3)
Using the lemmas proved above and condition (3), from (18), (25) and (34) we obtain that

r= @an (07 )\n) +ﬁ W mn (07 )\n)v )\n S Ama m=1,2,3. (35)
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From (35) we uniquely determine the redefinition coefficient

r— @an (07 )\n)
5 =
Wmn (07 )\n)

Substituting (36) into (18), (25), and (34 ) we finally have for the unknown function

r— @ Vi (0, Ap)
Wmn (0, )\n) '

An € Ay, m =1,2,3. Thus we have proved that the following theorem holds.

s W (0, Ap) # 0, Ap € A, m=1,2,3. (36)

u(t’ )\n) = @an (ty )\n) + W (t7 )\n)

(37)

Theorem 1. The inverse boundary value problem (1)—(3) is uniquely solvable for \,, € Ay,
m = 1,2,3 on a finite interval [0; T}, if the following condition is fulfilled: condition (16) in the
case m = 1; condition (22) in the case m = 2; condition (32) in the case m = 3. The solution of
this problem is determined by formulas (36) and (37).
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