
ÊÐÀÅÂÛÅ ÇÀÄÀ×È ÆÅÂÐÅ È ÎÁÐÀÒÍÛÅ
ÇÀÄÀ×È ÂÎÑÑÒÀÍÎÂËÅÍÈß

ÊÎÝÔÔÈÖÈÅÍÒÎÂ ÄËß ÓÐÀÂÍÅÍÈÉ
ÂÛÑÎÊÎÃÎ ÏÎÐßÄÊÀ

Ñ.Â. Ïîïîâ

Àêàäåìèÿ íàóê Ðåñïóáëèêè Ñàõà (ßêóòèÿ), Ñåâåðî-Âîñòî÷íûé ôåäåðàëüíûé
óíèâåðñèòåò èìåíè Ì.Ê. Àììîñîâà, ßêóòñê, Ðåñïóáëèêà Ñàõà (ßêóòèÿ)

Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ "Ñîâðåìåííûå ïðîáëåìû îáðàòíûõ çàäà÷",

ïîñâÿùåííàÿ 90-ëåòèþ ñî äíÿ ðîæäåíèÿ àêàäåìèêà Ì.Ì. Ëàâðåíòüåâà

Íîâîñèáèðñê, Àêàäåìãîðîäîê, 19 - 23 äåêàáðÿ 2022 ãîäà

19-23 äåêàáðÿ 2022 ã.



Â êðàåâûõ çàäà÷àõ äëÿ ñòðîãî ïàðàáîëè÷åñêèõ óðàâíåíèé ãëàäêîñòü
íà÷àëüíûõ è ãðàíè÷íûõ äàííûõ áåç äîïîëíèòåëüíûõ óñëîâèé
ïîëíîñòüþ îáåñïå÷èâàåò ïðèíàäëåæíîñòü ðåøåíèÿ ïðîñòðàíñòâàì

Ã¼ëüäåðà H
p,p/2
x t , íî â ñëó÷àå óðàâíåíèé ñ ìåíÿþùèìñÿ íàïðàâëåíèåì

âðåìåíè ãëàäêîñòü íà÷àëüíûõ è ãðàíè÷íûõ äàííûõ äàëåêî íå
îáåñïå÷èâàåò ïðèíàäëåæíîñòü ðåøåíèÿ ýòèì ïðîñòðàíñòâàì.

Ñ.À. Òåðñåíîâûì â ïðîñòåéøèõ ñëó÷àÿõ ïîëó÷åíû íåîáõîäèìûå è

äîñòàòî÷íûå óñëîâèÿ ðàçðåøèìîñòè çàäà÷è â ïðîñòðàíñòâàõ H
p,p/2
x t

ïðè p > 2. Ïðè ýòîì óñëîâèÿ ðàçðåøèìîñòè (îðòîãîíàëüíîñòè),
êîòîðûì äîëæíû óäîâëåòâîðÿòü äàííûå çàäà÷è, áûëè âûïèñàíû â
ÿâíîì âèäå.

Êðàåâûå çàäà÷è Æåâðå äëÿ óðàâíåíèé òðåòüåãî ïîðÿäêà
ðàññìàòðèâàëèñü â ðàáîòàõ Ò.Ä. Äæóðàåâà. Îòìåòèì, ÷òî â
îäíîìåðíîì ñëó÷àå ÷èñëî íåîáõîäèìûõ óñëîâèé îðòîãîíàëüíîñòè
êîíå÷íî. Îáîáùåííóþ, ðåãóëÿðíóþ ðàçðåøèìîñòü êðàåâûõ çàäà÷
Æåâðå ìîæíî íàéòè â ðàáîòàõ À.È. Êîæàíîâà è Ñ.Ã. Ïÿòêîâà.



1. Çàäà÷à Æåâðå äëÿ óðàâíåíèÿ òðåòüåãî ïîðÿäêà

Ïóñòü Q � áåñêîíå÷íàÿ ïîëîñà Ω× (0, T ), Ω ≡ R, φ1(x), φ2(x) �
çàäàííûå ñîîòâåòñòâåííî ïðè x < 0 è x > 0 ôóíêöèè, σk (k = 0, 1, 2)
� äåéñòâèòåëüíûå ïîñòîÿííûå ÷èñëà.
Â îáëàñòè Q± ðàññìàòðèâàåòñÿ óðàâíåíèå

uxxx − sgnx · ut = 0, (1)

ãäå Q+ = {x ∈ Q : x > 0}, Q− = {x ∈ Q : x < 0}.
Ðåøåíèå óðàâíåíèÿ èùåòñÿ èç ïðîñòðàíñòâà Ãåëüäåðà H

p,p/3
x t (Q±),

p = 3l + γ, 0 < γ < 1, óäîâëåòâîðÿþùåå ñëåäóþùèì íà÷àëüíûì
óñëîâèÿì:

u(x, 0) = φ1(x), x > 0, u(x, T ) = φ2(x), x < 0, (2)

è óñëîâèÿì ñêëåèâàíèÿ:

σk
∂ku

∂xk
(−0, t) =

∂ku

∂xk
(+0, t) (k = 0, 1, 2). (3)



Ëåììà. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ

σ0σ2 ≥ σ2
1 > 0, σ0σ1 > 0. (4)

Òîãäà êðàåâàÿ çàäà÷à (1)�(3) èìååò íå áîëåå îäíîãî ðåøåíèÿ â
ïðîñòðàíñòâå îãðàíè÷åííûõ ôóíêöèé.



Ñóùåñòâîâàíèå ðåøåíèÿ. Ïðåæäå ÷åì ïðèñòóïèòü ê äîêàçàòåëüñòâó
ñóùåñòâîâàíèÿ ðåøåíèÿ ïîñòàâëåííîé çàäà÷è, ïðèâåäåì äëÿ
óðàâíåíèÿ

∂u

∂t
− ∂3u

∂x3
= 0 (5)

ôóíäàìåíòàëüíîå è ýëåìåíòàðíîå ðåøåíèÿ Ë. Êàòòàáðèãà. Ýòè
ðåøåíèÿ äëÿ óðàâíåíèÿ (5) èìåþò âèä

Ui(x, t; ξ, τ) =

 1
(t−τ)1/3

fi

(
x−ξ

(t−τ)1/3

)
, t > τ,

0, t ≤ τ,
(6)

ãäå ôóíêöèè f0(η), f1(η) íàçûâàþòñÿ ôóíêöèÿìè Ýéðè è ÿâëÿþòñÿ
ëèíåéíî-íåçàâèñèìûìè ðåøåíèÿìè äèôôåðåíöèàëüíîãî óðàâíåíèÿ

z′′(η) +
η

3
z(η) = 0. (7)



Äëÿ óäîáñòâà âìåñòî óðàâíåíèÿ (1) áóäåì ðàññìàòðèâàòü ñèñòåìó
óðàâíåíèé

u1t = Lu1, u2t = Lu2
(
L ≡ ∂3

∂x3

)
(8)

â îáëàñòè Q+. Ïðè ýòîì íà÷àëüíûå óñëîâèÿ è óñëîâèÿ ñêëåèâàíèÿ
áóäóò èìåòü âèä:

u1(x, 0) = φ1(x), u2(x, T ) = φ2(−x), x > 0, (9)

∂ku1

∂xk
(0, t) = (−1)kσk

∂ku2

∂xk
(0, t) (k = 0, 1, 2). (10)



Áóäåì ïðåäïîëàãàòü, ÷òî φi(x) ∈ Hp(R) (i = 1, 2). Òîãäà ôóíêöèè

ω1(x, t) =
1

π

∫
R

U0(x, t; ξ, 0)φ1(ξ) dξ,

(11)

ω2(x, t) =
1

π

∫
R

U0(ξ, T ;x, t)φ2(ξ) dξ,

ÿâëÿþòñÿ ðåøåíèÿìè óðàâíåíèé (8), óäîâëåòâîðÿþùèìè óñëîâèÿì
(9) â R.



Áóäåì ïîëüçîâàòüñÿ èíòåãðàëüíûì ïðåäñòàâëåíèåì ðåøåíèÿ äëÿ
ñèñòåìû óðàâíåíèé (8):

u1(x, t) =
t∫
0

U0(x, t; 0, τ)α0(τ) dτ+

+
t∫
0

U1(x, t; 0, τ)α1(τ) dτ + ω1(x, t),

u2(x, t) =
T∫
t

U0(0, τ ;x, t)β0(τ) dτ + ω2(x, t).

(12)



Â ñèëó îáùèõ ðåçóëüòàòîâ ïëîòíîñòè α0, α1, β0 äîëæíû
ïðèíàäëåæàòü ïðîñòðàíñòâó Hq (q = l − 1 + γ+1

3 ), ïðè÷åì

α
(s)
0 (0) = α

(s)
1 (0) = β

(s)
0 (T ) = 0, s = 0, 1, . . . , l − 1. (13)



Èç óñëîâèé ñêëåèâàíèÿ (10) ïîëó÷èì ñèñòåìó èíòåãðàëüíûõ
óðàâíåíèé ñ îïåðàòîðàìè Àáåëÿ îòíîñèòåëüíî α0, α1, β0:

f0(0)
t∫
0

α0(τ)+
√
3α1(τ)

(t−τ)
1
3

dτ + ω1(0, t) =

= σ0f0(0)
T∫
t

β0(τ)

(τ−t)
1
3
dτ + σ0ω2(0, t),

f ′0(0)
t∫
0

α0(τ)−
√
3α1(τ)

(t−τ)
2
3

dτ+

+σ1f
′
0(0)

T∫
t

β0(τ)

(τ−t)
2
3
dτ + ω1x(0, t) + σ1ω2x(0, t) = 0,

− 2π
3 α0(t) + ω1xx = −σ2 π

3β0(t) + σ2ω2xx.

(14)



Èç óðàâíåíèé (14) ïðè ïîìîùè ôîðìóë îáðàùåíèÿ îïåðàòîðà Àáåëÿ
ïîëó÷èì ýêâèâàëåíòíûå ñèñòåìû ñèíãóëÿðíûõ èíòåãðàëüíûõ
óðàâíåíèé 

2√
3
(α0(t) +

√
3α1(t)) +

σ0√
3
β0(t)−

−σ0

π

T∫
0

( τt )
2/3 β0(τ)

τ−t dτ = d
dt

t∫
0

Φ0(τ)
(t−τ)2/3

dτ,

2√
3
(α0(t)−

√
3α1(t)) +

σ1√
3
β0(t)+

+σ1

π

T∫
0

( τt )
1/3 β0(τ)

τ−t dτ = d
dt

t∫
0

Φ1(τ)
(t−τ)1/3

dτ,

2α0(t)− σ2β0(t) = Φ2(t).

(15)



Ïðè âûïîëíåíèè óñëîâèé

−σ0

π

∫ T

0

β
(s)
0 (τ)

τ
1
3

dτ = Φ
(s)
0 (0),

σ1

π

∫ T

0

β
(s)
0 (τ)

τ
2
3

dτ = Φ
(s)
1 (0),

σ2β
(s)
0 (0) = −Φ

(s)
2 (0),

−σ0

π

T∫
0

β̄
(s)
0 (τ)

τ
4
3

dτ = − 9σ0

2π β
(s)
0 (0) 1

T
1
3
+ 3Φ

(s+1)
0 (0),

s = 0, 1, . . . , l − 1,

(16)

β̄
(s)
0 (t) = β

(s)
0 (t)− β

(s)
0 (0)T−t

T .



ïîëó÷èì ñèñòåìó

2√
3
(α

(l−1)
0 (t) +

√
3α

(l−1)
1 (t)) + σ0√

3
β̄
(l−1)
0 (t)−

−σ0

π

T∫
0

( t
τ )

4/3 β̄
(l−1)
0 (τ)
τ−t dτ = F

l−1

0 (t),

2√
3
(α

(l−1)
0 (t)−

√
3α

(l−1)
1 (t)) + σ1√

3
β̄
(l−1)
0 (t)+

+σ1

π

T∫
0

( t
τ )

2/3 β̄
(l−1)
0 (τ)
τ−t dτ = F

l−1

1 (t),

2α
(l−1)
0 (t)− σ2β̄

(l−1)
0 0(t) = F

l−1

2 (t).

(17)



Èñêëþ÷èâ α
(l−1)
0 (t), α

(l−1)
1 (t) èç ñèñòåìû (17), èìååì

σ0 + σ1 + 2σ2√
3

β̄0(t) +
1

π

T∫
0

K(t, τ)β̄0(τ) dτ = Q(t), (18)

β̄0(t) = β̄
(l−1)
0 (t), (19)

ãäå

K(t, τ) = σ1t
2
3K1(t, τ) +

(
t
τ

) 4
3 σ1−σ0

τ−t ,

K1(t, τ) =
τ

1
3 +t

1
3

τ
4
3 (τ

2
3 +τ

1
3 t

1
3 +t

2
3 )
,

Q(t) = F
l−1

0 (t) + F
l−1

1 (t)− 2√
3
F

l−1

2 (t).



1 ñëó÷àé. Åñëè σ0 = σ1, òî íàõîäèìñÿ â óñëîâèÿõ ðàáîòû àâòîðà
(2015), ÿäðî óðàâíåíèÿ (18) ïðåîáðàçóåì â ñëåäóþùåì âèäå

t
2
3K1(t, τ) =

(
t

τ

) 1+γ
3

φ

(
t

τ

)
1

τ
, φ(x) = x

1−γ
3

1− x
2
3

1− x
.

Ïîëàãàÿ â (18) β1(t) = β̄0(t) · t−
1+γ
3 , Q1(t) = Q(t) · t−

1+γ
3 , èìååì

2(σ0 + σ2)√
3

β1(t) +
σ0
π

T∫
0

φ

(
t

τ

)
β1(τ)

τ
dτ = Q1(t). (20)

Èíòåãðàëüíîå óðàâíåíèå (20) ÿâëÿåòñÿ óðàâíåíèåì ñ ÿäðîì,
îäíîðîäíûì ñòåïåíè −1 (Ë.Ã. Ìèõàéëîâ).



Ââîäÿ íîâûå íåçàâèñèìûå ïåðåìåííûå t = Te−y, τ = Te−x è
îáîçíà÷àÿ

β2(y) = β1(Te
−y), Q2(y) = Q1(Te

−y),

h(x) = φ(e−x) = e(1−β)x ·K2(1, e
x),

K2(t, τ) = τ
2
3K1(t, τ), β =

1− γ

3

ïîëó÷èì èíòåãðàëüíîå óðàâíåíèå Âèíåðà-Õîïôà

2(σ0 + σ2)√
3

β2(y) +
σ0
π

+∞∫
0

h(y − x)β2(x) dx = Q2(y), (21)

0 < y < +∞.



Íåòðóäíî ïðîâåðèòü âûïîëíåíèå óñëîâèÿ èíòåãðèðóåìîñòè

+∞∫
−∞

|h(x)| dx =

+∞∫
0

|K2(1, u)|u−β du = 2
√
3π

sin(β + 1
3 )π

sin(3βπ)

ïðè 0 < β < 1
3 .

Óðàâíåíèå

β1(t) + λ

T∫
0

φ

(
t

τ

)
β1(τ)

τ
dτ = Q1(t). (22)

îäíîçíà÷íî ðàçðåøèìî ïðè λ ∈ Nλ = (−∞; 1
2
√
3π

), äëÿ (20) èìååì

λ0 = −
√
3σ0

2(σ0+σ2)π
∈ Nλ ïðè âûïîëíåíèè (4).



Â ïðîñòðàíñòâàõ Ãåëüäåðà èññëåäîâàíèå óðàâíåíèé âèäà (20) ìîæíî
íàéòè â ðàáîòàõ À.Ï. Ñîäàòîâà, íà êîòîðûé òåîðèÿ óðàâíåíèé
Âèíåðà-Õîïôà (21) íå ïåðåíîñèòñÿ ïðÿìî. Ôðåäãîëüìîâîñòü
èíòåãðàëüíîãî îïåðàòîðà (20) ñëåäóåò èç èç óñëîâèÿ:

B(x) = 1 +

√
3σ0

2(σ0 + σ2)π

∞∫
0

φ(t)tq−ix dt

íèãäå íà äåéñòâèòåëüíîé îñè â íóëü íå îáðàùàåòñÿ ∀q ∈ R, êîòîðîå
ëåãêî ïðîâåðÿåòñÿ. Â ñàìîì äåëå, óñëîâèå B(x) ̸= 0 ýêâèâàëåíòíî
óñëîâèþ

th(πx) · tg(πp) ̸= th(3πx) · tg(π
3
(p− 1)), p = 3q − γ + 3.



Èç óðàâíåíèÿ (18) ñëåäóåò, ÷òî äëÿ òîãî, ÷òîáû β0(T ) = 0
íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû

σ0
π

T∫
0

K1(T, τ)τ
2
3 β3(τ) dτ =

Q(T )

T
2
3

. (23)

Ïðè âûïîëíåíèè óñëîâèÿ (23) ïðèäåì ê ñëåäóþùåìó óðàâíåíèþ:

2(σ0 + σ2)√
3

β3(t) +
σ0
π

T∫
0

K3(t, τ)β3(τ) dτ = Q3(t). (24)



Ïîäñòàâëÿÿ íàéäåííûå çíà÷åíèÿ ôóíêöèé α0(t), α1(t), β0(t) â
óñëîâèÿ (16), (23) ïîëó÷èì 3l + 1 óñëîâèé ðàçðåøèìîñòè

ïîñòàâëåííîé çàäà÷è (1)�(3) â ïðîñòðàíñòâå H
p,p/3
x t (Q). Ýòè óñëîâèÿ

îáîçíà÷èì òàê:

Ls(φ1, φ2) = 0, s = 1, . . . , 3l + 1. (25)

Òåîðåìà 1. Ïóñòü φ1, φ2 ∈ Hp (p = 3l + γ), 0 < γ < 1, âûïîëíåíû
óñëîâèÿ (4) è σ0 = σ1. Òîãäà ïðè âûïîëíåíèè 3l + 1 óñëîâèé (25)
ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå óðàâíåíèÿ (1) â Q èç ïðîñòðàíñòâà

H
p,
x

p/3
t (Q±), óäîâëåòâîðÿþùåå óñëîâèÿì (2), (3).

Çàìå÷àíèå 1. Âûïîëíåíèå óñëîâèé (4) ìîæíî çàìåíèòü
íåðàâåíñòâîì |σ2| ≥ |σ1| > 0.



2 ñëó÷àé.
Åñëè σ0 ̸= σ1, òî óðàâíåíèå (18) èìååò âèä

σ0 + σ1 + 2σ2√
3

β̄0(t) +
σ1 − σ0

π

T∫
0

(
t

τ

) 4
3 β̄0(τ)

τ − t
dτ = Q4(t). (26)



Ñèíãóëÿðíîå óðàâíåíèå (26) áóäåì ðàññìàòðèâàòü êàê óðàâíåíèå

îòíîñèòåëüíî β4(t) = β̄0(t)t
− 4

3 . Íàéäåì ðåøåíèÿ β4(t),
íåîãðàíè÷åííîå ïðè t = 0, äîïóñêàþùèå îñîáåííîñòü ïîðÿäêà
ìåíüøå åäèíèöû è îãðàíè÷åííûå ïðè t = T . Ââåäåì îáîçíà÷åíèÿ
A = σ0+σ1+2σ2√

3
, B = σ1 − σ0, θ =

1
π arctg

∣∣A
B

∣∣. Òîãäà â óêàçàííîì
êëàññå êàíîíè÷åñêàÿ ôóíêöèÿ ðàâíà

χ(z) = (z − T )
1
2+θz−

1
2−θ

â ñëó÷àå îäíîãî çíàêà ÷èñåë A è B è ðàâíà

χ(z) = (z − T )
1
2−θz−

1
2+θ

â ñëó÷àå ðàçíûõ çíàêîâ ÷èñåë A è B, èíäåêñ κ = 0.



Ðåøåíèå ñèíãóëÿðíîãî óðàâíåíèÿ (26) â ñëó÷àå AB > 0 èìååò âèä

β̄0(t) =
A

B2+A2Q4(t)− B
π(B2+A2) (T − t)

1
2+θt

5
6−θ

T∫
0

Q4(τ)

(T−τ)
1
2
+θτ

5
6
−θ(τ−t)

dτ,

(27)
à â ñëó÷àå AB < 0 èìååò âèä

β̄0(t) =
A

B2+A2Q4(t)− B
π(B2+A2) (T − t)

1
2−θt

5
6+θ

T∫
0

Q4(τ)

(T−τ)
1
2
−θτ

5
6
+θ(τ−t)

dτ.

(28)



Ïîäñòàâëÿÿ íàéäåííûå çíà÷åíèÿ ôóíêöèé α0(t), α1(t), β0(t) â
óñëîâèÿ (16), ïîëó÷èì 3l óñëîâèÿ ðàçðåøèìîñòè çàäà÷è (1)�(3) â

ïðîñòðàíñòâå H
p,p/3
x t (Q). Ýòè óñëîâèÿ îáîçíà÷èì òàê:

Ls(φ1, φ2) = 0, s = 1, . . . , 3l. (29)

Ââåäåì îáîçíà÷åíèÿ

A =
σ0 + σ1 + 2σ2√

3
, B = σ1 − σ0, θ =

1

π
arctg

∣∣∣∣AB
∣∣∣∣ .

Òåîðåìà 2. Ïóñòü φ1, φ2 ∈ Hp, (p = 3l + γ), 0 < γ < 1, âûïîëíåíû
óñëîâèÿ (4), σ0 + σ2 < 0 è AB > 0. Òîãäà ïðè âûïîëíåíèè 3l óñëîâèé
(29) ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå óðàâíåíèÿ (1) â Q,
óäîâëåòâîðÿþùåå óñëîâèÿì (2), (3) èç ïðîñòðàíñòâà:

1) H
p,
x

p/3
t (Q±), åñëè 0 < γ < 1

2 + 3θ;

2) H
q,
x

q/3
t (Q±), q = 3l + 1

2 + 3θ, åñëè 1
2 + 3θ < γ < 1;

3) H
q−ε,
x

(q−ε)/3
t (Q±), åñëè γ = 1

2 + 3θ, ãäå ε � ñêîëü óãîäíî ìàëàÿ
ïîëîæèòåëüíàÿ ïîñòîÿííàÿ.



Ââåäåì îáîçíà÷åíèå

Ψ(t) =
(t− c)µ

2πi

∫
L

ψ(τ)

(τ − c)µ(τ − t)
dτ ≡ (t− c)µF (t), (30)

ãäå
ψ(τ) = φ(τ)− φ(c) ∈ Hλ(L)

âáëèçè c, âêëþ÷àÿ c.
Òåîðåìà 1 (Í.È. Ìóñõåëèøâèëè). Ïóñòü φ(t) óäîâëåòâîðÿåò
óñëîâèþ Ã¼ëüäåðà ñ ïîêàçàòåëåì λ âáëèçè c, 0 < λ < 1, 0 < µ < 1.
Òîãäà äëÿ òî÷åê êîíòóðà ab èíòåãðàë òèïà Êîøè

Ψ(t) = (t− c)µ
∫
ab

φ(τ)

(τ − c)µ(τ − t)
dτ (31)

óäîâëåòâîðÿåò óñëîâèþ Ã¼ëüäåðà âáëèçè c, âêëþ÷àÿ c ñ ïîêàçàòåëåì
min{λ, µ} ïðè λ ̸= µ è óñëîâèþ Ã¼ëüäåðà ñ ïîêàçàòåëåì λ− ε ïðè
λ = µ, ãäå ε � ñêîëü óãîäíî ìàëàÿ ïîëîæèòåëüíàÿ ïîñòîÿííàÿ.



Òåîðåìà 2′. Ïóñòü φ1, φ2 ∈ Hp, (p = 3 + γ), 0 < γ < 1, âûïîëíåíû
óñëîâèÿ (4), σ0 + σ2 > 0 è AB > 0. Òîãäà ïðè âûïîëíåíèè 3l óñëîâèé
(29) ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå óðàâíåíèÿ (1) â Q,
óäîâëåòâîðÿþùåå óñëîâèÿì (2), (3) èç ïðîñòðàíñòâà:

1) H
p,
x

p/3
t (Q±), åñëè 0 < γ < 3

2 − 3θ;

2) H
q,
x

q/3
t , q = 3l + 3

2 − 3θ, åñëè 3
2 − 3θ < γ < 1;

3) H
q−ε,
x

(q−ε)/3
t , åñëè γ = 3

2 − 3θ, ãäå ε � ñêîëü óãîäíî ìàëàÿ
ïîëîæèòåëüíàÿ ïîñòîÿííàÿ.



Òåîðåìà 3. Ïóñòü φ1, φ2 ∈ Hp, (p = 3 + γ), 0 < γ < 1, âûïîëíåíû
óñëîâèÿ (4), σ0 + σ2 < 0 è AB < 0. Òîãäà ïðè âûïîëíåíèè 3l óñëîâèé
(29) ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå óðàâíåíèÿ (1) â Q,
óäîâëåòâîðÿþùåå óñëîâèÿì (2), (3) èç ïðîñòðàíñòâà:

1) H
p,
x

p/3
t (Q±), åñëè 0 < γ < 1

2 − 3θ;

2) H
q,
x

q/3
t (Q±), q = 3l + 1

2 − 3θ, åñëè 1
2 − 3θ < γ < 1;

3) H
q−ε,
x

(q−ε)/3
t (Q±), åñëè γ = 1

2 − 3θ, ãäå ε � ñêîëü óãîäíî ìàëàÿ
ïîëîæèòåëüíàÿ ïîñòîÿííàÿ.



Çàìå÷àíèå 2. Â òåîðåìå 2 ïîêàçàíû, ÷òî ïðè p− [p] ≥ 1
2 + 3θ

ãëàäêîñòü ðåøåíèÿ íå ïîâûøàåòñÿ ñ óâåëè÷åíèåì ãëàäêîñòè âõîäíûõ
äàííûõ φ1, φ2. Àíàëîãè÷íî, â òåîðåìå 2

′ ãëàäêîñòü ðåøåíèÿ íå
ïîâûøàåòñÿ ïðè p− [p] ≥ 3

2 − 3θ è â òåîðåìå 3 � ïðè
p− [p] ≥ 1

2 − 3θ. Òàêèì îáðàçîì, ãëàäêîñòü ðåøåíèÿ ñóùåñòâåííî
çàâèñèò îò íåöåëîãî ïîêàçàòåëÿ Ãåëüäåðà è îò âåñîâûõ
êîýôôèöèåíòîâ óñëîâèé ñêëåèâàíèÿ.



2. Ôðåäãîëüìîâîñòü ñèíãóëÿðíîãî óðàâíåíèÿ

Ðàññìîòðèì ñèíãóëÿðíûé èíòåãðàëüíûé îïåðàòîð (18):

(Nφ)(t0) =
σ0 + σ1 + 2σ2√

3
φ(t0)+

σ1
π

∫ T

0

t
2/3
0 (t

1/3
0 + t1/3)

t4/3(t
2/3
0 + t

1/3
0 t1/3 + t2/3)

φ(t)dt+

+
σ1 − σ0

π

∫ T

0

(
t0
t

)4/3
φ(t)dt

t− t0
, 0 < t0 < T.

(32)



Óðàâíåíèå (32) ìîæíî ïåðåïèñàòü òàê:

(Nφ)(t0) = σφ(t0) +

∫ T

0

h

(
t0
t

)
φ(t)

dt

t
+

∫ T

0

g

(
t0
t

)
φ(t)

dt

t
, (33)

ãäå

h(t) =
σ1 − σ0

π

t4/3

1− t
,

g(t) =
σ1
π

t2/3(t1/3 + 1)

t2/3 + t1/3 + 1
=
σ1
π

(
t2/3

1− t
− t4/3

1− t

)
,

σ = (
√
3)−1(σ0 + σ1 + 2σ2).



Ïî îòíîøåíèþ ê ñèíãóëÿðíîìó îïåðàòîðó Êîøè

(Kφ)(t0) =
1

2πi

∫ T

0

φ(t)dt

t− t0
, 0 < t0 < T,

èñõîäíîå âûðàæåíèå îïåðàòîðà N ìîæíî ïåðåïèñàòü òàêèì îáðàçîì

N = σ + iσ1(ρKρ
−1)− iσ0(ρ

2Kρ−2), (34)

ãäå ρ îçíà÷àåò îïåðàòîð óìíîæåíèÿ íà âåñîâóþ ôóíêöèþ ρ(t) = t2/3.



Îïåðàòîð N áóäåì ðàññìàòðèâàòü â äâóïàðàìåòðè÷åñêèõ ñåìåéñòâàõ
âåñîâûõ ïðîñòðàíñòâ Cµ

λ ([0, T ]; 0, T ) è L
p
λ([0, T ]; 0, T ), ãäå

0 < µ < 1, p > 1 è λ îçíà÷àåò ïàðó λ0, λ1 âåùåñòâåííûõ ÷èñåë. Ýòè
ïðîñòðàíñòâà îïðåäåëÿþòñÿ, ñîîòâåòñòâåííî, íîðìàìè

|φ| = sup
0<t<T

|φ(t)|+ sup
0<t1<t2<T

|ψ(t1)− ψ(t2)|
|t1 − t2|µ

,

ãäå ψ(t) = tµ−λ0(T − t)µ−λ1φ(t), è

|φ| =

(∫ T

0

t−pλ0−1(T − t)−pλ1−1|φ(t)|p
)1/p

,

îòíîñèòåëüíî êîòîðûõ îíè áàíàõîâû.



Èçâåñòíî, ÷òî ïðè −1 < λ0 < 0 ñèíãóëÿðíûé îïåðàòîð Êîøè K
îãðàíè÷åí â ïðîñòðàíñòâàõ Cµ

λ è Lp
λ (Ñîëäàòîâ À.Ï. 1991). Ïî

îòíîøåíèþ ê ïåðâîìó ïðîñòðàíñòâó ýòîò ôàêò óñòàíîâëåí Ð.Â.
Äóäó÷àâà, à êî âòîðîìó ïðîñòðàíñòâó � Á. Â. Õâåäåëèäçå
Ñëåäîâàòåëüíî, îïåðàòîð N îãðàíè÷åí â ýòèõ ïðîñòðàíñòâàõ ïðè

1/3 < λ0 < 2/3, −1 < λ1 < 0. (2)

Âîçíèêàåò âîïðîñ î ôðåäãîëüìîâîñòè ýòîãî îïåðàòîðà â óêàçàííûõ
ïðîñòðàíñòâàõ è ôîðìóëå åãî èíäåêñà.



3. Îáðàòíàÿ çàäà÷à äëÿ óðàâíåíèÿ òðåòüåãî ïîðÿäêà

Çàäà÷è îïðåäåëåíèÿ êîýôôèöèåíòîâ óðàâíåíèé è ñèñòåì â ÷àñòíûõ
ïðîèçâîäíûõ ïî íåêîòîðîé äîïîëíèòåëüíîé èíôîðìàöèè îá èõ
ðåøåíèè èìåþò áîëüøîå ïðàêòè÷åñêîå çíà÷åíèå [Ðîìàíîâ Â.Ã.,
Êàáàíèõèí Ñ.È.]. Â òåîðèè îáðàòíûõ çàäà÷ òåïëî- è ìàññîïåðåíîñà
÷àñòî âîçíèêàþò ïðîáëåìû âîññòàíîâëåíèÿ ïëîòíîñòåé íåèçâåñòíûõ
âíåøíèõ èñòî÷íèêîâ. Ïðè ýòîì ñ÷èòàþò, ÷òî èìååò ìåñòî
çàâèñèìîñòü íåèçâåñòíîé ïðàâîé ÷àñòè îò âðåìåííîé ïåðåìåííîé, è
ðàññìàòðèâàåìûå îáðàòíûå çàäà÷è ôîðìóëèðóþò êàê ïðîáëåìû
óïðàâëåíèÿ [Êàëèíèíà Å.À., Àëåêñååâ Ã.Â.].



Èññëåäîâàíèþ îáðàòíûõ çàäà÷ äëÿ ïàðàáîëè÷åñêèõ óðàâíåíèé
âûñîêîãî ïîðÿäêà ïîñâÿùåíû ðàáîòû [Ïðèëåïêî È.À., Èâàí÷îâ Ì.].
Çàìåòèì ÷òî, åñëè ïðÿìûå ïðîñòðàíñòâåííî íåëîêàëüíûå êðàåâûå
çàäà÷è äëÿ óðàâíåíèé òðåòüåãî ïîðÿäêà õîðîøî èçó÷åíû (ñì.,
íàïðèìåð, ðàáîòû Êîæàíîâà À.È.), òî îáðàòíûå çàäà÷è äëÿ òàêèõ
óðàâíåíèé èçó÷åíû ñðàâíèòåëüíî ìàëî. Îòìåòèì ðàáîòû, â êîòîðûõ
íåèçâåñòíûé ïàðàìåòð çàâèñèò îò âðåìåííîé ïåðåìåííîé
ðàññìàòðèâàëèñü â ñëó÷àÿõ ïàðàáîëè÷åñêèõ [Òåëåøåâà Å.À.],
ãèïåðáîëè÷åñêèõ óðàâíåíèé [Ïàâëîâ Ñ.Ñ.].
Ðàññìàòðèâàåòñÿ îáðàòíàÿ çàäà÷à íàõîæäåíèÿ âìåñòå ñ ðåøåíèåì
âíåøíèõ èñòî÷íèêîâ âîçäåéñòâèÿ äëÿ óðàâíåíèé òðåòüåãî ïîðÿäêà ïî
âðåìåííîé ïåðåìåííîé äëÿ óðàâíåíèÿ òðåòüåãî ïîðÿäêà ïðè çàäàíèè
òî÷å÷íûõ óñëîâèé ïåðåîïðåäåëåíèÿ, â ÷àñòíîñòè, ðàññìàòðèâàþòñÿ
ñëó÷àè âîññòàíîâëåíèÿ ïëîòíîñòåé îò îäíîãî, à òàêæå îò äâóõ
èñòî÷íèêîâ. Äîêàçàíî ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ
êîýôôèöèåíòíîé îáðàòíîé çàäà÷è äëÿ óðàâíåíèÿ òðåòüåãî ïîðÿäêà ñ
ôèíàëüíûìè óñëîâèÿìè ïåðåîïðåäåëåíèÿ.



Ñïàñèáî çà âíèìàíèå !


