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Linear elasticity problem Find u = (u1, w2), 0 = {oj;},i,j = 1,2, such that

—dive = f, 0 = De(u) in Q, (1)
on=20 onT. (2)
/fp — 0 Vp € R(Q). (3)
Q

R(Q) = {p = (p1,p2) | p(x) = (c', %) + (x2, —x1),
x = (x1,x2) € Q; % ct,?e R}.
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Geometry of the problem
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Problem formulation Find u = (u, w2), o = {ojj},i,j = 1,2, defined in g, and
v, w defined on = such that

—dive = f, 0 = De(u) in Qy, (4)
—(Av1)1 = [o-]ki, (Bwai1),11 = [ou]kion~;, i =0,1, (5)
on=0 onT; Avy = Bwi; = (Bw,1)1 =0asx3 = —1,1, (6)
u_ =v, u, = won ", (7)
[w.] > 0, 0';'- <0, 0'-,-'- =0, Uj[“l}] = 0on 7, (8)
[v(0)] = [Av,1(0)] = 0; [w(0)] = [w,1(0)] =0, (9)
[Bw,11(0)] = [(Bw,11),1(0)] = 0, (10)
u=0, [(n2—u1) =0, (11)
=]

where kg = 1, k1 =0, o, = ojjvjv;, o, = oj7i7i, [q(0)] = q(0+) — q(0—).
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Space
W = {(u, v, w) € H'(R0)2 x H'(v) x HX(7) | uZ = v, u] = w on v}
and the subspace W C W,

W] = {(u, v, W) - w I /u = 09/("1,2 — U2,l) = 0, u = (ul, uZ)}’
Qo Qo

where 7 = (11, 2) = (v2, —V1), Uy, = uv, u; = uT. Spaces of infinitesimal rigid
displacements

R(Q0) = {p = (p1,p2) | p(x) = (Cla Cz) + CO(X27 —x1),
X = (X17X2) € Qo; Coa C17C2 € R},

L(7) = {I = (117 I2) | I1(X1) = dz, I2(X1) = do + dlxl,
d% d',d> cR,; x € (-1,1)}.
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Inner product in the space W,

{(u, v, w), (@, 7, W)} = / o / b + / ui i j + / Vi1 + / wiwr. (12)
Qo 0 Y

Q D

Proposition 1.We have

w=w o wi,
where

Wit = {(p,h, k) € W | p € R(R), (h, k) € L(7)}.
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Energy functional E: W — R,
1 1 , 1 2
E(u,v,w) = 2/a’(u)s(u) — / fu + 3 /Av,1 + 3 / Bw3;.
Qo Qo Y vy
Set of admissible displacements
P={(u,v,w) € W| [u] >00n v}
Minimization problem

inf  E(u,v,w). 13
(u,v,wl)nEPﬂWI (U v W) ( )
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(u,vyw) e PN Wy, (14)
/a(u)s(ﬁ —u) - /f(ﬁ —u)+ (15)
Q Q

+/AV,1(I7,1 — V,1) + / BW,11(|/T/,11 — W,11) >0 V(a,v,w) e PN Wi.
Y Y

Proposition 2. For any (d, v, w) € P there exist (i, v, w) € PN Wy and
(ps hy b) € Wit such that

(d, v, W) = (@, 7, W) + (p, h, b).
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Assume that the following condition holds
/fp — 0 Vp € R(Q). (16)
Qo
Variational formulation of the problem
(u,v,w) € PN W, (17)
/U(u)s(ﬁ —u) — / f(d—u)+ /Av,1(|7,1 —v1)+ (18)
Q() Q() Y

+/BW,11(W,11 — W,11) >0 VY(a,v,w) € P.
Yy

Theorem 1. There exists a solution of the problem (17)-(18) provided that the
condition (16) holds.
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Passage to limit with respect to rigidity parameter Find functions u® = (v, u),
o = {ojj},i,j = 1,2, defined in Qq, and v®, w9 defined on ~ such that

— dive = f, o = De(u®) in Qo, 19

—6'.(Av,61),1 = [o+]ki, 5'.(Bw,511),11 = [ov]kion v, i =0,1, 20
on=0 onT; Av,‘s1 = Bw,‘s11 = (Bw,‘sll),l =0ax =—-1,1, 21
u_‘r;_ = v5, ug_ = w? on Y0, 22

[u,‘j] >0, 0f <0, ot =0, a','f[ug] = 0on 7o,
[v*(0)] = 0, Av3(0—) = §Av3(0+); [w’(0)] = [w;(0)] =0,
Bw3;(0—) = 6Bw3;(0+), (Bw3;).1(0-) = 6(Bw];).1(0+),

A~ N N N N N N/
N N
B W

S N N N N N N N

N
o1

N
()]

where kg =1, k1 = 0.
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Estimates uniform in 4,

||u6||H1(90)2 <cg, (27)
IV Nl 110 + W1l () < € (28)
Estimate uniform for small 6,
VE[IVo gy + VOIIWo ll12(y < €. (29)
Assume that as § — 0,
u® — u wealky in Hl(Qo)z, (30)
(v‘s, w‘s) — (v, w) weakly in Hl('yo) X H2(’yo), (31)

Vv, w?) — (¥, W) weakly in HY(71) x H?*(m). (32)
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Limit problem
Find functions u = (u, w2), o = {oij},i,j = 1,2, defined in Q, and v, w defined
on g such that

—dive = f, o = De(u) in Qo, (33)

—(Ava)1 =[or], (Bw,11),11 = [o0] on o (34)

on=0 onT; Avy = Bwj; = (Bw,11),1 =0as x; = —1,0, (35)
uT_ =v, u, = w on ", (36)

[w,] > 0, <o, =0, o}[u,] =0o0n Ao, (37)
/u_O/(ulz—uzl)—O (38)
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Inverse problem

A(x1) = Ag(x1) = go + g1x1, B(x1) = Bg(x1) = g2 + g3x1; x1 € (—1,1),

where g = (g0, 81, 82, 83) € R*.
Let G C R%; g = (g0, &1, 82, 83) € G satisfies inequalities

c < g t g1 < ¢, i=0,2
with positive constants ¢g, cgg. For any g € G we can find the solution
(v, vE,wé) € PN Wy, (39)
/U(ug)s(ﬁ — uf) —/f(E _uf)+  (40)
Qo Q
+/{Ag",g1(‘7,l - V,gl) + BgW,gu("_V,ll - W,g11)} >0 v(a,v,w) e P.
¥
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Problem formulation Find functions u8 = (uf, u5) defined in € and functions
v8, w8 defined on ~, as well as g € G such that

(uB, v, w8) € PN W, (41)

/o’(ug)s(ﬁ — uf) —/f(a —ub)+  (42)
Qo

Q
+/{Ag",g1('7,1 - V,g1) + BgW,gll("T’,ll - W,g11)} >0 V(a,v,w) € P,
>
wé(xo) =r. (43)

Theorem 2. There exist i, rn € R, n < ry, such that for any r € [r1, ro] the inverse
problem (41)-(43) has a solution.



