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Linear elasticity problem Find u = (u1, u2), σ = {σij}, i , j = 1, 2, such that

− divσ = f , σ = Dε(u) in Ω, (1)

σn = 0 on Γ. (2)∫
Ω

f ρ = 0 ∀ρ ∈ R(Ω). (3)

R(Ω) = {ρ = (ρ1, ρ2) | ρ(x) = (c1, c2) + c0(x2,−x1),

x = (x1, x2) ∈ Ω; c0, c1, c2 ∈ R}.
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Geometry of the problem
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Problem formulation Find u = (u1, u2), σ = {σij}, i , j = 1, 2, de�ned in Ω0, and
v ,w de�ned on γ such that

− divσ = f , σ = Dε(u) in Ω0, (4)

−(Av,1),1 = [στ ]κi , (Bw,11),11 = [σν]κi on γi , i = 0, 1, (5)

σn = 0 on Γ; Av,1 = Bw,11 = (Bw,11),1 = 0 as x1 = −1, 1, (6)

u−τ = v , u−ν = w on γ0, (7)

[uν] ≥ 0, σ+
ν ≤ 0, σ+

τ = 0, σ+
ν [uν] = 0 on γ0, (8)

[v(0)] = [Av,1(0)] = 0; [w(0)] = [w,1(0)] = 0, (9)

[Bw,11(0)] = [(Bw,11),1(0)] = 0, (10)∫
Ω0

u = 0,

∫
Ω0

(u1,2 − u2,1) = 0, (11)

where κ0 = 1, κ1 = 0, σν = σijνjνi , στ = σijτjτi , [q(0)] = q(0+)− q(0−).
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Space

W = {(u, v ,w) ∈ H1(Ω0)2 × H1(γ)× H2(γ) | u−τ = v , u−ν = w on γ0}

and the subspace W1 ⊂ W ,

W1 = {(u, v ,w) ∈ W |
∫
Ω0

u = 0,

∫
Ω0

(u1,2 − u2,1) = 0, u = (u1, u2)},

where τ = (τ1, τ2) = (ν2,−ν1), uν = uν, uτ = uτ. Spaces of in�nitesimal rigid

displacements

R(Ω0) = {ρ = (ρ1, ρ2) | ρ(x) = (c1, c2) + c0(x2,−x1),

x = (x1, x2) ∈ Ω0; c0, c1, c2 ∈ R},

L(γ) = {l = (l1, l2) | l1(x1) = d 2, l2(x1) = d 0 + d 1x1,

d 0, d 1, d 2 ∈ R, ; x1 ∈ (−1, 1)}.
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Inner product in the space W ,

{(u, v ,w), (ū, v̄ , w̄)} =

∫
Ω0

ui

∫
Ω0

ūi +

∫
Ω0

ui ,j ūi ,j +

∫
γ

v,1v̄,1 +

∫
γ

w,11w̄,11. (12)

Proposition 1.We have

W = W1 ⊕W⊥1 ,

where

W⊥1 = {(ρ, l1, l2) ∈ W | ρ ∈ R(Ω0), (l1, l2) ∈ L(γ)}.
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Energy functional E : W → R,

E(u, v ,w) =
1

2

∫
Ω0

σ(u)ε(u)−
∫
Ω0

fu +
1

2

∫
γ

Av2
,1 +

1

2

∫
γ

Bw2
,11.

Set of admissible displacements

P = {(u, v ,w) ∈ W | [uν] ≥ 0 on γ0}.

Minimization problem

inf
(u,v ,w)∈P∩W1

E(u, v ,w). (13)
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(u, v ,w) ∈ P ∩W1, (14)∫
Ω0

σ(u)ε(ū − u)−
∫
Ω0

f (ū − u)+ (15)

+

∫
γ

Av,1(v̄,1 − v,1) +

∫
γ

Bw,11(w̄,11 − w,11) ≥ 0 ∀(ū, v̄ , w̄) ∈ P ∩W1.

Proposition 2. For any (ũ, ṽ , w̃) ∈ P there exist (ū, v̄ , w̄) ∈ P ∩W1 and

(ρ, l1, l2) ∈ W⊥1 such that

(ũ, ṽ , w̃) = (ū, v̄ , w̄) + (ρ, l1, l2).
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Assume that the following condition holds∫
Ω0

f ρ = 0 ∀ρ ∈ R(Ω0). (16)

Variational formulation of the problem

(u, v ,w) ∈ P ∩W1, (17)∫
Ω0

σ(u)ε(ũ − u)−
∫
Ω0

f (ũ − u) +

∫
γ

Av,1(ṽ,1 − v,1)+ (18)

+

∫
γ

Bw,11(w̃,11 − w,11) ≥ 0 ∀(ũ, ṽ , w̃) ∈ P.

Theorem 1. There exists a solution of the problem (17)-(18) provided that the

condition (16) holds.
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Passage to limit with respect to rigidity parameter Find functions uδ = (uδ1 , u
δ
2 ),

σ = {σij}, i , j = 1, 2, de�ned in Ω0, and v
δ,wδ de�ned on γ such that

− divσ = f , σ = Dε(uδ) in Ω0, (19)

−δi (Avδ,1),1 = [στ ]κi , δ
i (Bwδ,11),11 = [σν]κi on γi , i = 0, 1, (20)

σn = 0 on Γ; Avδ,1 = Bwδ,11 = (Bwδ,11),1 = 0 as x1 = −1, 1, (21)

uδ−τ = vδ, uδ−ν = wδ on γ0, (22)

[uδν] ≥ 0, σ+
ν ≤ 0, σ+

τ = 0, σ+
ν [uδν] = 0 on γ0, (23)

[vδ(0)] = 0, Avδ,1(0−) = δAvδ,1(0+); [wδ(0)] = [wδ,1(0)] = 0, (24)

Bwδ,11(0−) = δBwδ,11(0+), (Bwδ,11),1(0−) = δ(Bwδ,11),1(0+), (25)∫
Ω0

uδ = 0,

∫
Ω0

(uδ1,2 − uδ2,1) = 0, (26)

where κ0 = 1, κ1 = 0.
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Estimates uniform in δ,

‖uδ‖
H1(Ω0)2 ≤ c, (27)

‖vδ‖H1(γ0) + ‖wδ‖H2(γ0) ≤ c. (28)

Estimate uniform for small δ,

√
δ‖vδ‖H1(γ1) +

√
δ‖wδ‖H2(γ1) ≤ c. (29)

Assume that as δ → 0,

uδ → u wealky in H1(Ω0)
2
, (30)

(vδ,wδ)→ (v ,w) weakly in H1(γ0)× H2(γ0), (31)
√
δ(vδ,wδ)→ (ṽ , w̃) weakly in H1(γ1)× H2(γ1). (32)
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Limit problem

Find functions u = (u1, u2), σ = {σij}, i , j = 1, 2, de�ned in Ω0, and v ,w de�ned

on γ0 such that

− divσ = f , σ = Dε(u) in Ω0, (33)

−(Av,1),1 = [στ ], (Bw,11),11 = [σν] on γ0 (34)

σn = 0 on Γ; Av,1 = Bw,11 = (Bw,11),1 = 0 as x1 = −1, 0, (35)

u−τ = v , u−ν = w on γ0, (36)

[uν] ≥ 0, σ+
ν ≤ 0, σ+

τ = 0, σ+
ν [uν] = 0 on γ0, (37)∫

Ω0

u = 0,

∫
Ω0

(u1,2 − u2,1) = 0. (38)
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Inverse problem

A(x1) = Ag (x1) = g0 + g1x1, B(x1) = Bg (x1) = g2 + g3x1; x1 ∈ (−1, 1),

where g = (g0, g1, g2, g3) ∈ R4.
Let G ⊂ R4; g = (g0, g1, g2, g3) ∈ G satis�es inequalities

c0 ≤ gi ± gi+1 ≤ c00, i = 0, 2,

with positive constants c0, c00. For any g ∈ G we can �nd the solution

(ug , vg ,wg ) ∈ P ∩W1, (39)∫
Ω0

σ(ug )ε(ū − ug )−
∫
Ω0

f (ū − ug )+ (40)

+

∫
γ

{Agv
g
,1(v̄,1 − v

g
,1) + Bgw

g
,11(w̄,11 − w

g
,11)} ≥ 0 ∀(ū, v̄ , w̄) ∈ P.
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Problem formulation Find functions ug = (ug1 , u
g
2 ) de�ned in Ω0 and functions

vg ,wg de�ned on γ, as well as g ∈ G such that

(ug , vg ,wg ) ∈ P ∩W1, (41)∫
Ω0

σ(ug )ε(ū − ug )−
∫
Ω0

f (ū − ug )+ (42)

+

∫
γ

{Agv
g
,1(v̄,1 − v

g
,1) + Bgw

g
,11(w̄,11 − w

g
,11)} ≥ 0 ∀(ū, v̄ , w̄) ∈ P,

wg (x0) = r . (43)

Theorem 2. There exist r1, r2 ∈ R, r1 ≤ r2, such that for any r ∈ [r1, r2] the inverse

problem (41)-(43) has a solution.


