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Staggered grid residual distribution scheme for
Lagrangian hydrodynamics

R. Abgrall, S. Tokareva

Institute of Mathematics, University of Zurich, Switzerland

We are interested in the numerical solution of the Euler equations in
Lagrangian form. This work is focused on Dobrev et al. [1] formulation
which uses two ingredients. First, starting from the finite element formu-
lation, we need to introduce a mass matrix that is block diagonal on the
thermodynamic parameters (as for DG) but leads to a sparse symmetric
matrix for the velocity components. Hence, the treatment of the global
mass matrix consists of the ”inversion” of a block diagonal matrix, which
is cheap, but also of a sparse symmetric positive definite matrix, which
is more expensive both in terms of CPU time and memory. The second
ingredient of the scheme is an artificial viscosity technique applied in
order to make possible the computation of strong discontinuities.

Our aim is to give answers to two questions: (i) can we avoid the
inversion of the global mass matrix while keeping all the accuracy prop-
erties and (ii) can we construct a parameter-free artificial viscosity? To
answer these questions, we rely on the Residual Distribution (RD) inter-
pretation of the Dobrev et al. scheme and show how to modify it without
introducing any additional complexity in the formulation. Using the RD
formulation, we show how to construct a simple first order scheme and
how to increase the spatial accuracy. The next step is to explain how we
can get rid of the mass matrix: this is obtained by using ideas coming
from [2, 3]. We study the accuracy and robustness of our RD scheme by
considering several one- and two-dimensional test problems.

References

1. Dobrev V., Kolev T., Rieben R. High order curvilinear finite element
methods for Lagrangian hydrodynamics // SIAM J. Sci. Comput.
2012. V. 34. P. B606–B641.

2. Ricchiuto M., Abgrall R. Explicit Runge-Kutta residual-distribution
schemes for time dependent problems // J. Comput. Phys. 2010. V.
229. P. 5653–5691.
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3. Abgrall R., Bacigaluppi P., Tokareva S. How to avoid mass matrix
for linear hyperbolic problems // In Proceeding of ENUMATH 2015,
volume Lecture Notes in Computational Science and Engineering.
Springer, 2016.

Optimization method in 3D invisibility cloaking
problems

G. V. Alekseev1,2

1Institute of Applied Mathematics FEB RAS, Vladivostok, Russian
Federation;

2Far Eastern Federal University, Vladivostok, Russian Federation.
alekseev@iam.dvo.ru

Recently significant research has focused on design of invisibility cloak-
ing devices for material bodies. Beginning with pioneering papers [1] the
large number of publications was devoted to developing different meth-
ods of solving the cloaking problems. The transformation optics (TO)
method proposed in [1] is the most popular cloaking method lying on
the base of so called passive cloaking strategy. The first applications of
the TO method were connected with solving electromagnetic cloaking
problems. Then after proof of the equivalence of the 2D Maxwell equa-
tions to the 2D equations of acoustics of anisotropic medium this theory
was expanded to acoustic cloaking at first in 2D case and then in general
3D case. More recently the idea of cloaking (guiding field and energy
flux around an object) has been expanded to other physical disciplines
including mechanics, quantum mechanics and thermodynamics.

It should be emphasized that the technical realization of obtained
solutions of cloaking problems is connected with substantial difficulties.
One of approaches of overcoming these difficulties consists of replacing
the exact cloaking problem by approximate problem for which solutions
admit simple technical realization. Another approach is based on us-
ing the optimization method of solving inverse problems. This method
was applied in [2, 3] devoted to analysis cloaking problems for Maxwell
equations.
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Optimization method is applied and in this paper while theoretical
analysis of cloaking problems. Firstly the acoustic cloaking problem is
considered in which the cloaking effect is achieved due choice of vari-
able parameters of inhomogeneous isotropic liquid medium filling the
acoustic cloaking shell. Based on the optimization technique we reduce
our problem to the problem of minimization of a suitable tracking type
cost functional. Then we deduce the optimality system for this control
problem which describes the first-order necessary optimality conditions.
Further based on the optimality system analysis, we deduce a special
inequality for the difference of solutions to the original and perturbed
control problems. Using this inequality we establish the sufficient con-
ditions for the data which provide a local stability and uniqueness of
control problems under consideration in the case of concrete tracking-
type cost functionals. The similar results were obtained and for thermal
invisibility cloaking problems.

This work was supported by the Russian Science Foundation (project
no. 14-11-00079).

References

1. Pendry J.B., Shurig D., Smith D.R. Controlling electromagnetic fields
// Science. 2006. V. 312. P. 1780–1782.

2. Alekseev G.V. Cloaking via impedance boundary condition for 2-D
Helmholtz equation // Appl. Anal. 2014. V. 93. P. 254–268.

3. Alekseev G.V. Analysis and optimization in problems of cloaking of
material bodies for the Maxwell equations // Differential Equations.
2016. V. 52. P. 366–377.
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Kelvin-Voight equations with p-Laplacian:
Existence, uniqueness, asymptotic behavior and

blow up

S. N. Antontsev1,2, Kh. Khompysh3

1CMAF-CIO, University of Lisbon, Lisbon, Portugal;
2Lavrentyev Institute of Hydrodynamics of SB RAS, Novosibirsk,

Russian Federation;
3Al-Farabi Kazakh National University, Almaty, Kazakhstan.

Let Ω ⊂ Rn, n ≥ 2, be a bounded domain with smooth boundary Γ =
∂Ω and QT = Ω × [0, T ], ΓT = Γ × [0, T ]. We study the following
initial-boundary value problem for the Kelvin-Voight equation with p-
Laplacian:

~vt + (~v · ∇)~v = µdiv
(
|∇~v|q−2∇~vt

)
+ κdiv

(
|∇~v|p−2∇~v

)
−∇P(x, t) + γ |~v|m−2

~v, (1)

div~v = 0, (2)

~v(x, t)|t=0 = ~v0 (x) , x ∈ Ω; ~v(x, t)|ΓT = 0, (3)

where ~v(x, t) is a vector field of velocity of a fluid, P(x, t) is a pressure,
a, b, γ, and p, q,m are constants.

Equations of the type (1)-(3) appear in the mathematical modeling
of various physical phenomena such as flows of Non-Newtonian fluids
[1]-[2]. In this talk we study existence and uniqueness of solutions to the
initial-boundary value problem (1)-(3) and its qualitative properties such
that the asymptotic behavior and the blow up. The investigation of blow
up properties of solutions of equations of this type were discussed [3]-[4]
and reference therein. The represented analysis relies on the methods
developed in [5]-[7].

References

1. Oskolkov A.P. Certain model nonstationary systems in the theory
of non-Newtonian fuids. // Tr. Mat. Inst. Steklova. 1975. V. 127. P.
32–57 (in Russian).
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2. Oskolkov A.P. Nonlocal problems for equations of Kelvin-Voight fluids
// Zap. Nauch. Sem. LOMI. 1992. V. 197. P. 120–158.

3. Meyvaci M. Blow up of solutions of pseudoparabolic equations // J.
Math. Anal. Appl. 2009. V. 352. P. 629–633.

4. Kalantarov V.K., Ladyzhenskaya O.A. Formation of collapses in
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5. Antontsev S.N., Diaz J.I., Shmarev S. Energy methods for free bound-
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Existence of entropy measure-valued solutions
for forward-backward p-parabolic equations

S. N. Antontsev1,2, I. V. Kuznetsov2,3

1CMAF-CIO, University of Lisbon, Lisbon, Portugal;
2Lavrentyev Institute of Hydrodynamics of SB RAS, Novosibirsk,

Russian Federation;
3Novosibirsk State University, Novosibirsk, Russian Federation.

kuznetsov i@hydro.nsc.ru

Consider the elliptic boundary-value problem

∂ta(uε)+divxϕ(uε) = divx(|∇xuε|p−2∇xuε)+ε∂2
t uε, (x, t) ∈ GT , (1)

uε|Γ0
= u0, uε|ΓT = uT , uε|Γl = 0, (2)

where a(z) is a non-monotonic smooth function, z ∈ R, p > 1, ε > 0,
GT = Ω × (0, T ), Ω ⊂ Rn, Γ0 = Ω × {t = 0}, ΓT = Ω × {t = T},
Γl = ∂Ω × [0, T ], u0, uT ∈ L∞(Ω) ∩W 1,p

0 (Ω). Note that function a′(z)
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is not equal to zero identically on intervals of positive measure. We also
assume that ϕ(z) is a smooth vector function.

We have proved that the Dirichlet problem for the forward-backward
p-parabolic equation in a bounded domain GT has an entropy solution

u = lim
ε→0+

uε (3)

which is obtained as a limit point in L1(GT ) of the weak solution of the
elliptic boundary-value problem (1)–(2) as ε → 0+. In order to define
an entropy solution (3) we apply methods from [1], [2]. Here we use
boundary entropy pairs proposed in [2].

The main difficulty is that in a limit case the Dirichlet problem is ill-
posed. This means that an entropy solution can deviate from initial and
final data u0 and, respectively, uT . Therefore, initial and final conditions
should be formulated in the form of inequalities (the entropy initial and
final conditions). Although it is valid to assume that u|Γl = 0.

It was proved in [3] the forward-backward parabolic equation has
unique entropy solution when p = 2 (under some additional assumption
over ϕ(z)). On the other hand, when p 6= 2, the uniqueness is ambiguous
and a gradient Young measure occurs in the representation of an entropy
solution (3). Therefore, in the case p 6= 2 instead of ’an entropy solution’
it is more appropriate to use ’an entropy measure-valued solution’.

The work has been supported by the Grant No. 15-11-20019 of Rus-
sian Science Foundation.

References

1. Kruzhkov S.N. First order quasi-linear equations in several indepen-
dent variables // Mat. USSR Sbornik. 1970. V. 10, Is. 2. P. 217–243.

2. Otto F. Conservation Laws in Bounded Domains, Uniqueness and
Existence via Parabolic Approximation // J. Málek, J. Nečas, M.
Rokyta, M. Ružička. Weak and Measure-Valued Solutions to Evolu-
tionary PDE’s. Chapman&Hall, 1996. Chap. 2 §2.6–2.8. P. 95–143.

3. Kuznetsov I.V. Entropy solutions to differential equations with vari-
able parabolicity direction // Journal of Mathematical Sciences. 2014.
V. 202, Is. 1. P. 91–112.
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Hydraulic fracture propagation in
inhomogeneous poroelastic medium

A.N. Baykin1,2, S. V. Golovin1,2

1Novosibirsk State University
2Lavrentyev Institute of Hydrodynamics of SB RAS, Novosibirsk

Hydraulic fracturing is an important part of modern technologies for
intensification of hydrocarbon production. The propagation of the hy-
draulic fracture is stimulated by the pumping of viscous fluid which cre-
ates pressure on fracture’s walls high enough to overcome the rock clo-
sure stresses and cause the rock failure. Process of the hydraulic fracture
growth is governed by several factors: flow of viscous fluid in a narrow
fracture’s gap, elastic reaction of the fracture’s walls, and filtration of
fluid from the fracture to the reservoir, rock failure and advance of the
fracture tip. Recent progress in the mathematical modelling of hydraulic
fracture dynamics is described in review papers [1, 2] In present work we
extend the poroelastic model proposed in [3] to the case of propagating
fractures. The model allows determining the porous pressure and the
rock deformation coupled with the fracture disclosure and the pressure
of the fracturing fluid. The material of the formation is observed as
an inhomogeneous permeable medium governed by Biot poroelasticity
equations [4]. The advantages of this approach in comparison with the
classical approaches based on the KGD and PKN models (see [1, 2]) are
the correct account for the interaction of the pore fluid with the frac-
turing fluid, finiteness of fluid pressure in the fracture’s tip, ability for
modelling of reservoirs with inhomogeneous physical properties under
non-uniform closure stresses. In order to account for the rock failure
during fracturing, we adopt the cohesive zone model [5] as the fracture
propagation criterion. The numerical solution of the problem was car-
ried out by the finite element method with the use of a modification of
the algorithm proposed in [3]. The numerical convergence of the algo-
rithm is verified. Using the proposed model we thoroughly investigate
the influence of the pore pressure and rock deformation on the fracture
propagation and fracture geometry. In the series of numerical exper-
iments, we demonstrate the influence the pore pressure distribution to
the fracture dynamics in the layered reservoir with permeability contrast.
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It is shown that the symmetry of fracture wings is essentially sensitive
to such inhomogeneity of the poroelastic medium.

The work was partially supported by President Grant for Leading
Scientific Schools of the Russian Federation (grant N.Sh.-8146.2016.1).
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2. Detournay E. Mechanics of hydraulic fractures. Ann. Rev. Fluid
Mech. 2016. Vol. 48.

3. Shelukhin V. V., Baikov V. A., Golovin S. V., Davletbaev A. Y.,
Starovoitov V. N. Fractured water injection wells: Pressure transient
analysis. Int. J. Sol. Struct. 2014. Vol. 51.

4. Biot M. A. Theory of elasticity and consolidation for a porous
anisotropic solid Journal of Applied Physics. 1955. Vol. 26.

5. Barenblatt G. I. The mathematical theory of equilibrium cracks in
brittle fracture. Adv. Appl. Mech. 1962. Vol. 7.

The spectrum of perturbations of the two-layer
flow with evaporation

V.B. Bekezhanova1,2, I. A. Shefer2

1Institute of computational Modelling SB RAS, Krasnoyarsk, Russian
Federation;

2Siberian Federal University, Krasnoyarsk, Russian Federation.

The modern experimental methods of investigation of characteristics of
the joint convective liquid flows and cocurrent gas fluxes in gravita-
tional fields of the different intensity are actively developed at the present
time. The development and modification of advanced technologies using
volatile liquid as working media are often based on the theoretical results
of the study of the two-layer flows with interfaces.

Carrying out the theoretical investigations a special attention is paid
to construction of the correct and physically plausible mathematical
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models and search of the exact solutions which can describe the con-
vective flows under conditions of the mass transfer at interface due to
evaporation.

In the present work a stationary exact solution, which is a general-
ization of the Birikh-Octroumov solution, is studied in the framework
of the Oberbeck- Boussinesq approximation of the Navier-Stokes equa-
tions [1]. The solution describes a joint flow of an evaporating viscous
heat-conducting liquid and gas-vapor mixture in a horizontal channel.
The effect of the diffusive heat conductivity in the gas phase is taken
into account in the governing equations. At fixed impermeable bound-
aries of the channel the no-slip conditions and the linear temperature
distributions with respect to the longitudinal coordinate are assumed to
be valid. On the thermocapillary interface the following conditions are
fulfilled: the kinematic and dynamic conditions, the heat transfer condi-
tion, the continuity conditions for the velocity and temperature, the mass
balance equation and the relation for the saturated vapor concentration.
The solution has been constructed under conditions of a given specific
gas flow rate and by absence of the vapor flux at the upper rigid bound-
ary. The obtained solution describes the different classes of flows. The
effects of taking into account the Dufour effect on the properties of the
solution and, consequently, on the topology of two-layer flows have been
investigated. The examples of velocity, temperature and vapor concen-
tration profiles for the two-layer system “HF7100-nitrogen” at different
values of thickness of the liquid layer, longitudinal temperature gradient
on the channel boundaries and gravity will be presented.

The study of stability of the solution have been performed. In present
report the new results with respect to stability characteristics of the solu-
tion will be presented. The behavior of the perturbations is investigated
by different values of longitudinal temperature gradients on the channel
boundaries and gravity acceleration. Typical patterns of the appearing
disturbances and neutral curves are plotted.

The research has been supported by the Russian Foundation for Basic
Research (Project No. 14-08-00163).

References

1. Goncharova O.N., Rezanova E.V. Example of an exact solution of the
stationary problem of two-layer flows with evaporation at the interface
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// Journal of Applied Mechanics and Technical Physics. 2014. V. 55,
Is. 2. P. 247–257.

On modulated equations for Hamiltonian PDEs

S. Benzoni-Gavage

Institut Camille Jordan (ICJ) - Université Claude Bernard Lyon 1,
France.

benzoni@math.univ-lyon1.fr

Since the seminal work of Whitham in the late 1960s, modulated equa-
tions have been expected to govern the propagation of oscillatory wave
trains. The purpose of the talk is to give an account of modulated equa-
tions for a class of Hamiltonian PDEs that includes both the Korteweg-de
Vries equation – and generalized versions of it – and the Euler-Korteweg
system. This is work in progress with C. Mietka and M. Rodrigues.

Analysis of control problems for the stationary
magnetohydrodynamics equations under mixed

boundary conditions

R.V.Brizitskii
Institute of Applied Mathematics FEB RAS, Vladivostok, Russian

Federation;
Far Eastern Federal University, Vladivostok, Russian Federation.

mlnwizard@mail.ru

Let Ω be a bounded domain of space R3 with boundary ∂Ω consisting
of two parts Σν and Στ . In this paper we study control problems for
the stationary magnetohydrodynamic equations of viscous incompress-
ible fluid

−ν∆u + (u · ∇)u +∇p− æ rotH×H = f , divu = 0, (1)

ν1rotH− ρ−1
0 E + æH× u = ν1j, divH = 0, rotE = 0, (2)
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considering in domain Ω under following inhomogeneous boundary con-
ditions:

u|∂Ω = g, H · n|Στ = q, H× n|Σν = q, E× n|Στ = k. (3)

Here u is the velocity vector, H and E are magnetic and electric fields,
respectively, p = P/ρ0, where P is the pressure, ρ0 = const is a fluid
density, æ = µ/ρ0, ν1 = 1/ρ0σ = æνm, ν and νm are constant kinematic
and magnetic viscousity coefficients, σ is a constant conductivity, µ is
a constant magnetic permeability, n is the outer normal to ∂Ω, j is the
current density. In the remainder of the paper we will refer to problem
(1)–(3) for given functions f and j as Problem 1. We note that all the
quantities in (1)–(3) are dimensional and their physical dimensions are
defined in terms of SI units. Physically the boundary conditions for the
electromagnetic field in (3) correspond to the situation when the part
Στ of the boundary ∂Ω is a perfect conductor and other part Σν ⊂ ∂Ω
is a perfect insulator. On solvability of mixed boundary value problems
for the MHD equation see [1].

The control problems consist in minimization of certain functionals
depending on the state (u,H, p) and other unknown functions (controls)
satisfying the state equations (1)–(3). As the cost functional we choose
one of the following:

I1(v) = ‖v − vd‖2Q, I2(H) = ‖H−Hd‖2Q, I3(H) = ‖H−Hd‖21,Q,
I4(p) = ‖p− pd‖2Q. (4)

Here the function vd ∈ L2(Q)3 denotes some desired velocity field given
in a subdomain Q ⊂ Ω. Functions Hd ∈ L2(Q)3 (or Hd ∈ H1(Q)3) and
pd ∈ L2(Q) have similar sense for the magnetic field or pressure.

As controls we choose in this paper two functions: q and j. The
function j will play the role of distributed control, while q will play
the role of boundary control in control problem stated below. As for
function g, henceforth, it will play a special role since we will study the
stability of solutions to control problems under study with respect to
small perturbations of both the cost functional and the function g in the
norm of the space H1/2(∂Ω)3.

This work was supported by the Russian Foundation for Basic Re-
search (project no. 16-01-00365).



Chesnokov A. A., Liapidevskii V. Yu. 17

References

1. Alekseev G., Brizitskii R. Solvability of the boundary value problem
for stationary magnetohydrodynamic equations under mixed bound-
ary conditions for the magnetic field // Applied Mathematics Letters.
2014. V. 32. P. 13–18.

Modulational stability of periodic waves of the
Kawahara equation

F. Chardard
Institut Camille Jordan;

Département de mathématiques,
Faculté des Sciences et Techniques,
Université de Saint-Étienne, France

Kawahara equation is a generalization of Kortweg-de Vries equation
which models capillary-gravity waves in shallow water. In this talk,
we explore the stability of periodic waves, and especially when the per-
turbation has a characteristic length much longer than the wavelength
of the periodic wave. To this end, we study the corresponding Whitham
modulation equations.

Mathematical models of mixing layers and
turbulent bores in shallow shear flows

A.A. Chesnokov1,2, V.Yu. Liapidevskii1,2

1Novosibirsk State University, Novosibirsk, Russian Federation;
2Lavrentyev Institute of Hydrodynamics, Novosibirsk, Russian

Federation
chesnokov@hydro.nsc.ru

New mathematical models based on the multi-layer shallow water ap-
proximation have been developed to study turbulent mixing and its ap-
plications for modelling of hydraulic jumps, bores and mixing layers.
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Under this approach a turbulent bore is represented as a continuous
solution of the equations governing two-layer shallow water with mass
transfer in which the potential flow is in the bottom layer and the tur-
bulent jet is near the free surface. This scheme of flow agrees with the
experimental results on the mechanism of surface wave breaking in the
case when the position of the free boundary is a single-valued function
of space variables. Further development of this approach is given for a
three-layer flow under a free surface with the non-zero vorticity in the
intermediate layer. For the validation of the models, the modelling re-
sults are compared to the known experimental data. Analogous models
of the formation and evolution of the mixing layer in the horizontal shear
flows with a free surface are obtained and studied.

This work was supported by the Russian Foundation for Basic Re-
search (project no. 15-01-03942).

Stability of stationary solutions of the
generalized KdV-Burgers equation

A.P. Chugainova

Steklov Mathematical Institute of RAS, Moscow, Russian Federation
anna ch@mi.ras.ru

The stability of discontinuities representing solutions of a model gen-
eralized KdV-Burgers equation with a nonmonotone potential is ana-
lyzed.The spectral (linear) stability of the structure of special disconti-
nuities was previously studied. Here the spectral stability of nonspecial
discontinuities is investigated. The structure of a nonspecial disconti-
nuity represents a phase curve joining two special points: a saddle (the
state ahead of the discontinuity) and a focus or node (the state behind
the discontinuity). The set of nonspecial discontinuities is examined de-
pending on the dispersion and dissipation parameters. A set of stable
nonspecial discontinuities is found.
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Optimal time-decay estimates for the
compressible Navier-Stokes equations in the

critical regularity framework

R. Danchin
Centre de Mathématiques Faculté de Sciences et Technologie,

University Paris-Est Créteil (UPEC), France.

The global existence issue for the isentropic compressible Navier-Stokes
equations in the critical regularity framework has been addressed in [1]
more than fifteen years ago. However, whether (optimal) time-decay
rates could be shown in general critical spaces and any dimension d ≥ 2
has remained an open question. In this joint work with J. Xu [4], we give
a positive answer to that issue not only in the L2 critical framework of
[1] but also in the more general Lp critical framework of [2, 3, 5]. More
precisely, we show that under a mild additional decay assumption that is
satisfied if the low frequencies of the initial data are in e.g. Lp/2(Rd), the
Lp norm (the slightly stronger Ḃ0

p,1 norm in fact) of the critical global

solutions decays like t−d( 1
p−

1
4 ) for t → +∞, exactly as firstly observed

by A. Matsumura and T. Nishida in [6] in the case p = 2 and d = 3, for
solutions with high Sobolev regularity.

Our method relies on refined time weighted inequalities in the Fourier
space, and is likely to be effective for other hyperbolic/parabolic systems
that are encountered in fluid mechanics or mathematical physics.
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Double-deck structures of boundary layers in
flows

V.G. Danilov, R.K. Gaidukov

National Research Institute ”Higher School of Economics”, Moscow,
Russian Federation
vgdanilov@mail.ru

In [1] the double-deck structure of the boundary layer was discovered in
the problem of flow around a plate with small periodic imperfections.
The inverse powers of the Reynolds number Re, which determine the
structure of the imperfections, are of course different from those gener-
ating the three-deck structure of the Smith–Stewartson boundary layer
despite the fact that the equations in the thin near-wall layer are the
same. Later it turned out that a similar two-deck structure also arises
in problems of flow in tubes and channels with periodic imperfections on
the walls. The parameters determining these imperfections differ from
the Smith–Stewartson parameters and from the parameters of the two-
deck boundary layer in the problem of flow around a plate. But the
equations describing the flow in a thin near-wall boundary layer are al-
ways the same, and the specific character of the problem manifests itself
in the boundary conditions.
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In all these problems, as the amplitude of imperfections exceeds a
critical value A∗, there arise vortices, which appear and disappear be-
tween the humps of the periodic structure. These vortices generate the
flow oscillations on the “upper deck” of the double-deck structure. The
equations describing these oscillations in the problems of flow in tubes
and channels and in the problem of flow around a plate turned out to be
significantly different. In the last case, this is a Rayleigh-type equation
and the problem of its solvability reduces to an analysis of the eigenvalue
problem for a one-dimensional Schröedinger operator on the half-line. It
is of interest to note that the existence of a solution of this problem
implies the non-uniqueness of the asymptotic solution of the problem
of flow around a plate with small periodic imperfections (but, unfortu-
nately, there is no discrete spectrum).

We assume that in all problems listed above, the flow of a viscous
incompressible fluid is described by a system consisting of Navier-Stokes
equations and the continuity equation (U = (u, v) is the velocity, p is
the pressure):

〈U,∇〉U = −∇p+ ε2∆U, 〈∇,U〉 = 0, (1)

where ε is a small parameter. We can assume that ε = Re−1/2, or
we assume that this parameter is a small dimensionless viscosity. The
boundary conditions in the problem of flow around a plate have the form
(S = {y = ε4/3µ(x, x/ε)}):

U|S = 0, U|y→±∞ → (1, 0)T , U|x→−∞ → (1, 0)T ,

∂yu|y=0,x<0 = 0, v|y=0,x<0 = 0. (2)

The boundary conditions in problems of flow in a channel and in a tube
have the form

U|S = 0, (2′)

where S = {y = ε4/5µ(x, x/ε2/5), y = l + ε4/5µ1(x, x/ε2/5)} and S =
{y = l + ε4/5µ(x, x/ε2/5)} for the channel and for the tube, and l is
the width of the channel or the tube radius. The functions µ(x, ξ) and
µ1(x, ξ) are either 2π-periodic in the argument ξ, or they are stabilizing
functions, i.e., ∂ξµ ∈ S (Schwartz space) are smooth and have zero mean

(i.e.
∫ 2π

0
µ(x, ξ) dξ = 0).
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Expansion shock waves in regularised shallow
water theory

G. El
Department of Mathematical Sciences,

Loughborough University, UK.
g.el@lboro.ac.uk

We identify a new type of shock wave by constructing a stationary ex-
pansion shock solution of a class of regularised shallow water equations
that include the Benjamin-Bona-Mahoney (BBM) and Boussinesq equa-
tions. An expansion shock exhibits divergent characteristics, thereby
contravening the classical Lax entropy condition. The persistence of the
expansion shock in initial value problems is analysed and justified using
matched asymptotic expansions and numerical simulations. The expan-
sion shock’s existence is traced to the presence of a non-local dispersive
term in the governing equation. We establish the algebraic decay of the
shock as it is gradually eroded by a simple wave on either side. More
generally, we observe a robustness of the expansion shock in the presence
of weak dissipation and in simulations of asymmetric initial conditions
where a train of solitary waves is shed from one side of the shock.

This is joint work with Mark Hoefer and Michael Shearer [1], [2].

References

1. El G.A., Hoefer M.A., Shearer M. Expansion shock waves in regu-
larised shallow water theory // Proc. Roy. Soc. London. 2016. V.
472. P. 20160141.

2. El G.A., Hoefer M.A., Shearer M. Stationary expansion shocks for
a regularized Boussinesq system. In progress.



Ermanyuk E.V., Brouzet C., Sibgatullin I.N., Dauxois T., Joubaud S.,
Scolan H., Pillet G. 23

Linear and nonlinear dynamics of internal wave
attractors

E. V. Ermanyuk 1,2, C. Brouzet1, I. N. Sibgatullin1,3, T.
Dauxois1, S. Joubaud1, H. Scolan1,4, G. Pillet1

1Univ Lyon, ENS de Lyon, Univ Claude Bernard, CNRS, Laboratoire
de Physique, F-69342 Lyon, France;

2Lavrentyev Institute of Hydrodynamics, Siberian Branch of Russian
Academy of Sciences, Novosibirsk 630090, Russian Federation;

3Institute of Mechanics and Department of Mechanics and
Mathematics, Moscow State University, Moscow 119192, Russian

Federation;
4Atmospheric, Oceanic and Planetary Physics, Department of Physics,

University of Oxford, Parks Rd, Oxford OX1 3PU, UK.

The internal wave climate in large geophysical fluid systems may cru-
cially depend on the effect of geometrical confinement. Confined domains
filled with continuously stratified fluids show very rich linear dynamics:
from normal modes to wave attractors of different complexity. In the
present paper, we combine numerical and experimental approaches to
study the dynamics of stable and unstable internal wave attractors. The
problem is considered in a classic trapezoidal set-up filled with a uni-
formly stratified fluid. Energy is injected into the system at global scale
by the small-amplitude motion of a vertical wall.Wave motion in the
test tank is measured with the help of conventional synthetic schlieren
and particle image velocimetry techniques. The numerical set-up closely
reproduces the experimental one in terms of geometry and the opera-
tional range of the Reynolds and Schmidt numbers. The spectral element
method is used as a numerical tool to simulate the nonlinear dynamics
of a viscous salt-stratified fluid.

We show that the results of 3D calculations are in excellent qualita-
tive and quantitative agreement with the experimental data, including
the spatial and temporal parameters of the secondary waves produced
by triadic resonance instability. We explore experimentally and numer-
ically the effect of lateral walls on secondary currents and span wise
distribution of velocity amplitudes in the wave beams. In linear regime,
we further explore the zone of existence (Arnold tongue) of an internal
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wave attractor. Then, we study the nonlinear behaviour and show that
the observed scenarios of triadic resonance depend on the choice of the
operating point in the Arnold tongue. In long-term experiments, the
cascades of triadic interactions produce a complex spectrum of internal
wave motions. The discrete frequency peaks present in the spectrum typ-
ically correspond to quasi-standing waves with high vertical modes. In
a strongly nonlinear case, all scenarios lead to the ”mixing-box” regime.
For this regime, we observe a considerable statistics of events with high
horizontal vorticity, which serve as kinematic indicators of mixing.
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Toward a universal model of breaking waves on
shallow water

S. Gavrilyuk1,2, V. Yu. Liapidevskii2,3, A. A. Chesnokov2,3
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If a wave approaching the coast is long and the variation of the coastal
slope is gradual, spilling breakers usually appear. They are characterized
by the appearance of a finite turbulent fluid zone riding down the forward
slope of the wave (Longuet–Higgins & Turner, 1974, Duncan, 2001). At
the toe of this turbulent zone the wave slope changes sharply, resulting
to the flow separation and the vorticity creation. The breaking waves
entrain the air into the water by forming ‘whitecaps’ where an intensive
dissipation occurs. Such a turbulent zone has a strong influence on the
wave evolution.
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The main issue of our work is a two-layer modelling, where the upper
turbulent layer is considered within the framework of shear shallow wa-
ter flows (cf. Teshukov, 2007; Richard & Gavrilyuk, 2012, 2013; Castro
& Lannes, 2014), while the lower layer is potential and can be described
by a Green–Naghdi type model. The interaction between layers is taken
into account through a natural mixing process, where the mixing velocity
is proportional to the intensity of large eddies of the upper layer. Exper-
imental data on the structure of the turbulent flow field under breaking
waves show that the frontiers between the turbulent region caused by the
wave breaking and the potential region are clearly visible (Nadaoka et al.
1989, Lin & Rockwell, 1994). This justifies a two-layer scheme for the
modelling of the breaking waves. The model generalizes that derived in
Liapidevskii & Chesnokov (2014) where the hydrostatic approximation
in both layers was used, and that in Richard & Gavrilyuk (2015) where
such a two-layer approach was used in the limit where the thickness of
the upper shear layer was vanishing.

In particular, we show that our model is able to describe the tran-
sition from undular to breaking bores when the Froude number varies
between 1.3 and 1.4. The shoaling and the breaking of solitary waves on
mild slopes is also well predicted by the model.

Mathematical problems in modelling
of hydraulic fracturing

S. V. Golovin1,2

1Lavrentyev Institute of Hydrodynamics of SB RAS, Novosibirsk
2Novosibirsk State University, Novosibirsk

Hydraulic fracturing is the process of creation a fracture due to pump-
ing of a highly pressurized fluid in the rock formation through the well-
bore. The technology of hydraulic fracturing is used for intensification
of hydrocarbon production. Wide use of hydraulic fracturing in low-
permeable reservoirs explains the demand for a mathematical modelling
of the fracturing process. In comparison to the classical models of brittle
fractures, the theory of hydraulic fractures implies the description of the
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fluid flow within the fracture coupled with the fracture opening and pro-
longation, exchange of the fracturing fluid with the pore fluid, influence
of the pore pressure to the stresses, etc.

Different stages of the fracturing require proper description of the
corresponding physical processes. Among them 1) modelling of hy-
draulic fracture growth in a poroelastic medium; 2) transport of prop-
pant (sorted sand) along the fracture and influence of proppant to the
fracture dynamics; 3) estimation of inflow to a multiply-fractured well-
bore; 4) fracture control and mini-frac tests consisting in the analysis
of measured data (flow rate and downhole pressure) for determination
of the formation parameters as well as of size and direction of fracture.
Recent progress in modelling of hydraulic fracture dynamics is described
in the review papers [1, 2] and citations therein.

All mentioned problems are interrelated and should be observed in
connection one to another. For example, transport of proppant changes
the rheological properties of fracturing fluid and significantly affects the
pressure distribution within the fracture that slows down the process
of fracture opening. In turn, filtration of fracturing fluid to the reser-
voir leads to increase of the concentration of proppant within the fracture
that may cause such undesirable effects as formation of proppant bridges
and blockage of the flow. Fluid inflow to a fractured wellbore depends
on the permeability of fractures that is determined by each fracture’s
aperture governed by the distribution of proppant within the fracture.
Finally, fracture control and the mini-frac test require proper set up and
mathematical modelling of specially designed experiments for establish-
ing correlation between the experimental and computational data with
the goal of interpretation of physical parameters of the reservoir and
fracture.

In this talk we present recent developments achieved in Lavrentyev
Institute of Hydrodynamics toward the solution of mentioned problems.
The work was partially supported by President Grant for Leading Sci-
entific Schools of the Russian Federation (grant N.Sh.-8146.2016.1).
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Mathematical modeling of the 3D two-layer
fluid flows with evaporation on the basis of an

exact solution of the convection equations

O. N. Goncharova1,2

1Altai State University, Barnaul, Russian Federation;
2Institute of Thermophysics SB RAS, Novosibirsk, Russian Federation

olga.n.goncharova@gmail.com

Construction and investigation of the exact solutions, which describe the
convective flows, provoke interest of researchers. The importance of the
solutions of special types is explained by opportunities of a rapid and
effective analysis of the physical factors acting on the main flow mecha-
nisms. The present study is devoted to construction of a new exact so-
lution of the Boussinesq approximation of the Navier-Stokes equations,
which include the effects of diffusive heat conductivity and thermodif-
fusion. This solution can be called a generalization of the well-known
Ostroumov-Birikh solution [1, 2] (see also [3]). It allows one to describe
the non-axisymmetric 3D two-layer fluid flows with evaporation at in-
terface in an infinite channel of a rectangular cross section.

The kinematic and dynamic conditions and the conditions of continu-
ity of tangential velocities and temperature are assumed to be fulfilled on
the thermocapillary interface. The heat transfer condition taking into
account the diffusive mass flux due to evaporation and mass balance
equation are formulated with respect to the Dufour and Soret effects.
The linearized form of an equation of vapor concentration at interface is
introduced. On the fixed impermeable walls of the channel the no-slip
conditions for velocity fields and the conditions of thermal insulation
or heating of the lateral walls are to be valid. The case of absence of
vapor flux on the upper rigid boundary is considered in the present state-
ment. The construction of the 3D solution is reduced to the chain of the
two-dimensional problems. The effects of gravity intensity and of the
longitudinal temperature gradient at the interface on the flow topology
and on the intensity of evaporation are investigated. The qualitative
differences in structure of fluid flows in the lower and upper parts of
the channel (in the liquid and in the gas-vapor phase) are found. The
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physical interpretation of the analytical results and comparison with new
experiments will be presented.

The work was supported by the Russian Science Foundation (project
RSF 15-19-20049).
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Non-convex/non-classical dispersive
hydrodynamics

M. Hoefer, P. Sprenger

Applied Mathematics, University of Colorado, Boulder

Dispersive hydrodynamics, i.e., hyperbolic equations regularized by dis-
persion, describe a number of physical media. In this talk, two forms of
non-convexity in the governing equations will be considered separately:
non-convex flux and non-convex dispersion. In the case of non-convex
flux, we recall results for the modified Korteweg-de Vries (mKdV) equa-
tion and the mKdV-Burgers (mKdVB) equation in the limit of zero dis-
persion and diffusion. Non-classical structures such as undercompressive
shocks and shock-rarefactions for the mKdVB equation are known with
natural correlates for the mKdV equation (kinks and kink-rarefactions).
The mKdV equation is also found to admit contact dispersive shocks
that have no correlate in mKdVB.

For the case of non-convex dispersion, we consider the fifth order
Korteweg-de Vries (KdV) equation, also known as the Kawahara equa-
tion, shown to be a universal model of dispersive Eulerian hydrodynam-
ics with higher order dispersive effects. Depending on a parameter, the
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Kawahara equation’s dispersion relation can be concave or exhibits an
inflection point at a nonzero wavenumber. Utilizing asymptotic methods
and careful numerical computations, this work classifies the long time be-
havior of solutions for step-like initial data. For non-concave dispersion,
three regimes are identified. For small amplitude jumps, the resulting
long waves are governed by positive dispersion resulting in a KdV-like
DSW with a depression soliton trailing edge accompanied by small am-
plitude waves radiating backward. Large jump heights result in back-
ward radiation of short waves in the approximately negative dispersion
regime that resonate with a leading-edge partial elevation soliton solu-
tion of the Kawahara equation. The leading edge speed is approximately
determined by the classical Rankine-Hugoniot conditions from dissipa-
tive hydrodynamics. Moderate jump heights correspond to a transition
between the two extremes where waves near zero dispersion exhibit a
resonance generating forward and backward propagating waves. These
results have wide application to media with non-convex dispersion in-
cluding nonlinear optics, water waves, and Bose-Einstein condensates.

Stability of localized waves in axisymmetric
elastic fluid filled shells

A. T. Il’ichev
Steklov Mathematical institute, Russian Academy of Sciences, Moscow,

Russian Federation
ilichev@mi.ras.ru

Because the experiments show, that pressure waves propagating in arter-
ies demonstrate the nonlinear characteristics, the investigation of prop-
agation of nonlinear solitary waves in fluid filled soft elastic tube mem-
branes has been appeared and now it is popular. Such tubes are modeled
by axisymmetric membrane shells. One of the possible applications of
such investigation appears to be the use of nonlinear wave propagation
for medical control of the state of arteries. The other application is the
dynamical effects connected with wave propagation, which can have the
considerable role during the break of an aneurism, which is fatal (the
aneurism is the localized hump on the arteries, and during its diagnostic
one has to decide whether operate it or not).
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The aneurism is perfectly modeled by a standing solitary wave of
finite amplitude on walls of the fluid filled membrane tube. Stability of
such a solitary wave characterizes stability of the aneurism. The analysis
of the full system of equation describing wave propagation in fluid filled
elastic tubes can not be reduced to weakly nonlinear analysis.

The wave amplitude of the wave family under investigation can not
grow infinitely. When the wave amplitude grows, the form of thew wave
itself changes: the top of the wave becomes plane and the second deriva-
tive in the maximal point tends to zero. When the zero value of the
second derivative is achieved the kink is formed. This is true both for
the family of standing solitary waves as well as for the running solitary
waves found in [1].

The family of standing solitary waves in the fluid filled membrane
tube is unstable with respect to axisymmetric perturbations. The pa-
rameter of the family is the pre- deformation in the tube. Instability is
connected with existence of the unstable eigenfunction, affiliated with
the unstable eigenvalue, which real part is greater than zero (the eigen-
value is located in the right complex half-plane of the spectral parame-
ter). In the present work we construct the Evans function and analyze
its zeroes for the running (not standing solitary waves) in the spirit of
[2]-[4] where it is done for the standing waves. The zeroes of the Evans
function coincide with the unstable eigenvalues.
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Formation and coarsening of roll waves in shear
flows down an inclined rectangular channel
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Recently, a new model of shear shallow water flows was developed in
Richard & Gavrilyuk (2012, 2013):
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Here h is the fluid depth, U is the average velocity, g′ = g cos θ, ĝ =
g sin θ, θ is the inclination angle, C is the Chézy coefficient, Φ is the
enstrophy of large eddies, Ce =C + CrΦ/ (ϕ+ Φ), where Cr is a new
dissipation coefficient, and ϕ is the enstrophy of small eddies generated
near the bottom.

Some numerical results on roll waves formation in a long channel
and in a periodic box for a such model are presented using finite volume
Godunov scheme with MUSCL-Hancock second order extension. They
are compared with experimental results. The numerical results for the
periodic box and a long channel are compared. The effect of wave coars-
ening is discovered. The stability of roll waves in the periodic box was
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studied. Some numerical results in the 2D case for a simplified model of
shear shallow water flows are also presented.

Self-similar solutions for a semi-empirical
second-order turbulence model of a round

submerged jet

O.V. Kaptsov, A.V. Shmidt

Institute of Computational Modelling SB RAS, Krasnoyarsk, Russian
Federation.

The dynamics of a round turbulent jet is the classical problem of experi-
mental and theoretical fluid dynamics. To describe the jet we have used
the semi-empirical second-order turbulence model [1] including differen-
tial transport equations for the normal Reynolds stresses. As the known
experimental data [2, 3] testify to the presence of self-similar regimes in
the far zone of the round turbulent jet, we have found self-similar so-
lutions of the model. Reduced system of ordinary differential equations
has been solved numerically. We have used modified shooting method
and asymptotic expansion of the solution in the vicinity of the singu-
lar point. The calculated results are in reasonable agreement [4] with
experimental data [2, 3] and numerical results [1].
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Semi-analytical investigation of unsteady
free-boundary flows

E. Karabut1,2, E. Zhuravleva1,2

1Lavrentyev Institute of Hydrodynamics SB RAS, Novosibirsk, Russian
Federation;

2Novosibirsk State University, Novosibirsk, Russian Federation

The methods which are intermediate between purely analytical and purely
computational ones belong to a semi-analytical group, according to the
classification by M. Van Dyke. They are mainly the methods of pro-
cessing the series and sequences. This group comprises the well-known
algorithms based on the Padé approximants and continuous fractions as
well as convergence acceleration algorithms, Domb-Sykes test, etc.

The authors use this technique to investigate potential unsteady flow
of an ideal incompressible inviscid free-boundary liquid. A general prob-
lem which may be solved using power series in time consists in finding
deformations of the domain occupied by a liquid if pressure of the bound-
ary is constant (surface tension is absent). An initial configuration of the
domain and an initial velocity field are assumed to be known. Conformal
mapping of the fixed domain onto the flow region is sought in the form of
power series or the Laurent series. About a thousand of terms of a series
with length of mantissa 1300 decimals are found. Series are summed by
using the technique proposed in [1]. The change of variables of special
form with subsequent Padé summation is used. The free boundary, ve-
locity characteristics and other parameters of the flow at each moment
of time are found.

The proposed model seems to be very promising. Although compli-
cated in terms of application, it admits a deep research of the problem. It
allows a free surface to be constructed for large times and the appearance
of singularities on it to be recorded.

This work was supported by the Russian Science Foundation No. 14-
19-01633.
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Certain exact solutions for the porous medium
equation

A. L. Kazakov, A. A. Lempert, Sv. S. Orlov

Matrosov Institute for System Dynamics and Control Theory, Irkutsk,
Russian Federation

We consider a well-known nonlinear parabolic second-order equation. In
the literature it is called “the porous medium equation” [1].

ut = uuρρ +
1

σ
u2
ρ +

ν

ρ
uuρ, ν ∈ {0, 1, 2}, σ ∈ R>0, (1)

where u
def
= u(t, ρ) is the unknown function, t ∈ R>0 is the time, ρ ∈ R>0

is the spatial variable. This equation has several applications. The main
ones are polytropic gas filtration through the porous medium and the
heat propagation.

The values of parameter ν = 0, 1, 2 give rise to equations describing
the cases of planar, cylindrical (axial) and spherical symmetry, respec-
tively.

We construct solutions of Eq. (1) in the form of “filtering waves”,
which propagate through a zero background with a finite velocity. In
other words, we look for nontrivial function u = u(t, ρ), u|ρ=f(t) = 0.
The function ρ = f(t) is called “filtering front”.

From a physical point of view the filtering waves are important and
interesting solutions of the nonlinear heat equation.

Previously two boundary value problems of a special form, generating
solutions such as filtering wave for Eq. (1) were studied in [2, 3]. The
first one is Sakharov problem of the initiation of a heat wave and the
second one is the so-called “inverse” problem, where the law of motion
of heat wave front is given.

In this paper we study the question of the existence and properties of
some exact solutions of Eq. (1). Their construction reduces to solving of
the Cauchy problem for ordinary differential equations with a singularity
at the highest derivative. The theorem which guarantees the existence
and uniqueness of solutions of these problems in the class of analytic
functions is proved. In some special cases, the domain of existence of
such solutions were estimated.
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Illustrating numerical calculations are carried out. They allow to
specify the domain of existence of smooth solutions of the considered
problems.

The reported study was particulary funded by RFBR according to the
research projects No. 16-01-00608 and No. 16-31-00291.
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Homogenization and simulation for a
non-equilibrium two-phase flow in double

porosity media
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We study an immiscible incompressible non-equilibrium two-phase, such
as water-oil, flow through an ε-periodic double porosity media. The
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mesoscopic model consists of equations derived from the mass conser-
vation laws of both fluids, along with a generalized Darcy law in the
framework of Kondaurov’s non-equilibrium flow model. The mobility
functions as well as the capillary pressure function for the matrix part
of the porous medium are the functions of the saturation and an ad-
ditional non-equilibrium parameter, which satisfies a kinetic equation
coming from the definition of the Helmholtz free energy. The fractured
medium consists of periodically repeating homogeneous blocks and frac-
tures, where the permeability ratio of matrix blocks to fracture planes
is of order ε2. Using the method of two-scale asymptotic expansions we
derive the macroscopic model of the flow which is written in terms of
the homogenized phase pressures, saturation, and the non-equilibrium
parameter. Assuming that the non-equilibrium phenomena occur in the
matrix blocks, only, in a mathematically rigorous way, we show that the
homogenized model can be represented as usual equations of two-phase
incompressible immiscible flow, except for the addition of two source
terms calculated by a solution to a local problem being a boundary
value problem for a non-equilibrium imbibition equation given in terms
of the real saturation and a non-equilibrium parameter. The results of
numerical simulation of the immiscible incompressible non-equilibrium
two-phase flow are also presented.

On the Morse-Sard theorem for the sharp case
of Sobolev mappings and applications in fluid

mechanics

M. V. Korobkov
Sobolev Institute of Mathematics SB RAS, Novosibirsk, Russian

Federation;
korob@math.nsc.ru

The first part of talks is based on joint papers [1]–[3]. We establish
Luzin N - and Morse–Sard properties for mappings f : Rn → Rm of the
Sobolev–Lorentz class Wk

p,1 with k = n −m + 1 and p = n
k (this is the

sharp case that guaranties the continuity of mappings; for values k =
n, p = 1 the Sobolev–Lorentz class Wn

1,1(Rn) coincides with the usual
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Sobolev space Wn
1 (Rn)). Using these results we prove that almost all

level sets of f are finite disjoint unions of C1–smooth compact manifolds
of dimension n−m (despite of the fact that f itself is not C1 ) .

These results helped in mathematical fluid mechanics — for the so-
called Leray’s problem, which remained open for more than 80 years
(starting from the publication of the famous paper of Jean Leray 1933 [7] ).
Namely, for plane and axially symmetric spatial flows the existence theo-
rem was proved for boundary value problem of stationary Navier-Stokes
equations in bounded domains under necessary and sufficient condition
of zero total flux (see joint papers [4]–[6]).

Recall that according to the mass conservation law the total flux (i.e.
the amount of fluid flows through all the boundary components of the do-
main) should be zero, it is a necessary condition of solvability. However,
J. Leray proved the existence of a solution under a stronger assumption
that the flow of fluid through each component of the boundary is zero
(this condition means the lack of sources and sinks). The case when the
boundary value satisfies only the necessary condition of zero total flux
(i.e. when the sources and sinks are allowed) was left open by him and
the problem of existence (or nonexistence) of a solution for such case is
known in the scientific community as Leray’s problem.

The research of M.V. Korobkov was partially supported by the Rus-
sian Foundation for Basic Research (Grant No. 15-01-08275).
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Unsteady free surface flow over a moving
obstacle

V. K. Kostikov1,2 and N. I. Makarenko1,2

1Lavrentyev Institute of Hydrodynamics, Novosibirsk, Russia
2Novosibirsk State University, Novosibirsk, Russia

A problem on generation of unsteady nonlinear waves on the surface of
an infinitely deep ideal fluid due to the motion of a submerged body is
considered. The initial formulation of the problem is reduced similarly
to the papers [1-3] to an integral-differential system of equations for
the functions defining the free surface shape, the normal and tangential
components of velocity on the free boundary. Small-time asymptotic
solution is constructed for the case of circular- or elliptic cylinder that
moves with a constant acceleration from rest. The role of non-linearity is
clarified by the analysis of the formation mechanism of finite amplitude
waves in comparison with linear approximation obtained analytically and
numerically.

This work was supported by the RFBR grant No 15-01-03942.
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Figure 1: Vertical motion of circular cylinder: (a) the shape of free sur-
face at the dimensionless time t = 0.8 and (b) the free surface elevation
at x = 0 predicted by the non-linear approximation (solid line) and by
the linear theory (dashed line).
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Mixing layer evolution for a viscous Hele-Shaw
flow

P. Kovtunenko1,2
1Lavrentyev Institute of Hydrodynamics SB RAS, Novosibirsk, Russian

Federation;
2Novosibirsk State University, Novosibirsk, Russian Federation.

Gap-averaged shear flows of a weakly-compressible fluid in a Hele-shaw
cell are described by the following system of equations [1]

(ρu)t + (βρu2 + p)x + (βρuv)y = −µu,

(ρv)t + (βρuv)x + (βρv2 + p)y = −µv,

ρt + (uρ)x + (vρ)y = 0,

(ρc)t + (uρc)x + (vρc)y = 0.

(1)

Here ρ is the density, u and v are the horizontal velocity vector compo-
nents, p is the pressure and c is the concentration. The dependencies
p = p(ρ) and µ = µ(c) are given, the constant β = 6/5. The concentra-
tion varies from zero to unity. In this work, the evolution of a mixing
layer that occurs between two other layers of fluids with different viscosi-
ties µ1 and µ2 and moving with different velocities along the x-axis is
investigated. These layered flows of fluids were considered in the frame-
work of the model (1) in [1, 2], but the effect of viscosity on the mixing
layer evolution has not been studied. To achieve this, a one-dimensional
model of the viscous fluid flow is constructed using an approach devel-
oped in [3], which is based on the theory of multi-layered shallow water
with mass transfer. This model is derived under assumption that the
flow has a three-layered structure, namely, that the mixing middle layer
is pinched between two other layers in which the velocity component u
does not depend on the variable y. A special averaged “shear” velocity
is used to describe the processes in the mixing layer. Stationary solu-
tions of this one-dimensional model are constructed and their structure
is investigated, as well as their asymptotic behavior. Non-stationary
solutions of this one-dimensional model are obtained numerically. The
model is verified through comparison to a direct two-dimensional numer-
ical experiment based on the system of equations(1). The influence of
the viscosity has been studied throughout all the numerical experiments.
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This work was supported by the Russian Foundation for Basic Re-
search (project No.16-01-00156).
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Solubility of non-steady equations of viscous
compressible multifluids

A. E. Mamontov, D. A. Prokudin

Lavrentyev Institute of Hydrodynamics of the Siberian Branch of the
Russian Academy of Sciences, Novosibirsk, Russian Federation.
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We consider the equations of barotropic motion of a viscous compressible
multifluid with N > 1 constituents. The derivation of the model is based
on the ideas formulated in [1] and [2]. Namely, we write the continuity
and momentum equations for each constituent:

∂ρi
∂t

+ div (ρiv) = 0, i = 1, . . . , N, (1)

∂(ρiui)

∂t
+ div (ρiv ⊗ ui) +∇p(ρ) = div Si + ρif i, i = 1, . . . , N, (2)

where ρi is the density and ui is the velocity of the i-th constituent,

v = 1
N

N∑
i=1

ui is the average velocity of the multifluid, p is the total

pressure driven by the total density ρ =
N∑
i=1

ρi; Si is the stress tensor, and
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the vectors f i are known fields of external forces. Interaction between
the constituents takes place, in particular, via the viscous terms

Si =

N∑
j=1

(
2µijD(uj) + λij(divuj)I

)
, i = 1, . . . , N,

where D is the strain tensor, I is the unit tensor, and the given constant
viscosity coefficients form matrices {λij}Ni,j=1 and {µij}Ni,j=1. These ma-
trices are not supposed to be diagonal, that presents the main detail
which differs the model from the well-developed theory of one-component
viscous compressible fluids, and which do not allow to extend automat-
ically the well-known results on the multifluid case [3].

We will present an existence theorem for the initial boundary value
problem for the equations (1), (2), discuss the perspectives and difficul-
ties in the further development of the theory. Some of the results are
published or are ready for publication in [4, 5, 6].

This work is supported by Russian Scientific Foundation (project No.
15-11-20019).

References

1. Nigmatulin R.I. Dynamics of Multiphase Media. Vol. 1, Hemisphere,
N.Y., 1990.

2. Rajagopal K.L., Tao L. Mechanics of Mixtures. Series on Advances
in Mathematics for Applied Sciences, V. 35, World Scientific, River
Edge, NJ, 1995.

3. Mamontov A.E., Prokudin D.A. Viscous compressible multi-fluids:
modeling and multi-D existence // Methods and Applications of Anal-
ysis. 2013. V. 20, Is. 2. P. 179–195.

4. Mamontov A.E., Prokudin D.A. Solubility of initial boundary value
problem for the equations of polytropic motion of multicomponent
viscous compressible fluids // Siberian Electr. Math. Reports. 2016.
V. 13. P. 541–583 (in Russian).

5. Prokudin D.A., Krayushkina M.V. Solvability of steady boundary
value problem for a model system of equations of barotropic motion
of a mixture of viscous compressible fluids // Journal of Applied and
Industrial Mathematics. 2016. V. 19, Is. 3. P. 55–67 (in Russian).



Mestnikova A. A., Starovoitov V. N. 43

6. Mamontov A.E., Prokudin D.A. Solvability of unsteady equations
of multicomponent viscous compressible fluids // To appear in:
Izvestiya: Mathematics, 2016.

Solvability of the problem of a free surface
potential flow of an ideal fluid caused by a

singular sink

A. A. Mestnikova1,2, V. N. Starovoitov1,2

1Lavrentyev Institute of Hydrodynamics, Novosibirsk, Russian
Federation;

2Novosibirsk State University, Novosibirsk, Russian Federation

A two-dimensional problem of a potential free-surface flow of an ideal
incompressible fluid caused by a singular sink is considered. The sink
is placed at the horizontal bottom of the channel. By employing a con-
formal mapping, the problem is equivalently rewritten in the unit circle.
After that, it is investigated by the Levi-Civita technique with the ex-
traction of the singular part of the flow that corresponds to the sink.

We derive a Nekrasov type equation that exactly describes the form of
the free boundary. The solvability of this strongly nonlinear integral
equation is investigated by using the Schauder fixed point theorem and
by the contraction map principle. In order to get the necessary estimates
we employ the Fourier analysis. It is shown that for the Froude number
greater than some particular value, there exists a unique solution of the
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problem such that the free surface decreases monotonically when moving
from the infinity to the sink. At the point over the sink, the free surface
has a cusp.

Spectra and stability of the incompressible
open flows

A. B.Morgulis1,2, K. I. Ilin3

1 Southern Federal University, Rostov-on-Don, Russian Federation
2 Southern Mathematical Institute of the Vladikavkaz Scientific Center

of the Russian Academy of Sciences;
3 The University of York, Heslington, York, UK.

This communication is concerned with the open flows (Fig. 1). By def-
inition, such flow is confined within some domain through which the
total mass flux is not equal to zero. In turn, the mass flux can sup-
ply the energy and vorticity to the flow and withdraw them from it.
This interplay sometimes turns out to be capable of producing a kind
of dissipation which persists even in the limit of vanishing viscosity. In
particular, some inviscid open flows can be ‘stable’ in the sense that their
spectra are not just neutral but consist of complex numbers the real parts
of which are strictly negative. Plenty of such flows does exist in the fi-
nite planar channels, provided it is supposed that the perturbations are
planar too and the governing equations are endowed with the Yudovich
boundary conditions [1]-[3]. This communication is focused upon the dif-
ferent flow geometry. Namely, we consider the flows confined within two
topologically equivalent surfaces such as planes, or cylinders, or spheres,
or tori, and more common boundary conditions for the flow velocities.
In addition, the velocity is supposed to be transversal to the boundary
everywhere. For such flows we’ll cover 3D stability issues as well as the
asymptotic of high Reynolds number (which is defined with the use of
the total mass flux). The flows introduced in [4] will be discussed in
detail.
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Figure 2: Sketch of an open flow
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Generalized concept of long-wave
approximation applicable for modeling wave

flows with hydraulic bores

V. V. Ostapenko
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Shallow water equations were derived from the continuity and Euler
equations under the assumption that the flow is potential and the char-
acteristic depth H of the flow is much smaller than the characteristic
length (horizontal size) L of the wave

ε = H2/L2 � 1. (1)

It follows from inequality (1) that space derivatives of the flow depth h(x, y, t)
satisfies conditions

hx ≤ O(
√
ε), hy ≤ O(

√
ε). (2)

At the same time, the equations of the shallow water theory are used
not only to describe slowly changing flows with a smooth free surface
such as flood flows in rivers. They are also widely used for modeling fast
wave processes associated with propagation of hydraulic bores generated
by total or partial dam breaks or by the impact of large sea tsunami-
type waves on a shallow area and an inclined shore. In this case, these
equations are used in the form of a hyperbolic system of conservation
laws with convex extension, which admits discontinuous solutions with
shock waves used to model hydraulic bores of real flows. As the width
(transverse size) of the shock wave front is equal to zero, we have a
contradiction with conditions (2) of the long-wave approximation of the
shallow water theory.

In this work we explain this paradox of the shallow water theory
by the deriving of basis equations of this theory from multidimensional
integral conservation laws, which describe the flow of an ideal incom-
pressible fluid above a horizontal bottom. By means of this deriving it is
introduced the generalised concept of long-wave approximation proving
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applicability of the shallow water theory to modeling of wave flows with
hydraulic bores.

About the stability of capillary waves

A. G.Petrov
Institute for Problems in Mechanics of RAS, Prospect Vernadskogo,

Dom 101, Kor. 1, 119526 Moscow, Russia.
petrov@ipmnet.ru

G.D. Crapper in 1957 constructed the exact solution for a family of
capillary waves [1]. R. Tiron and W. Choi in [2] studied the linear
stability of the exact deep-water capillary wave solution of Crapper sub-
jected to two-dimensional perturbations. By linearizing a set of exact
one-dimensional non-local evolution equations, a stability analysis was
performed with the help of the Floquet theory.

We propose an alternative analytical Lyapunov direct method for
studying the Crapper solution stability. The surface of the wave is de-
scribed with the help of the Laurent series coefficients of the conformal
mapping of one period of the wave onto the interior of a unit circle (the
Stokes coefficients). As the generalized coordinates are considered the
countable number of parameters that determine the form of the wave.
The sum of their squares is the potential energy and through them the
Stokes coefficients can be expressed. The dynamic equations for the cap-
illary waves are presents as an infinite chain of Euler-Lagrange equations
for the generalized coordinates introduced. The stationary solution of
these equations found is the G.D. Crapper solution. With the help of
the energy and momentum conservation laws the Lyapunov function, de-
pending on the generalized coordinates, is built. The stability problem
with respect to any perturbations of the wave surface with the period
multiple of the wave length is reduced to the minimization problem of a
function of general coordinates, found analytically.
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On the characteristics for 3-d system of
equations for incompressible viscoelastic

Maxwell medium

A.G.Petrova

Altai State University, Barnaul, Russian Federation

Nonstationary motion of incompressible viscoelastic Maxwell continuum
with a constant relaxation time is under consideration. In the the as-
sumptions and denotations of [1] the motion equations can be written
down in the form:

divv = 0; ρ(vt + v · ∇v) = −∇p+ divS; τ
d̃S

dt
+ S = 2µD. (1)

Invariant or objective derivative d̃S/dt of the tensor can be the upper
or lower convective derivative or the corotational Jaumann derivative.
In the general case of three-dimensional motion the system (1) contains
ten quasilinear differential equations and has mixed type. The general
theory for initial-boundary problems has not been constructed yet even
in two-dimensional case.

Let the equality ϕ(x, y, z, t) = 0 specify the characteristic surface
of system (1). The equations of characteristics were found with the
use of MAPLE. In the case of two-dimensional flow characteristics do
not depend on the choice of derivative of the tensor. In the case of
thee-dimensional flow the system always has two complex characteristics
satisfying the equation

ϕ2
x + ϕ2

y + ϕ2
z = 0

and fourfold trajectory characteristic given by the equation

ϕt + uϕx + vϕy + wϕz = 0.
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Remaining characteristics can differ. The simplest equation of character-
istics has the system with the upper convective derivative. In addition to
above mentioned characteristics it possesses two twofold characteristics
satisfying the equation(

(a+µ/τ)ϕ2
x+(d+µ/τ)ϕ2

y+(h+µ/τ)ϕ2
z+2bϕxϕy+2cϕxϕz+2gϕyϕz

− %(ϕt + uϕx + vϕy + wϕz)
2
)2

= 0.

The possibilities for the correct statements of initial-boundary value
problems are under consideration.
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Symmetric solutions of the Leray problem
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Stationary boundary value problem for the Navier-Stokes equations of
an incompressible fluid in a domain with multiple boundary components
is considered. Velocity vector on the boundary is given. Solvability of
this problem has been proven by Jean Leray (1933) under an additional
condition of zero flux through each connected component of the flow do-
main boundary. He used arguments from contradiction and did not give
a priory estimate of solution. This estimate was obtained by E. Hopf
(1941) under the same condition concerning fluxes. The following prob-
lem is open up to now: if exists a solution of the flux problem, when only
the necessary condition of total zero flux is satisfied? For small fluxes
values, solvability of three dimensional problem was established inde-
pendently by H. Fujita and R. Finn (1961). H. Fujita and H. Morimoto
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(1995) proved existence theorem for flows, which are close to potential
ones. M.V. Korobkov, K. Pileckas and R. Russo (2011-2015) gave the
positive solution of the flux problem for planar and axially symmetric
flows without restrictions on the flux values. The present communica-
tion is devoted to consideration of Leray problem in the domain of a
spherical layer type. We obtained an a priori estimate of solution under
following additional conditions: the flow has a symmetry plane; the flux
through the inner domain boundary is positive. This estimate implies
solvability of the problem. Condition on the flux sign can be omitted if
we suppose that the flow has two planes of symmetry. Moreover the ex-
istence theorem takes place in the case, when the flow domain boundary
has several components each of which is intersected by both symmetry
planes.

Global/entire smooth solutions of the Euler
system of a compressible fluid

D. Serre
UMPA, UMR CNRS–ENS Lyon # 5669

École Normale Supérieure de Lyon
46, allée d’Italie, F–69364 Lyon, cedex 07

Twenty years ago, M. Grassin and I were able to construct global smooth
solutions of the Euler system of an inviscid compressible fluid, for appro-
priate initial data of finite mass and energy. In even space dimension, we
actually found entire solutions, defined for every real time. On the con-
trary, Lax’s calculus along the characteristics show that entire smooth
solutions don’t exist in one-space dimension. Since then, the question
whether they exist or not in higher odd dimension remained open. We
are now able to settle this question. This leads us to an evidence of the
relevance of T.-P. Liu’s “physical singularity” at the boundary with vac-
cuum. This singularity turns out to be the counterpart os shock waves
as the density vanishes.
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Equations of steady flows of the
Cosserat-Bingham fluid

V. Shelukhin
Lavrentyev Institute of Hydrodynamics of SB RAS, Novosibirsk,

Russian Federation
shelukhin@hydro.nsc.ru

The equations for Cosserat–Bingham fluids are considered and existence
of a weak solution for steady flows is proved for a the three-dimentional
boundary-value problem with the use of the Lipschitz truncation argu-
ment. In contrast to the classical Bingham fluid, the micropolar Bing-
ham fluid supports local micro-rotations and two types of plug zones.
Our approach is based on an approximation of the constitutive relation
by a generalized Newtonian constitutive relation and a subsequent lim-
iting process.

Structure of roll waves in two-layer fluid

I. V. Stepanova1,2

1Novosibirsk State University, Novosibirsk, Russian Federation;
2Institute of Computational Modelling SB RAS, Krasnoyarsk, Russian

Federation

It is well known that the roll waves can occur in open inclined channels
and in horizontal channels under lid [1]. In this presentation we show
that a such regime can emerge and develop from small perturbations of
interface of two fluids due to difference between physical properties of
the upper and lower fluids.

We deal with two-layer flow in a long narrow channel under lid. We
use the mathematical model of Hele-Shaw flows proposed in [2] in order
to describe instability of flow leading to emergence of roll waves. The
critical physical parameters and depths where transition to roll wave
begins are found from the governing equations using Whitham criterion.
Numerical modelling of roll waves is carried out by means of the TVD
scheme of high order of accuracy. The calculation of interface position
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demonstrates the emergence of roll waves for physical parameters found
by means of theoretical analysis. The numerical analysis demonstrates
that roll waves move against the basic flow for liquids with close densities
while they move with the basic flow for liquids with different densities.
This case corresponds to gas-liquid media.

It is shown that roll waves can be found in the class of travelling
waves. They are two-parameter family of periodic discontinuous solu-
tions of the governing equations. We construct the diagram of roll waves
describing all possible admissible parameter of existence of this regime.

This is a jointly work with A. A. Chesnokov and V. Yu. Liapidevskii.
The work is supported by Russian Science Foundation (Project 15-11-
20013).

References

1. Liapidevskii V.Yu., Teshukov V.M. Mathematical Models of Prop-
agation of Long Waves in a Non-Homogeneous Fluid. Novosibirsk:
Siberian Branch of Russian Academy of Sciences, 2000 (in Russian).

2. Chesnokov A.A., Stepanova I.V. Stability analysis of shear flows in a
Hele-Shaw cell. // Appl. Math. Comput. 2015. V. 265. P. 320–328.

Effect of periodic external pressure on
inhomogeneous ice cover
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Ice cover is widely used in winter as crossroads and floating platforms
of different destination. The study of the deformation of a floating ice
sheet has also many applications in the polar regions. The behavior of
ice cover under dynamic action was studied enough for the infinite ice
sheet, covering the water surface completely. In reality, sea ice is strongly
inhomogeneous in composition and properties. Cracks, polynyas, and
hummocks are the characteristic irregularities of dense ice. In the case
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of inhomogeneous ice cover, there are only some examples of solutions
of particular problems.

In this report, three-dimensional flexural-gravity waves generated by
a local time-periodic external pressure on top of ice sheet are investigated
for two configurations, concerning: (i) a freely floating semi-infinite ice
sheet, and (ii) two semi-infinite ice sheets with different properties con-
nected by rectilinear partially frozen crack. The problems are solved in
the linear treatment. The fluid is assumed to be inviscid and incompress-
ible. In both cases, the fluid domain is of infinite horizontal extent and
finite depth. The uniform viscoelastic thin plates are used for modeling
of ice cover. The methods of the Fourier transformation and the Wiener
- Hopf technique are applied for analytic solution of theses problems. In
the case of two identical plates with a crack the solution is obtained in
the explicit form. The solutions in the shallow water approximation are
obtained too.

A good agreement of the amplitudes of the plate deflection and water
elevation for the good agreement of the amplitudes of the plate deflec-
tion and water elevation for the model of finite depth and shallow water
approximation is obtained in the cases of the small depth and low fre-
quencies of load. The behavior of amplitudes of the plate deflection and
water elevation in dependence on the frequency and the position of the
load center is analyzed. The asymptotic of wave spreading in the far
field is studied by the stationary phase method. There were found out
that in the cases of plates with different thicknesses or the contact of
plate with free surface the directions of preferred spreading of waves are
forming. In the case of the ice cover of constant thickness with a crack
the waveguide (edge) mode is excited. It is shown that in cases of plates
with free edges and free hinge the waveguide mode is the same because
the symmetric parts of solutions are identical. The distinction of solu-
tions is caused by anti-symmetrical parts of solutions. The waveguide
mode is most developed in the contact of ice sheet with a wall.

The problem on the local dynamic action of the elastic plate in con-
tact with the vertical wall is considered as an example of the interaction
of flexural-gravity waves in the ice cover with a solid structure. The
rectilinear edge of the plate can be clamped or free. The dependences of
the plate deflection and the bending moment on the load frequency and
the boundary conditions are studied.
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A linear approach of internal wave focusing

B. Voisin

Laboratoire des Écoulements Géophysiques et Industriels, CNRS &
Univ. Grenoble Alpes, Grenoble, France

bruno.voisin@legi.cnrs.fr

Internal gravity waves in density-stratified fluids share with inertial waves
in rotating fluids the property that, at a given oscillation frequency,
propagation takes place at a fixed angle to the vertical or rotation axis.
For annular forcing, such conical geometry gives rise to self-focusing
of the waves on the axis, some distance away from the annulus. This
mechanism, first noticed by Appleby & Crighton (J. Fluid Mech. 1987)
and Simakov (J. Fluid Mech. 1993; Wave Motion. 1994), has been
re-discovered by Bühler & Muller (J. Fluid Mech. 2007), Grisouard &
Bühler (J. Fluid Mech. 2012) and Le Dizès (J. Fluid Mech. 2015). In the
ocean, owing to the horizontal curvature of the bottom topography, it is
thought to account in part for the breaking and dissipation of internal
tides, and ensuing mixing.

We propose an asymptotic theory of internal wave focusing for a
circular annulus of vertical axis, major radius b and azimuthally vary-
ing minor radius a(ϕ), on the assumption that the annulus is slender,
namely of large aspect ratio ε = b/a. Each cross section admits of a
two-dimensional representation, and two separate approximations are
derived for the interference of the sections, valid at the global scale b of
the annulus and local scale a of the section, respectively. Based on them,
a uniform representation is proposed for the annulus and applied to two
particular cases: a torus of circular cross section, and circular Gaussian
topography at the ocean bottom. Both full axisymmetric and incomplete
partial tori are considered, and both axisymmetric and horseshoe-shaped
Gaussian topographies. The analysis is compared with the experiments
of Ermanyuk, Shmakova & Flór (“Internal wave focusing by a horizon-
tally oscillating torus”, submitted to J. Fluid Mech.) for the torus and
with the ray calculations of Bühler & Muller and numerical simulations
of Grisouard & Bühler for the topography.

Support by the Labex OSUG@2020 (Investissements d’avenir – ANR10
LABX56) and the Del Duca Foundation of the Institut de France is ac-
knowledged.
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Figure 3: Vertical velocity amplitude in experiment (left, from Ermanyuk
et al.) and theory (right) for a torus of aspect ratio ε = 9. The torus is of
vertical z-axis and oscillates along the horizontal x-axis; its cross sections
are visible at the top. Coordinates are non-dimensionalized based on the
minor radius a and velocities based on the velocity of oscillation.

Are equations of deep fluid with free surface
integrable?

V. E. Zakharov1,2,3,4,5
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4Laboratory of Nonlinear Wave Processes, Novosibirsk State
University, Novosibirsk, Russian Federation;
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The question on possible integrability of equation for an ideal incom-
pressible fluid with free surface in 2D space was formulated in 1991.
The answer is not yet obtained while arguments are accumulated in fa-
vor of this conjecture. These arguments are summarized in the presented
talk.
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