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CONTROL THEORY ASPECTS OF FINITE STATE MEAN FIELD
GAMES

Averboukh Yu.V.
Krasovskii Institute of Mathematics and Mechanics, Yekaterinburg,

Higher School of Economics, Moscow
averboukh@gmail.com

The talk is concerned with the study of the �nite state mean �eld games. Generally,
the mean �led game theory examines the behavior of systems of many identical players
those try to maximize their own utilities in the limit case when the number of players
tends to in�nity. The �nite state mean �eld games refers to the case when the the
players can occupy only �nite number of states and the dynamics of each player is
determined by the �nite state continuous-time Markov chain with the Kolmogorov
matrix Q(t,m, u), where t denotes time, m stands for the distribution of players,
whilst u is a control of a player. If we label the states by numbers from the set
{1, . . . , d}, Qi,j(t,m, u)∆t+ o(∆t) is the probability of transition from the state i to
the state j on the time interval [t, t + ∆t] under assumption that at the time t the
distribution of all players is equal to m, and the player uses the control u on this time
interval.

Our research is motivated by the epidemic model with players trying to maximize
their income complying or violating the quarantine restrictions. This can be formalized
as follows. Being in the susceptible state the individual can choose his/her control
equal either 0 or to 1. In this case the probability of transition to the infectious state is
(β0+β1u)i(t)∆t. Here, i(t) stands for the proportion of the individuals infected at time
t. The equality u = 0 implies that the individual complies the quarantine restrictions,
whilst the case u = 1 refers to the violation of these restrictions. Assuming that the
individuals' payo� depends also on the control parameter, we arrive at the �nite state
mean �eld game describing the epidemic model with quarantine restrictions.

The solution of the �nite state mean �eld game can be considered via boundary
value problem for the system of Bellman and Kolmogorov equations and the additional
condition providing the optimal control of the representative player. Notice that now
the Bellman and Kolmogorov equations are systems of ordinary di�erential equations.

In the talk I will discuss the derivation of the solution of the �nite state mean �eld
game using solutions of optimal control problems and attainability sets for certain
controlled systems.
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A. Litvinenko1∗, R. Kriemann2, and V. Berikov3,4

1 RWTH Aachen, Aachen, Germany
litvinenko@uq.rwth-aachen.de

2 Max Planck Institute for Mathematics in the Sciences (MiS) in Leipzig
rok@mis.mpg.de

3Sobolev Institute of Mathematics, Novosibirsk, Russia
berikov@math.nsc.ru

4Novosibirsk State University, Novosibirsk, Russia

Often, statistical data analysis implies expensive linear algebra operations with
large dense covariance matrices. After �xing the appropriate class of distributions,
the next step is to estimate unknown parameters and predict missing values. To do
it, we developed the hierarchical maximum likelihood estimation (H-MLE) procedure
[1]. H-MLE maximizes the joint Gaussian log-likelihood function, which depends on
a covariance matrix in a non-linear way [2,3]. Many expensive iterations are needed
to �nd the maximum of the log-likelihood function. On each iteration the Cholesky
factorisation, the matrix determinant and solving a linear system are necessary. To
speed up all these computations, the covariance matrix is approximated in the hierarchical
(H-) matrix format [Hackbusch'99]. Especially, the H-matrix technique is suitable in
cases when covariance matrices are dense and unstructured.

For validation purposes, we implemented three machine learning (ML) methods:
the k-nearest neighbors (kNN), random forest, and deep neural networks. From these
three ML methods, the best results (for the given datasets) were obtained by the kNN
method with three or seven neighbors depending on the dataset.

The developed H-matrix code and all datasets are freely available online
(https://github.com/litvinen/large_random_fields).

Acknowledgment. V. Berikov was supported by the state contract of the Sobolev
Institute of Mathematics (project no 0314-2019-0015) and by RFBR grant 19-29-
01175, A. Litvinenko by funding from the Alexander von Humboldt Foundation.
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The work develops methods for �nding the thermophysical parameters of a two-
layer soil. The study is based on a di�erence scheme for the equation of quasilinear
heat conduction. Two-layer containers have been created, the side edges of which are
thermally insulated. A complex of containers for measuring work was created and
sensors were installed to obtain values at two end borders, the environment and at
the border of two containers. This circumstance makes it possible to solve the inverse
coe�cient problem in each container independently of each other. Computational
experiments were carried out on the basis of the developed methods and measured
data. The results of which show the viability of the developed iterative methods. The
coe�cient inverse problems considered by us are the most undeveloped and practically
important problems. As noted in [1], the stability of these problems is worse than
the corresponding inverse problems for hyperbolic equations. In this regard, in this
work, methods for �nding all thermophysical parameters of a two-layer medium are
developed and the stability of the discrete problems under study is proved.

A quasilinear equation with initial-boundary conditions is considered:
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∂u
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=

∂

∂x

(
k (x)

∂u

∂x

)
, (1)

k (x)
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∣∣∣∣
x=0

= hins (u− uins (t))|x=0 , (2)

k (x)
∂u

∂x

∣∣∣∣
x=l

= −hout (u− uout (t))|x=l , (3)

u|t=0 = u0 (x) . (4)

Methods for �nding parameters of heat transfer, namely, the coe�cients of thermal
conductivity, heat capacity, heat transfer and density of a two-layer material have been
developed. Moreover, the convergence of the di�erence problem is proved [2].

The work has been supported by the grant no. AP08855955 of the Ministry of
Education and Science of Republic of Kazakhstan.
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The aim of this study is to discuss application of the CESTAC method and
the CADNA library to control the accuracy of the Adomian decomposition method
and the homotopy perturbation method to solve the linear and nonlinear Volterra
integral equations with discontinuous kernel. The importance of solving this problem is
because of its applications in the load leveling problems, energy storage with renewable
and diesel generation, charge/discharge storages control and others [1].

In general, the mathematical methods for solving the mentioned problem are based
on �oating point arithmetic and the accuracy of the method has been discussed using
the traditional absolute error which depends on the exact solution and also a positive
small value ε. But in real life problems we do not have the exact solution. Also, based
on this condition we will not be able to �nd more accurate approximations because
we do not have information about optimal ε. For small values of ε, the numerical
algorithm can not be stopped and extra iterations will be produced without improving
the accuracy. For large values of ε, the numerical algorithm will be stopped in initial
steps without producing enough iterations.

Because of the mentioned problems we apply a new termination criterion which
depends on two successive approximations. For this aim we apply the CESTAC
method and the CADNA library which are based on stochastic arithmetic. In this
condition, not only we do not need to have the exact solution but also we would be
able to identify the optimal approximation, optimal iteration and optimal error of
numerical procedure. Also, the CADNA library is applied as an important software
for this validation. The CADNA library should be done on the LINUX operating
system and its codes should be written using C, C++ or ADA codes [3].
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We consider the inverse scattering problem for the multidimensional Schrödinger
equation with smooth compactly supported potential v. We give explicit asymptotic
formulas for the Fourier transform v̂(p) at �xed p in terms of the scattering amplitude
f at n points at high energies. The precision of these formulas is proportional to n.
To our knowledge these formulas are new for n ≥ 2, whereas they reduce to the Born
formula at high energies for n = 1. This talk is based, in particular, on references [1]
and [2].
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In the last two decades, several distinct solution concepts for rate-independent
evolutionary systems driven by nonconvex energies have been suggested in an attempt
to model properly jump discontinuities in time. Under these circumstances, numerical
discretization schemes are needed that e�ciently and reliably approximate directly
that type of solution that one is interested in.

In this talk, we focus on a novel adaptive time-discretization scheme that is inspired
by and based on the local minimization approach of Efendiev and Mielke (2006).
We employ a Moreau�Yosida regularization to approximate inequality constraints
enforcing the local minimality. In an abstract in�nite-dimensional setting, we prove
the convergence of time-discrete solutions to functions that are parametrized balanced
viscosity solutions of the time-continuous problem provided that the discretization
and regularization parameters are chosen appropriately. We test our scheme on a
one-dimensional example and �nd a notable improvement compared with the original
version. This is a joint work with Dorothee Knees (University of Kassel).
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MICROLOCAL ANALYSIS OF FOURIER INTEGRAL OPERATORS
IN SCATTERING TOMOGRAPHY
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We present a novel microlocal analysis of generalized Radon transforms (which
are Fourier integral operators) that describe the integrals of L2 functions of compact
support over surfaces of revolution of C∞ curves q in Rn. We show that the Radon
transforms are elliptic Fourier Integral Operators (FIO) and provide an analysis of
the left projections ΠL. Our main theorem shows that ΠL satis�es the semi-global
Bolker Assumption if and only if g = q′/q is an immersion. An analysis of the visible
singularities is presented, after which we derive novel Sobolev smoothness estimates
for these generalized Radon FIO.

Our theory has speci�c applications in Emission Compton Scattering Tomography
(ECST) and Bragg Scattering Tomography (BST). We show that the ECST and
BST integration curves (or surfaces in R3) satisfy the semi-global Bolker Condition
and provide simulated reconstructions from ECST and BST data. Additionally we
give example �sinusoidal"integration curves which do not satisfy Bolker and provide
simulations of the image artifacts. The observed artifacts in reconstruction are shown
to align exactly with our predictions.

This is joint work with James Webber (Brigham and Women's Hospital, formerly
Tufts University)
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Â äàííîé ðàáîòå ðàññìîòðåíà ýêîíîìè÷íàÿ ìîäèôèêàöèÿ ìåòîäà ìîäåëèðîâà-
íèÿ ïóàññîíîâñêîãî òî÷å÷íîãî ïðîöåññà, ïîçâîëÿþùàÿ óìåíüøèòü òðóäîåìêîñòü
âû÷èñëåíèé â ðåçóëüòàòå óìåíüøåíèÿ ÷èñëà âûçîâîâ ãåíåðàòîðà ïñåâäîñëó÷àé-
íûõ ÷èñåë. Ìåòîä îñíîâàí íà ñâîéñòâå îðäèíàðíîñòè ïðîöåññà è èñïîëüçîâàíèè
ýêîíîìè÷åñêîãî ìåòîäà ìîäåëèðîâàíèÿ ñëó÷àéíûõ âåëè÷èí [1�3]. Ïðîâåäåíà ïðî-
âåðêà ñòàòèñòè÷åñêîé àäåêâàòíîñòè ìîäèôèöèðîâàííîãî ìåòîäà ñ ïîìîùüþ ðå-
øåíèÿ òåñòîâûõ çàäà÷. Ìåòîä ìîæåò áûòü èñïîëüçîâàí äëÿ ñòàòèñòè÷åñêîãî ðå-
øåíèÿ çàäà÷ àíàëèçà, ñèíòåçà è ôèëüòðàöèè ñèñòåì äèôôóçèîííî-ðàçðûâíîãî
òèïà [4].
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ONE NUMERICAL MODEL OF CIRCADIAN OSCILLATOR
Akinshin A.A., Ayupova N.B., Golubyatnikov V.P.

Sobolev institute of mathematics, Novosibirsk
vladimir.golubyatnikov1@fulbrightmail.org

In recent publication [1] we have obtained some conditions of existence of cycles in two
models of circadian oscillator, this is our biological clock. Now, in order to emulate
functioning of one of these models, represented in the form of 6-dimensional dynamical
system of the kinetic type, we have elaborated client-server application based on the
R-language and the Shiny package (https://shiny.rstudio.com/). It performs in the
cloud all calculation in this 6D model, and presents the results in a browser. See
https://andreyakinshin.shinyapps.io/clock-bmal1/

The numerical simulations are performed using the 'lsoda' solver from the Livermore
family, which automatically switches between sti� and non-sti� methods.

Ðèñ. 1: Projection of trajectory onto 2D-plane

The Figure 1 shows projection of one of its trajectories and its limit cycle onto
2D plane corresponding to a pair of complex eigenvalues of the linearization matrix
of this model at its equilibrium point.
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Ðàññìàòðèâàþòñÿ èíòåãðàëüíûå óðàâíåíèÿ ìàòåìàòè÷åñêîé ôèçèêè, êîòîðûå
ïðè ïåðåõîäå îò èíòåãðàëîâ ê ñóììàì ñâîäÿòñÿ ê ñèñòåìàì ëèíåéíûõ óðàâíåíèé
Xp = Gpv∆SXv + Xs

p, ãäå èíäåêñû îçíà÷àþò: p � òî÷êó íàáëþäåíèÿ, s � òî÷êó
èñòî÷íèêà, ν � òî÷êó â íåîäíîðîäíîñòè; ∆S � êâàäðàòíàÿ ìàòðèöà ôèçè÷åñêèõ
ïàðàìåòðîâ, èìåþùàÿ êâàçèäèàãîíàëüíûé (ïðèíöèïèàëüíî äëÿ äàëüíåéøèõ âû-

÷èñëåíèé) âèä ∆S =


∆S1 [0]

... [0]

[0] ∆S2

... [0]

· · · · · ·
... · · ·

[0] [0]
... ∆SN

, ãäå ïîäìàòðèöû ∆Sj åñòü òåíçîðû

èçáûòî÷íûõ ýëåêòðîìàãíèòíûõ ïàðàìåòðîâ (ðàçìåðíîñòè 6õ6 ýëåìåíòîâ; â îáùåì
ñëó÷àå, 36 ïàðàìåòðîâ) j-ãî ýëåìåíòà îáú¼ìà âñåé íåîäíîðîäíîñòè V , ñîñòîÿùåé
èç Nýëåìåíòîâ; Xs

p � ïåðâè÷íîå ïîëå îò èñòî÷íèêà â òî÷êå íàáëþäåíèÿ; Xv �
ïîëå â íåîäíîðîäíîñòè; Xp � ïîëå â òî÷êå íàáëþäåíèÿ (êàê ðàçíîñòü ïîòåíöèà-
ëîâ); Gpv � ïåðåäàòî÷íàÿ ìàòðèöà îò íåîäíîðîäíîñòè â òî÷êó íàáëþäåíèÿ. Íàé-
äåì ïîëå â íåîäíîðîäíîñòÿõXv = Gvv∆SXv+Xs

v, îòêóäàXv = ([1]−Gvv∆S)
−1

Xs
v.

Ñëåäîâàòåëüíî Xp = Gpv∆SXv + Xs
p = Gpv∆S([1]−Gvv∆S)

−1
Xs
v + Xs

p. Çäåñü Xs
v

� ïîëå îò èñòî÷íèêà â íåîäíîðîäíîñòü � âû÷èñëÿåòñÿ ÷åðåç ôóíêöèþ Ãðèíà
âìåùàþùåé ñðåäû, Xs

p � ïåðâè÷íîå ïîëå â òî÷êå íàáëþäåíèÿ � âû÷èñëÿåòñÿ
÷åðåç ôóíêöèþ Ãðèíà âìåùàþùåé ñðåäû. Äëÿ êîíêðåòíîãî èñòî÷íèêà ñ íîìå-
ðîì k èìååì Xp

k = Gpv∆S([1]−Gvv∆S)
−1

Xsk
v + Xsk

p = Gpv(∆S
−1 −Gvv)

−1
Xsk
v +

Xsk
p . Èñïîëüçóÿ äîïîëíèòåëüíûå èñòî÷íèêè, ââåäåì ñîñòàâíûå ìàòðèöû X =

[Xp
1,X

p
2,X

p
3, ...], Y = [Xs1

v ,X
s2
v ,X

s3
v , ...], Z = [Xs1

p ,X
s2
p ,X

s3
p , ...]. Ïåðåéäåì îò

âåêòîðíîé ñèñòåìû óðàâíåíèé ê ìàòðè÷íîé X = Gpv(∆S
−1 −Gvv)

−1
Y + Z. Äëÿ

ïåðåîïðåäåëåííîé è íîðìàëüíî îïðåäåëåííîé ñèñòåìû, èç öåïî÷êè óðàâíåíèé
X = Gpv(∆S

−1 −Gvv)
−1
Y + Z, X − Z = Gpv(∆S

−1 −Gvv)
−1
Y , Gpv

T (X − Z) =

Gpv
TGpv(∆S

−1 −Gvv)
−1
Y , (Gpv

TGpv)
−1
Gpv

T (X − Z) = (∆S−1 −Gvv)
−1
Y , (∆S−1 −

Gvv)(G
p
v
TGpv)

−1
Gpv

T (X − Z) = Y , ïîëó÷èì ∆S−1(Gpv
TGpv)

−1
Gpv

T (X − Z) = Y +

Gvv(G
p
v
TGpv)

−1
Gpv

T (X−Z). Ïàðàìåòðû ñðåäû ìîãóò áûòü âû÷èñëåíû äëÿ êàæäîé
÷àñòîòû, ÷òî ïîçâîëÿåò îïðåäåëÿòü ÷àñòîòíóþ çàâèñèìîñòü ýëåêòðîìàãíèòíûõ
ïàðàìåòðîâ ãîðíîé ïîðîäû.

Èññëåäîâàíèÿ âûïîëíåíû â ðàìêàõ ãîñ. çàäàíèé ÈÔÇ èì. Î.Þ. Øìèäòà ÐÀÍ
� 0144-2014-0111 è ÑÏÃÓ � FSRW-2020-0014.
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DETERMINATION OF THE NONLINEAR DIFFUSION
COEFFICIENT OF SOIL
Rysbaiuly B. and Alpar S.
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rysbaiuly.b@gmail.com

An iterative method for determining the nonlinear di�usion coe�cient of soil
moisture is developed. The conjugate di�erence problem is constructed and a priori
estimates for the discrete problem are obtained. These estimates ensure the boundness
of the approximate value of the di�usion coe�cient of soil moisture. The monotonicity
of the minimizing functional is proved by solving an auxiliary di�erence problem.

In the region Q = (0, H) × (0, T ) the following initial-boundary value problem is
studied:

∂W

∂t
=

∂

∂z

[
D (W )

∂W

∂z
+A

∂2W

∂t∂z

]
, (z, t) ∈ Q (1)

W (z, 0) = W (z) , z ∈ [0, H] , (2)

∂W (0, t)

∂x
= 0,

(
D (W )

∂W

∂z
+A

∂2W

∂t∂z

∣∣∣
z=H

)
= f (t) , t ∈ (0, T ) (3)

Here f (t) is a moisture �ow on the Earth surface and W is the soil moisture. In
addition, there is a measured value of soil moisture on the surface of the Earth given
by

W (H, t) = Wq (t) , t ∈ (0, T ) (4)

It is required to �nd the capillary positive coe�cient D(W ) of soil di�usion and the
moisture distribution W in soil.

The work has been supported by grant funding for projects of the Ministry of
Education and Science of the Republic of Kazakhstan (grant AP08855955).
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Ðàíåå áûëà ïðåäëîæåíà êèíåòèêî-ïåðåíîñíàÿ ìîäåëü äëÿ èçó÷åíèÿ ïðîñòðàí-
ñòâåííîãî ðàñïðîñòðàíåíèÿ COVID-19 è ïîëó÷åíû ðåçóëüòàòû, êîòîðûå ñðàâíè-
âàëèñü ñ èçâåñòíûìè äàííûìè íà ïðèìåðå íåêîòîðûõ ñòðàí [1]. Â íàñòîÿùåé
ðàáîòå ýòà ìîäåëü ïðèìåíÿåòñÿ äëÿ îïèñàíèÿ ïàíäåìè÷åñêèõ âîëí â Ðîññèè. Ïî-
ëó÷åííûå ðàíåå çàêîíîìåðíîñòè äëÿ ïåðâîé âîëíû è ïîëó÷èâøèå ïîäòâåðæäåíèå
äëÿ âòîðîé âîëíû, ïðèìåíÿþòñÿ äëÿ òðåòüåé è ÷åòâåðòîé âîëí, íà îñíîâå ðå-
çóëüòàòîâ äåëàþòñÿ ïðåäñêàçàíèÿ è äëÿ ïîñëåäóþùèõ âîçìîæíûõ âîëí. Ïðèìå-
íÿåìàÿ ïðîñòàÿ îäíîìåðíàÿ ìîäåëü ó÷èòûâàåò õàðàêòåð çàðàæåíèÿ äëÿ Ðîññèè,
ïîñêîëüêó îñíîâíîé èñòî÷íèê îñíîâíûì è ïîñëåäóþùèìè øòàììàìè ñâÿçàí ñ
Ìîñêâîé. Ãåîãðàôè÷åñêèå îñîáåííîñòè Ðîññèè (òàêæå êàê è ðàññìàòðèâàâøèõñÿ
ðàíåå Èòàëèè è ×èëè) ïîçâîëÿåò ïðèìåíÿòü îäíîìåðíóþ ïî ïðîñòðàíñòâó ìî-
äåëü. Íà îñíîâå èçó÷åííûõ âíà÷àëå äàííûõ îïðåäåëåíû äâà îñíîâíûõ ïàðàìåò-
ðà ìîäåëè, ãëàâíûé èç êîòîðûõ õàðàêòåðèçóåò ñðåäíþþ ñêîðîñòü òðàíñïîðòíûõ
ñðåäñòâ, ñ êîòîðûìè ïåðåíîñèòñÿ çàðàæåíèå. Ñ íèì ñâÿçàíà âåëè÷èíà çàïàçäû-
âàíèÿ ïðîíèêíîâåíèÿ âîëíû â îáëàñòè Ðîññèè - èçó÷àëèñü ðåãèîíû ê âîñòîêó îò
Ìîñêâû. Òàêæå ýòî ïîçâîëÿåò ñóäèòü î ñäâèãå âî âðåìåíè íà÷àëà âûçäîðîâëåíèÿ,
÷òî ñîîòíîñèòñÿ ñ ìàêñèìóìîì çàðàæåíèÿ â äåíü. Áûëè ñäåëàíû ïðåäñêàçàíèÿ î
íà÷àëå âûçäîðîâëåíèÿ äëÿ âñåé Ðîññèè ïî íà÷àëó âûçäîðîâëåíèÿ äëÿ Ìîñêâû: ïî
âû÷èñëåíèÿì ýòîò ñäâèã äîëæåí ñîñòàâëòü îêîëî 3-õ íåäåëü. Äëÿ òðåòüåé âîëíû
íà÷àëî òàêîãî ïðîöåññà äëÿ Ìîñêâû ïðèøëîñü íà ñåðåäèíó òðåòüåé äåêàäû èþíÿ,
ïðîãíîç î íà÷àëå âûçäîðîâëåíèÿ äëÿ Ðîññèè â öåëîì ê ñåðåäèíå èþëÿ îïðàâäàë-
ñÿ. Àíàëîãè÷íî äëÿ ÷åòâåðòîé âîëíû òàêèìè äàòàìè îêàçàëèñü ñåðåäèíà òðåòüåé
äåêàäû îêòÿáðÿ è ñåðåäèíà íîÿáðÿ. Ïðåäñòàâëåíû àíàëèòè÷åñêèå è ÷èñëåííûå
ðåøåíèÿ, ñîïîñòàâëÿåìûå ñ ðåàëüíûìè äàííûìè. Ðàçâèâàåòñÿ òàêæå è äâóìåð-
íàÿ ìîäåëü, êîòîðàÿ ìîæåò ïîçâîëèòü ïîäðîáíî èññëåäîâàòü ïðîñòðàíñòâåííîå
ðàñïðîñòðàíåíèå ïàíäåìèè íå òîëüêî äëÿ Ðîññèè, íî è äëÿ äðóãèõ ñòðàí.

ÑÏÈÑÎÊ ËÈÒÅÐÀÒÓÐÛ

1. Àðèñòîâ Â.Â., Ñòðîãàíîâ À.Â., ßñòðåáîâ À.Ä.Ïðèìåíåíèå ìîäåëè êèíåòè-
÷åñêîãî òèïà äëÿ èçó÷åíèÿ ïðîñòðàíñòâåííîãî ðàñïðîñòðàíåíèÿ COVID-19.
// Äîêëàäû Ðîññèéñêîé àêàäåìèè íàóê. Ôèçèêà, òåõíè÷åñêèå íàóêè. 2021,
Ò. 498, ñ. 27-32.



25 Åâðàçèéñêàÿ êîíôåðåöèÿ ïî ïðèêëàäíîé ìàòåìàòèêå

ÎÁ ÓÑÒÎÉ×ÈÂÎÑÒÈ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎ-ÐÀÇÍÎÑÒÍÎÃÎ
ÀÍÀËÎÃÀ ÇÀÄÀ×È ÈÍÒÅÃÐÀËÜÍÎÉ ÃÅÎÌÅÒÐÈÈ Ñ ÂÅÑÎÂÎÉ

ÔÓÍÊÖÈÅÉ
Áàêàíîâ Ã.Á., Ìåëäåáåêîâà Ñ.Ê.

Ìåæäóíàðîäíûé êàçàõñêî-òóðåöêèé óíèâåðñèòåò èìåíè Õ. À. ßñàâè
galitdin.bakanov@ayu.edu.kz, saule.meldebekova@ayu.edu.kz

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ äèôôåðåíöèàëüíî-ðàçíîñòíûé àíàëîã çàäà-
÷è èíòåãðàëüíîé ãåîìåòðèè äëÿ cåìåéñòâà êðèâûõ, óäîâëåòâîðÿþùèõ íåêîòîðûì
óñëîâèÿì ðåãóëÿðíîñòè.

Îòìåòèì, ÷òî íåîáõîäèìîñòü èññëåäîâàíèÿ äèôôåðåíöèàëüíî-ðàçíîñòíûõ è
êîíå÷íî-ðàçíîñòíûõ àíàëîãîâ çàäà÷ èíòåãðàëüíîé ãåîìåòðèè âïåðâûå áûëî âû-
ñêàçàíî àêàäåìèêîì Ì.Ì. Ëàâðåíòüåâûì, ñôîðìóëèðîâàíî èì êàê íîâîå ïåð-
ñïåêòèâíîå íàïðàâëåíèå. Ïîýòîìó, èññëåäîâàíèå äèôôåðåíöèàëüíî-ðàçíîñòíûõ
è êîíå÷íî-ðàçíîñòíûõ àíàëîãîâ çàäà÷ èíòåãðàëüíîé ãåîìåòðèè ÿâëÿåòñÿ àêòóàëü-
íîé ïðîáëåìîé. Âïåðâûå Ì. Ì. Ëàâðåíòüåâûì è Â. Ã. Ðîìàíîâûì áûëî ïîêàçàíî,
÷òî ðÿä îáðàòíûõ çàäà÷ äëÿ ãèïåðáîëè÷åñêèõ óðàâíåíèé ñâîäÿòñÿ ê çàäà÷àì èí-
òåãðàëüíîé ãåîìåòðèè[1]. Âåñüìà îáùèé ðåçóëüòàò ïî åäèíñòâåííîñòè è îöåíêàì
óñòîé÷èâîñòè äëÿ ñïåöèàëüíîãî ñåìåéñòâà êðèâûõ áûë ïîëó÷åí Ð.Ã. Ìóõîìåòî-
âûì. Ýòè îöåíêè óñòîé÷èâîñòè îñíîâàíû íà ñâåäåíèè çàäà÷è èíòåãðàëüíîé ãåî-
ìåòðèè ê ýêâèâàëåíòíîé åé êðàåâîé çàäà÷å äëÿ óðàâíåíèÿ ñ ÷àñòíûõ ïðîèçâîäíûõ
ñìåøàííîãî òèïà[2].

Â äàííîé ðàáîòå èñïîëüçóÿ ìåòîäèêó, ïðåäëîæåííîé â ðàáîòàõ [3]-[4] ïîëó-
÷åíà îöåíêà óñòîé÷èâîñòè äèôôåðåíöèàëüíî-ðàçíîñòíîãî àíàëîãà çàäà÷è èíòå-
ãðàëüíîé ãåîìåòðèè. Ýòè îöåíêè ìîãóò áûòü èñïîëüçîâàíû ïðè îáîñíîâàíèè ñõî-
äèìîñòè ÷èñëåííûõ ìåòîäîâ ðåøåíèÿ çàäà÷ ãåîòîìîãðàôèè, ìåäèöèíñêîé òîìî-
ãðàôèè, äåôåêòîñêîïèè è èìååò áîëüøîå ïðàêòè÷åñêîå çíà÷åíèå ïðè ðåøåíèè
ìíîãîìåðíûõ îáðàòíûõ çàäà÷ àêóñòèêè, ñåéñìîðàçâåäêè.
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Â ðàáîòå ðàññìàòðèâàåòñÿ âîïðîñ î êîððåêòíîñòè â ïðîñòðàíñòâàõ Ñîáîëåâà
îáðàòíûõ çàäà÷ îá îïðåäåëåíèè êîýôôèöèåíòà òåïëîîáìåíà íà ãðàíèöå ðàçäåëà
ñðåä, âõîäÿùåãî â óñëîâèå ñîïðÿæåíèÿ òèïà íåèäåàëüíîãî êîíòàêòà.

Ìû èññëåäóåì îáðàòíûå çàäà÷è îá îïðåäåëåíèè êîýôôèöèåíòîâ òåïëîïåðåäà-
÷è, âõîäÿùèõ â óñëîâèå ñîïðÿæåíèÿ. Ðàññìàòðèâàåòñÿ ïàðàáîëè÷åñêîå óðàâíåíèå
âèäà

Mu = ut − Lu = f(x, t), (x, t) ∈ Q = G× (0, T ), (1)

ãäå Lu =
∑n
i,j=1 aij(x, t)uxixj+

∑n
i,j=1 ai(x, t)uxi+a0(x, t)u,G ∈ Rn � îãðàíè÷åííàÿ

îáëàñòü ñ ãðàíèöåé Γ. Ñ÷èòàåì, ÷òî îáëàñòü G ðàçäåëåíà íà äâà îòêðûòûå ìíî-
æåñòâà G+ è G−, G− ⊂ G, G+∪G− = G,G+∩G− = ∅, ïîëîæèì Γ0 = ∂G+∩∂G−,
S0 = Γ0 × (0, T ), Q±τ = (0, τ) × G±, Si = (0, T ) × Γi, ãäå Γi (i = 1, 2, . . . , r0) �
êîìïîíåíòû ñâÿçíîñòè ìíîæåñòâà Γ0.

Óðàâíåíèå (1) äîïîëíÿåòñÿ íà÷àëüíî-êðàåâûìè óñëîâèÿìè:

Bu|S = g (S = Γ× (0, T )), u|t=0 = u0(x), (2)

ãäå Bu = u èëè Bu =
∑n
i,j=1 aij(x, t)nj

∂u
∂xi

+ σ(x, t)u è óñëîâèÿìè ñîïðÿæåíèÿ

B+
i u =

∂u+

∂N

∣∣
Si
−βi(u+ − u−)

∣∣
Si

= g+
i ,

∂u+

∂N

∣∣
Si

=
∂u−

∂N

∣∣
Si
, i ≤ r0 (3)

ãäå ∂u±

∂N (x0, t) = limx∈G±, x→x0∈Γ0

∑n
i,j=1 aij(t, x)uxiνj =

∑n
i,j=1 a

+
ij(t, x)u+

xiνj ,
u±xi = limx∈G±, x→x0∈Γ0

uxi(x, t), u
± = limx∈G±, x→x0∈Γ0

u(x, t),
a±ij = limx∈G±, x→x0∈Γ0

aij(x, t) è n, ν - âíåøíèå åäèíè÷íûå íîðìàëè ê Γ, ∂G−,
ñîîòâåòñòâåííî.

Ê óñëîâèÿì ñîïðÿæåíèÿ ìû äîáàâëÿåì óñëîâèÿ ïåðåîïðåäåëåíèÿ âèäà

u+(xi, t) = ϕi(t) (i = 1, 2, . . . , r1), u−(xi, t) = ϕi(t) (i = r1 + 1, . . . , r)), (4)

ãäå xi ∈ Γ0, {xi} � íåêîòîðûé íàáîð òî÷åê.
Çàäà÷à ñîñòîèò â íàõîæäåíèè ðåøåíèÿ óðàâíåíèÿ (1), óäîâëåòâîðÿþùåãî óñëî-

âèÿì (2)-(4) è íåèçâåñòíûõ ôóíêöèé βi âèäà βi =
∑mi
j=1 αij(t)Φij(t, x) (i = 1, 2, . . . , r0),

ãäå ôóíêöèè Φij çàäàíû, à ôóíêöèè αij ñ÷èòàþòñÿ íåèçâåñòíûìè.
Â ðåçóëüòàòå ïîêàçàíà ëîêàëüíàÿ ïî âðåìåíè òåîðåìà ñóùåñòâîâàíèÿ è åäèí-

ñòâåííîñòè ðåøåíèé çàäà÷è (1)-(4) â êëàññå

u ∈W 1,2
p (Q+

τ0)∩W 1,2
p (Q−τ0), αij(t) ∈W 1/2−1/2p

p (0, τ0) (i = 1, 2, . . . , r0, j = 1, 2, . . . ,mi)

Ìåòîä ÿâëÿåòñÿ êîíñòðóêòèâíûì è íà îñíîâå ïðåäëîæåííîãî ïîäõîäà âîçìîæ-
íî ïîñòðîåíèå ÷èñëåííûõ ìåòîäîâ ðåøåíèÿ çàäà÷è. Äîêàçàòåëüñòâî îñíîâàíî íà
ïîëó÷àåìûõ àïðèîðíûõ îöåíêàõ è òåîðåìå î íåïîäâèæíîé òî÷êå.
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Ðàññìàòðèâàåòñÿ çàäà÷à ìàøèííîãî îáó÷åíèÿ â ñëó÷àå íåêîððåêòíî çàäàííîé
îáó÷àþùåé èíôîðìàöèè. Â ýòîì ñëó÷àå äëÿ íåêîòîðûõ íàáëþäåíèé çíà÷åíèÿ
(ìåòêè) ïðîãíîçèðóåìîé âåëè÷èíû èçâåñòíû íåòî÷íî, à äëÿ äðóãèõ � íåèçâåñò-
íû. Íåòî÷íîñòü ðàçìåòêè ìîæåò âîçíèêàòü èç-çà íàëè÷èÿ ñëó÷àéíîãî øóìà èëè
íåõâàòêè ðåñóðñîâ äëÿ äåòàëüíîãî èññëåäîâàíèÿ.

Â ðàáîòå [1] ïðåäëîæåí ìåòîä ðåøåíèÿ äàííîé çàäà÷è, îñíîâàííûé íà ìè-
íèìèçàöèè ôóíêöèè ïîòåðü, ïðè âûâîäå êîòîðîé ïðèìåíÿåòñÿ ïîäõîä ðåãóëÿðè-
çàöèè ìíîãîîáðàçèÿ è ïðåäñòàâëåíèå â ìàëîðàíãîâîé ôîðìå ìàòðèöû ñõîäñòâà
îáúåêòîâ. Òàêîå ïðåäñòàâëåíèå ïîçâîëÿåò çíà÷èòåëüíî óìåíüøèòü òðóäîåìêîñòü
âû÷èñëåíèé è ñíèçèòü òðåáóåìóþ ïàìÿòü.

Ïðè çàäàíèè ìîäåëè íåòî÷íîñòè èñïîëüçóåòñÿ íåêîòîðàÿ ôóíêöèÿ, îïðåäå-
ëÿþùàÿ äëÿ êàæäîãî îáúåêòà ðàñïðåäåëåíèå âîçìîæíûõ çíà÷åíèé ìåòîê. Äëÿ
íàõîæäåíèÿ ìàòðèöû ñõîäñòâà â ìàëîðàíãîâîé ôîðìå ïðèìåíÿåòñÿ ìàòðèöà îò-
íîøåíèé, ïîëó÷åííàÿ íà îñíîâå êëàñòåðíîãî àíñàìáëÿ. Ìàòðèöà îïðåäåëÿåò, ê
êàêîìó êëàñòåðó áûë îòíåñåí òîò èëè èíîé îáúåêò áàçîâûìè àëãîðèòìàìè àí-
ñàìáëÿ. Èñïîëüçîâàíèå êëàñòåðíîãî àíàëèçà ïîçâîëÿåò èçâëå÷ü äîïîëíèòåëüíóþ
èíôîðìàöèþ èç íåðàçìå÷åííûõ è íåòî÷íî ðàçìå÷åííûõ îáúåêòîâ [2].

Â äîêëàäå ïðåäëàãàåòñÿ ìîäèôèêàöèÿ äàííîãî ìåòîäà, îñíîâàííàÿ íà ïðè-
ìåíåíèè íå÷åòêèõ àëãîðèòìîâ êëàñòåðèçàöèè. Ìàòðèöà íå÷åòêèõ îòíîøåíèé èñ-
ïîëüçóåòñÿ äëÿ íàõîæäåíèÿ ìàòðèöû ñõîäñòâà, êîòîðàÿ òàêæå ïðåäñòàâëÿåòñÿ â
ìàëîðàíãîâîì âèäå.

Ïðåäëîæåííûé ìåòîä èññëåäóåòñÿ íà èñêóññòâåííûõ è ðåàëüíûõ íàáîðàõ äàí-
íûõ ñ èñïîëüçîâàíèåì ñòàòèñòè÷åñêîãî ìîäåëèðîâàíèÿ.

Ðàáîòà ïðîâîäèëàñü ïðè ÷àñòè÷íîé ïîääåðæêå ÐÍÔ, ïðîåêò 22-21-00261.
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Â ðàáîòå ðàññìîòðåíû ðåçóëüòàòû ðåàëèçàöèè ñèñòåìíîãî ïîäõîäà ê ìîäåëè-
ðîâàíèþ èììóííûõ ïðîöåññîâ ïðè âèðóñíûõ èíôåêöèÿõ. Çàäà÷è ìîäåëèðîâàíèÿ
ìîæíî ïðåäìåòíî ðàçáèòü íà ñëåäóþùèå ãðóïïû: ñòðóêòóðà ëèìôàòè÷åñêîé ñè-
ñòåìû (ËC)è ëèìôàòè÷åñêèõ óçëîâ (ËÓ) [1], ðåãóëÿöèÿ ïðîòèâîâèðóñíîãî èììóí-
íîãî îòâåòà [2], âíóòðèêëåòî÷íîå ðàçìíîæåíèå âèðóñîâ [4], ïîñòðîåíèå ìíîãîìàc-
øòàáíûõ ìóëüòèôèçè÷åñêèõ ìîäåëåé. Ðàçðàáîòàíû ãðàôîâûå ìîäåëè ËÑ ÷åëî-
âåêà, ïîñòðîåííûå íà îñíîâå àíàòîìè÷åñêèõ äàííûõ è íàáîðà ôèçèîëîãè÷åñêèõ
ïðàâèë ñåòåâîé îðãàíèçàöèè ñèñòåìû è èçó÷åíû íåêîòîðûå òîïîëîãè÷åñêèå õà-
ðàêòåðèñòèêè ñîîòâåñòâóþùèõ ãðàôîâ. Ïðåäñòàâëåí ïîäõîä ê îïèñàíèþ äðåíàæ-
íîé ôóíêöèè ËÓ íà îñíîâå íåéðîííûõ ñåòåé. Ñ ïîìîùüþ ìàòåìàòè÷åñêîé ìîäåëè
ïðîòèâîâèðóñíîãî èììóííîãî îòâåòà Ìàð÷óêà-Ïåòðîâà ïîêàçàí ìóëüòèïëèêàòèâ-
íûé õàðàêòåð âçàèìîäåéñòâèÿ äâóõ îñíîâíûõ ýëåìåíòîâ çàùèòû îò âèðóñíîé èí-
ôåêöèè � àíòèòåë è Ò-ëèìôîöèòîâ. Ðàññìîòðåíû ìàòåìàòè÷åñêèå ìîäåëè âíóò-
ðèêëåòî÷íîé ðåïëèêàöèè âèðóñîâ ÂÈ×-1 è SARS-CoV-2 â äåòåðìèíèñòè÷åñêîé
è ñòîõàñòè÷åñêîé ôîðìóëèðîâêàõ. Ïóòåì àíàëèçà ÷óâñòèòåëüíîñòè èäåíòèôèöè-
ðîâàíû ñòàäèè ðåïëèêàöèè (ïîòåíöèàëüíûå ìèøåíè äëÿ àíòèâèðóñíîé òåðàïèè),
èçìåíåíèå êîòîðûõ ñóùåñòâåííî âëèÿåò íà ñòåïåíü ðàçìíîæåíèÿ âèðóñîâ â êëåò-
êå. Ïðåäñòàâëåíû ïðèìåðû ðåàëèçàöèè ãèáðèäíîãî ïîäõîäà ê ìóëüòèôèçè÷åñêî-
ìó ìîäåëèðîâàíèþ ïðîöåññîâ èììóííîãî ðåàãèðîâàíèÿ ïðè ÂÈ×-1 èíôåêöèè.

Èññëåäîâàíèÿ ïðîâîäèëèñü ïðè ïîääåðæêå ãðàíòîâ ÐÍÔ (18-11-00171), ÐÔ-
ÔÈ (20-01-00352, 20-04-60157) è Îòäåëåíèÿ Ìîñêîâñêîãî öåíòðà ôóíäàìåíòàëü-
íîé è ïðèêëàäíîé ìàòåìàòèêè â ÈÂÌ ÐÀÍ (ñîãëàøåíèå ñ Ìèíèñòåðñòâîì íàóêè
è âûñøåãî îáðàçîâàíèÿ ÐÔ � 075-15-2019-1624).
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Â 1937 ã. àêàäåìèê À.Í.Êîëìîãîðîâ ñ ó÷åíèêàìè [1] âûâåëè êâàçèëèíåéíîå ïà-
ðàáîëè÷åñêîå óðàâíåíèå, îïèñûâàþùåå ïðîöåññ âçàèìîäåéñòâèÿ ìåæäó äèôôó-
çèåé è ðåàêöèåé, äîêàçàëè ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ íà÷àëüíî-
êðàåâîé çàäà÷è äëÿ íåå. Àâòîðû òàêæå ðàññìîòðåëè ïðèìåíåíèå äàííîé çàäà-
÷è ê ìàòåìàòè÷åñêîìó ìîäåëèðîâàíèþ áèîëîãè÷åñêèõ ïðîöåññîâ. Â 40-õ ãîäàõ
ß.Á.Çåëüäîâè÷ äàííóþ çàäà÷ó èñïîëüçîâàë â êà÷åñòâå ìàòåìàòè÷åñêîé ìîäåëè
ñêîðîñòè ðàñïðîñòðàíåíèÿ ïëàìåíè ïî ñìåñè, ðåàãèðóþùåé ïðè íà÷àëüíîé òåì-
ïåðàòóðå, à òàêæå âëèÿíèå íà÷àëüíîãî óñëîâèÿ íà ñïîíòàííîå ðàñïðîñòðàíåíèå
õèìè÷åñêîé ðåàêöèè. Âïîñëåäñòâèè òåîðåòè÷åñêèå ðåçóëüòàòû äàííûõ èññëåäî-
âàíèé îïóáëèêîâàíû â åãî ñ ó÷åíèêàìè ìîíîãðàôèè [2]. Íåçàâèñèìî îò ãðóïïû
Êîëìîãîðîâà àìåðèêàíñêèé ó÷åíûé Ôèøåð â òîì æå 1937 ãîäó îïóáëèêîâàë ñòà-
òüþ [3], â êîòîðîé âûâåäåíî òî æå óðàâíåíèå. Óðàâíåíèå Ôèøåðà-Êîëìîãîðîâà-
Ïåòðîâñêîãî-Ïèñêóíîâà (Ô-ÊÏÏ) è åãî îáîáùåíèÿ [4] èñïîëüçóþòñÿ äëÿ êîëè÷å-
ñòâåííîãî îïèñàíèÿ ðàçëè÷íûõ òåõíîëîãè÷åñêèõ ïðîöåññîâ, íàïðèìåð, â áèîëî-
ãèè, õèìèè, òåîðèè ôàçîâûõ ïåðåõîäîâ, ôèçèêå ïëàçìû è ò.ä.

Â äîêëàäå ïðåäñòàâëåíû ðåçóëüòàòû ÷èñëåííîé ðåàëèçàöèè ìîäåëè Ô-ÊÏÏ
è îáîáùåííîé ìîäåëè Ô-ÊÏÏ. Ðàñ÷åòû ïîêàçàëè, ÷òî äëÿ ïîëó÷åíèÿ õîðîøåé
òî÷íîñòè âû÷èñëåíèé ïðè ìàëûõ çíà÷åíèÿõ êîýôôèöèåíòà äèôôóçèè òðåáóåòñÿ
èñïîëüçîâàíèå äîñòàòî÷íî ïîäðîáíûõ ïðîñòðàíñòâåííî-âðåìåííûõ ñåòîê.

Ðàáîòà Âàñèëüåâà Â.È. âûïîëíåíà ïðè ïîääåðæêå ãîñóäàðñòâåííîãî çàäàíèÿ
�121110900017-5 íà âûïîëíåíèå íàó÷íûõ èññëåäîâàíèé ëàáîðàòîðèÿìè ïîä ðóêî-
âîäñòâîì ìîëîäûõ, ïåðñïåêòèâíûõ èññëåäîâàòåëåé â ðàìêàõ ðåàëèçàöèè íàöèî-
íàëüíîãî ïðîåêòà ¾Íàóêà è óíèâåðñèòåòû¿, ðàáîòà Èëüèíîé Ê.Ï. âûïîëíåíà ïðè
ïîääåðæêå Ìèíîáðíàóêè ÐÔ, äîïîëíèòåëüíîå ñîãëàøåíèå � 075�02�2020�1543/1.
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Ïðè ïðàêòè÷åñêîì ðåøåíèè îáðàòíîé íåêîððåêòíî ïîñòàâëåííîé çàäà÷è, ðàñ-
ñìàòðèâàåìîé â ôîðìå îïåðàòîðíîãî óðàâíåíèÿ ïåðâîãî ðîäà Au = f íà ïàðå
ãèëüáåðòîâûõ ïðîñòðàíñòâ U,F, â óñëîâèÿõ íååäèíñòâåííîñòè ðåøåíèÿ íåèçáåæ-
íî âîçíèêàåò ïðîáëåìà äîñòîâåðíîñòè ïîñòðîåííîãî ïðèáëèæåííîãî ðåøåíèÿ, ïî-
ñêîëüêó íèêàêîé ìåòîä íå ãàðàíòèðóåò, âîîáùå ãîâîðÿ, ÷òî ýòî ðåøåíèå àïïðîêñè-
ìèðóåò èìåííî èñêîìîå ðåøåíèå, ñîîòâåòñòâóþùåå èçó÷àåìîé ðåàëüíîñòè. Äàæå
êëàññè÷åñêèé ìåòîä ðåãóëÿðèçàöèè Òèõîíîâà ñ ïðîáíûì ðåøåíèåì u0 â ñòàáè-
ëèçàòîðå íå ðåøàåò ýòó ïðîáëåìó, òàê êàê u0− íîðìàëüíîå ðåøåíèå, êîòîðîå
àïïðîêñèìèðóåòñÿ ðåãóëÿðèçîâàííûì ñåìåéñòâîì ðåøåíèé, ìîæåò íå ñîâïàäàòü
ñ èñêîìûì ðåøåíèåì.

Ïî-âèäèìîìó åäèíñòâåííûì ñïîñîáîì ïîñòðîåíèÿ ïðèáëèæåííîãî ðåøåíèÿ,
àïïðîêñèìèðóþùåãî èñêîìîå ðåøåíèå, îòâå÷àþùåå ôèçè÷åñêîé ðåàëüíîñòè, ÿâ-
ëÿåòñÿ ïðèâëå÷åíèå äîïîëíèòåëüíûõ àïðèîðíûõ îãðàíè÷åíèé äëÿ "ïðèâåäåíèÿ â
åäèíñòâåííîñòü"ðåøåíèÿ èñõîäíîé çàäà÷è è ó÷åò ýòîé äîïîëíèòåëüíîé èíôîðìà-
öèè â ðàçðåøàþùåì àëãîðèòìå. Ïðè ñèëüíîé íåóñòîé÷èâîñòè çàäà÷è ëîêàëèçàöèÿ
èñêîìîãî ðåøåíèÿ ñ ïîìîùüþ äîïîëíèòåëüíûõ àïðèîðíûõ îãðàíè÷åíèé ìîæåò
òàêæå îêàçàòüñÿ ïîëåçíîé â ñëó÷àå åäèíñòâåííîñòè ðåøåíèÿ äëÿ ïîñòðîåíèÿ âû-
ñîêîòî÷íûõ àëãîðèòìîâ ðåøåíèÿ íåêîððåêòíûõ çàäà÷ [1]. Ïðè ýòîì èññëåäîâàíèå
(íå)åäèíñòâåííîñòè ÷èñëåííûìè ìåòîäàìè ÿâëÿåòñÿ âàæíåéøèì ýòàïîì ðåøåíèÿ
íåêîððåêòíîé çàäà÷è [2].

Ðàññìàòðèâàþòñÿ ðàçëè÷íûå ìåòîäû ó÷åòà àïðèîðíûõ îãðàíè÷åíèé â àëãî-
ðèòìå, â òîì ÷èñëå íàèáîëåå îáùèé è ýêîíîìè÷íûé ìåòîä ñ ïîìîùüþ ôåéåðîâ-
ñêèõ îòîáðàæåíèé [3]. Îáñóæäàþòñÿ ïðèëîæåíèÿ ïðåäëàãàåìîãî ïîäõîäà ê ðåøå-
íèþ ïðèêëàäíûõ çàäà÷ [4].

Ðàáîòà ïðîâîäèëàñü ïðè ÷àñòè÷íîé ïîääåðæêå ÐÍÔ (ïðîåêò 18-11-00024-Ï).
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Ðàññìàòðèâàåòñÿ çàäà÷à ïëàíèðîâàíèÿ � çàäà÷à ïðèâåäåíèÿ ðàñïðåäåëåíèÿ
áåñêîíå÷íîãî ÷èñëà îäíîòèïíûõ àãåíòîâ èç çàäàííîãî íà÷àëüíîãî â êîíå÷íîå ïðè
ó÷åòå èõ èíäèâèäóàëüíûõ èíòåðåñîâ. Ïðè ýòîì ïðåäïîëàãàåòñÿ, ÷òî çàäàíà äèíà-
ìèêà è èíòåãðàëüíàÿ ÷àñòü ôóíêöèè âûèãðûøà, à ïåðåâîä â çàäàííîå ñîñòîÿíèå
îñóùåñòâëÿåòñÿ çà ñ÷åò âûáîðà òåðìèíàëüíîé ôóíêöèè âûèãðûøà. Ðàññìàòðè-
âàåòñÿ ñëó÷àé, êîãäà äèíàìèêà êàæäîãî àãåíòà åñòü ñëó÷àéíûé ïðîöåññ X(t),
çàäàâàåìûé ìàðêîâñêîé öåïüþ ñ êîíå÷íûì ÷èñëîì ñîñòîÿíèé è ìàòðèöåé Êîë-
ìîãîðîâà Q(t,m, u). Çäåñü m � ðàñïðåäåëåíèå àãåíòîâ, à u � óïðàâëåíèå àãåíòà.
Çíà÷åíèå Qi,j(t,m, u) îïèñûâàåò ïëîòíîñòü âåðîÿòíîñòè ïåðåõîäà èç ñîñòîÿíèÿ i
â ñîñòîÿíèå j ïðè óñëîâèè òîãî, ÷òî âûáðàíî óïðàâëåíèå u, à ðàñïðåäåëåíèå âñåõ
àãåíòîâ åñòü m. Ïðè ýòîì óïðàâëåíèå u(t) âûáèðàåòñÿ êàæäûì àãåíòîì ñ öåëüþ
ìàêñèìèçàöèè ïîêàçàòåëÿ

J(m(·), ϕ(·), u(·)) = E

σX(T )(m(T )) +

T∫
t0

gX(t)(t,m(t), u(t))dt

 .
Çäåñü σi(m) � òåðìèíàëüíûé âûèãðûø àãåíòà, êîòîðûé â ìîìåíò âðåìåíè T
îêàçûâàåòñÿ â ñîñòîÿíèè i ïðè óñëîâèè òîãî, ÷òî òåðìèíàëüíîå ðàñïðåäåëåíèå
âñåõ àãåíòîâ åñòü m, à gi(t,m, u) çàäàåò ìãíîâåííûé âûèãðûø èãðîêà, êîòîðûé
íàõîäèòñÿ â ñîñòîÿíèè i â ìîìåíò âðåìåíè t è èñïîëüçóåò óïðàâëåíèå u, â ñëó÷àå
êîãäà ðàñïðåäåëåíèå âñåõ àãåíòîâ åñòü m. Îïèñàíèå çàäà÷è ñâîäèòñÿ ê ñèñòåìå
äèôôåðåíöèàëüíûõ óðàâíåíèé, îïèñûâàþùèõ ðàñïðåäåëåíèå âñåõ èãðîêîâ m(·)
è ôóíêöèþ öåíû ïðîáíîãî èãðîêà ϕ(·).

ṁ(t) = m(t)Q(t,m(t), u∗(t)), m(t0) = m0,m(T ) = mT

ϕ̇(t) = max
{
Q(t,m(t), u)ϕ(t) + g(t,m(t), u) : u ∈ U

}
,

u∗(t) ∈ Argmax
{
Q(t,m(t), u)ϕ(t) + g(t,m(t), u) : u ∈ U

}
Îñíîâíûå ðåçóëüòàòû ðàáîòû ñëåäóþùèå.

� Ïðèâåäåí ïðèìåð çàäà÷è ïëàíèðîâàíèÿ, êîòîðàÿ íå èìååò ðåøåíèÿ. Ïðè
ýòîì æåëàåìîå mT ëåæèò â îáëàñòè äîñòèæèìîñòè ñèñòåìû.

� Ïðåäëîæåíî îïðåäåëåíèå îáîáùåííîãî ðåøåíèÿ çàäà÷è ÷åðåç ðåãóëÿðèçà-
öèþ ýêâèâàëåíòíîé çàäà÷è. Ïîêàçàíî, ÷òî ýòî îáîáùåííîå ðåøåíèå ñóùå-
ñòâóåò, à ìíîæåñòâî îáîáùåííûõ ðåøåíèé çàìêíóòî è ñîâïàäàåò ñ çàìûêà-
íèåì ìíîæåñòâà êëàññè÷åñêèõ ðåøåíèé, åñëè ïîñëåäíåå íå ïóñòî.
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Ìàòåìàòè÷åñêàÿ ìîäåëü äâóõôàçíîé ôèëüòðàöèè â ïîðîóïðóãîé ñðåäå îïè-
ñûâàåòñÿ ñëåäóþùåé ñèñòåìîé óðàâíåíèé [1]:

∂siφρ
0
i

∂t
+∇ · (siφ~uiρ0

i ) = 0,

siφ(~ui − ~u3) = −K0(φ)
k0i

µi
(∇pi − ~gρ0

i ), i = 1, 2,

s1 + s2 = 1, p2 − p1 = pc(x, s1),

∂(1− φ)ρ0
3

∂t
+∇ · ((1− φ)~u3ρ

0
3) = 0,

∇ · ~u3 = −a1(φ)pe − a2(φ)(
∂pe
∂t

+ ~u3 · ∇pe),

pe = ptot − (s1p1 + s2p2), ρtot = (1− φ)ρ0
3 + φ(s1ρ

0
1 + s2ρ

0
2),

∇ptot + div

(
η(1− φ)

(
∂ ~u3

∂~x
+

(
∂ ~u3

∂~x

)∗))
= −ρtot~g,

ãäå si, pi, ρ0
i , ~ui - ñîîòâåòñòâåííî íàñûùåííîñòü, äàâëåíèå, èñòèííàÿ ïëîòíîñòü è

ñêîðîñòü i-òîé ôàçû, K0(φ) òåíçîð ôèëüòðàöèè, k0i - êîýôôèöèåíòû ïðîíèöàå-
ìîñòè, µi, η - êîýôôèöèåíòû äèíàìè÷åñêîé âÿçêîñòè æèäêèõ è òâåðäîé ôàç ñîîò-
âåòñòâåííî, ~g - âåêòîð óñêîðåíèÿ ñèëû òÿæåñòè, φ - ïîðèñòîñòü, pc - êàïèëÿðíûé
ñêà÷îê, a1(φ) è a2(φ) êîýôôèöèåíòû îáúåìíîé âÿçêîñòè è îáúåìíîé ñæèìàåìîñòè
ñîîòâåòñòâåííî, pe, ptot - ýôôåêòèâíîå è ïîëíîå äàâëåíèå, ρtot - îáùàÿ ïëîòíîñòü.
Äàííàÿ ìîäåëü ÿâëÿåòñÿ îáîáùåíèåì èçâåñòíîé ìîäåëè Ìàñêåòà Ëåâåðåòòà [2].
Â ðàáîòå ïîëó÷åíî îáîùåííîå ðåøåíèå íà÷àëüíî-êðàåâîé çàäà÷è â ïðèáëèæåíèè
ÿ÷åéêè Õåëå-Øîó.

Ðàáîòà âûïîëíåíà â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ Ìèíèñòåðñòâà íàóêè è
âûñøåãî îáðàçîâàíèÿ ÐÔ ïî òåìå ¾Ñîâðåìåííûå ìåòîäû ãèäðîäèíàìèêè äëÿ çà-
äà÷ ïðèðîäîïîëüçîâàíèÿ, èíäóñòðèàëüíûõ ñèñòåì è ïîëÿðíîé ìåõàíèêè¿ (íîìåð
òåìû: FZMW-2020-0008).
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THE DIRECT AND INVERSE PROBLEMS FOR DIFFUSION
PROCESS WITH MOVING BOUNDARY
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Time-dependent quasilinear parabolic equation with the source with the moving
boundary and time-boundary conditions are mathematical model for the di�usion
process. We can consider Cauchi problem. From the time we have the stationary
model [3].

Let us consider 3D cube V = [0, 1] × [0, 1] × [1/3; 4/3] for the di�usion. The
grid domain V h (cube in the mash space) is the system expanding grid domains
V h3 ⊂ V h2 ⊂ V h1 ⊂ V h. h = 1/7. Correspondingly, for the inverse problem we have the
system of incapsulated grid domains. Relation of length of edges V3 and V2 - 1/3, V2

and V1 - 3/5, V1 and V - 5/7. Let us consider the balayage process and the swelling
process.

Three numerical experiments for the source is approximated by the grid domain
V h3 , by the grid domain V

h
2 ⊃ V h3 and by the grid surface V h2 /V

h
3 are considered. The

source density is 1 (logical yes). For the central domains we have the cross array of the
densities on the 6 sides of ∂V h. The density is sweeping by numerical 7-points scheme
[2], [3]. The scheme is realization of balayage method H. Poincare [1]. The center
of the source is de�ned by "Plateau"with maximum value δmax. If δmax/δ2 ≈ 1.26
(δ2 - nearest value to δmax) then the source is the domain V h3 . If δmax/δ2 ≈ 1.26
and 2 < δ2/δ3 < 2.13 then the source-domain is V h2 . If δmax/δ2 ≈ 1.23 then the
source-domain is V h2 with zero density in the V h3 .

For �rst experiment δsrc/δmax = 11.887779 (δsrc - density of the source). In the
numerical experiment the density in the nodes of the domain-source may be 2, 3, 4
and so on.
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Every modern atmospheric model includes a block that describes the atmospheric
turbulence. However, the direct numerical simulation is very time consuming for
operative weather forecasting. As a palliative, so-called parameterizations of the phenomenon
(i.e. some empirical algorithms of its description) are used in the atmospheric models.
The basic criterion for these algorithms is the minimal error of the atmospheric model,
which uses the algorithm, in comparison with meteorological observations. To provide
this minimum, various numerical parameters in the turbulence block are optimized.

The basic paradigm of these turbulence parameterizations is the similarity to the
�rst molecular di�usion in a �uid. The di�usion coe�cient is a positive value (a
constant or a function). We are going to develop the paradigm and consider a more
general tensor for the turbulence description. It includes two functions that describe
the turbulence without any assumption about their positivity. It can be rewritten as
an assumption about an arbitrary complexvalued function. The turbulence impact
in the atmospheric dynamics reaches its maximum in close proximity to the Earth's
surface (in the boundary layer). We provide a model of the Akerblom � Ekman type,
but with a complex coe�cient.

We optimize the agreement between the wide global archive of high-resolution
wind data, provided in Binary Universal Form for the Representation (BUFR), and
our model. The synchronisation between the model and observations is much better if
we optimize the turbulent exchange coe�cient as a complex-valued function instead
of a real positive one. It is a central result of our work.

This work was prepared within the framework of the Academic Fund Program at
the National Research University Higher School of Economics (HSE) in 2020 - 2021
(grant � 20-04- 021) and by the Russian Academic Excellence Project 5-100.
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NON-CONVEX OPTIMIZATION PROBLEMS: CLASSIFICATION
AND APPLIED STATEMENTS
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The complexity of non-convex optimization problems currently arising in various
scienti�c and technical �elds is constantly growing. In practice, problems arise for
which the non-uniqueness of the solution is naturally characteristic, the non-convexity
of the reachable sets of controlled dynamical systems, the presence of various constraints,
etc. (see, e.g. [1]). Many classi�cations of extreme problems are known; they are
traditionally based on some structural features of the problem: one-dimensional �
multidimensional, unconditional � conditional, static � dynamic, one-criterion � multicriteria,
continuous � discrete � partial-integer, convex � non-convex [2]. The variety of optimization
problems inevitably raises the question of their systematization and classi�cation. In
our opinion, this is due not only to attempts to develop theoretical approaches for
their study, but also to the natural search for a uni�ed approach to their numerical
solution. It is often suggested to divide the extremal problems into a narrow class of
convex ones, but convenient for mathematical analysis, and into a class of non-convex
ones � �everyone else�. And optimization problems that arise in applications constantly
pose new questions for researchers about the properties of non-convex functions.

The report discusses the proposed classi�cation of non-convex optimization problems
based on the characteristic properties of the function to be minimized. Thus, it is based
on the unconstrained minimization problem, which is almost impossible to ignore in
applied formulations. The classi�cation includes the following set of function types:
1) convex, 2) unimodal, 3) acute minimum, 4) slightly extreme, 5) multi-extreme, 6)
equal extras, 7) undi�erentiable, 8) stepped, 9) noisy, 10) �degenerate�, 11) �jamming
extreme�, 12) �gouged out extreme�, 13) �plateau-like�, 14) �condensation of extrema�,
15) �partially computable�, 16) "little computable".

The proposed classi�cation is obviously incomplete, but, we hope, it covers a
signi�cant number of statements of applied optimization problems. Methods for detecting
the features of a problem, assigning it to one type or another, as well as approaches
to overcoming the arisen di�culties are discussed.

This work has been supported by the Ministry of Education and Science of Russia
under the project No. 121041300060-4.
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Áûëà ðàññìîòðåíà ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèç-
âîäíûõ 1-ãî ïîðÿäêà ñ êâàäðàòè÷íîé íåëèíåéíîñòüþ âèäà

∂p

∂l
+ α0

∂x

∂t
+ α1x

2 = 0,

∂x

∂l
+ α2

∂p

∂t
= 0,

êîòîðàÿ îïèñûâàåò íåñòàöèîíàðíîå äâèæåíèå âîäû â íàïîðíîì òðóáîïðîâîäå [1],
ãäå p = p(l, t) è x = x(l, t) � èñêîìûå ôóíêöèè, äîñòàòî÷íî ãëàäêèå ïî ñîâî-
êóïíîñòè ïåðåìåííûõ l, t è â îòäåëüíîñòè ïî êàæäîé ïåðåìåííîé, α0, α1, α2 �
äåéñòâèòåëüíûå ÷èñëà.

Äàíàÿ ñèñòåìà èìååò àâòîìîäåëüíîå ðåøåíèå âèäà

x(l, t) =
1

t
w(y), p(l, t) =

1

t
g(y),

ãäå

y =
l

t
, g(y) =

1

α2
w′ − α0yw − α0y

2w′ + α1yw,

à ôóíêöèÿ w(y) ÿâëÿåòñÿ ðåøåíèåì îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíå-
íèÿ

w′′(α0α2y
2 − 1) + w′y(4α0α2 − 2α1α2w) + w(2α0α2 − 2α1α2w) = 0.

Ðàáîòà ïðîâîäèëàñü â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ (ïðîåêò FWEU-2021-
0006, òåìà � AAAA-A21-121012090034-3) ïðîãðàììû ôóíäàìåíòàëüíûõ èññëåäî-
âàíèé ÐÔ íà 2021-2030 ãã.
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Â äîêëàäå ðàññìàòðèâàþòñÿ çàäà÷è Êîøè ñ ëîêàëèçîâàííûìè íà÷àëüíûìè
óñëîâèÿìè äëÿ óðàâíåíèé ñîäåðæàùèõ äèñïåðñèîííûå ýôôåêòû è îïèñûâàþùèå
âçàèìîäåéñòâèå âîëí ñ ïðåïÿòñòâèÿìè. Îáñóæäàþòñÿ àñèìïòîòè÷ñêèå ðåøåíèÿ
äâóõ çàäà÷ ñ ðàçëè÷íûì ïîâåäåíèåì ðåøåíèé: 1)çàäà÷à î ðàñïðîñòðàíåíèÿ äèñ-
ïåðñèîííûõ âîëí íà ïîâåðõíîñòè íåñæèìàåìîé ïîòåíöèàëüíîé æèäêîñòè, íàáå-
ãàþùèõ íà ïîäâîäíóþ áàíêó, è 2) çàäà÷à äëÿ óðàâíåíèé òèïà Êëåéíà�Ãîðäîíà ñ
ëîêàëèçîâàííûìè ïîòåíöèàëîì. Äëÿ ïîñòðîåíèÿ àñèìïòîòè÷åñêèõ ðåøåíèé ýòèõ
çàäà÷ èìååòñÿ îáùèé ïîäõîä [1, 2], îñíîâàííûé íà ìîäèôèöèðîâàííîì êàíîíè-
÷åñêîì îïåðàòîðà Ìàñëîâà, ïîñòðîåííîì íà ïîäõîäÿùåì ñåìåéñòâå ëàãðàíæåâûõ
ìíîãîîáðàçèé ôàçîâîì ïðîñòðàíñòâå, ñäâèãàåìûõ âäîëü òðàåêòîðèé íåêîòîðîãî
ãàìèëüòîíîâîãî âåêòîðíîãî ïîëÿ. Ïîëó÷àåìûå àñèìïòîòè÷åñêèå ôîðìóëû ðåàëè-
çóþòñÿ ñ ïîìîùüþ ÷èñëåííûõ ðàñ÷åòîâ.

Â çàäà÷å Êëåéíà�Ãîðäîíà òðàåêòîðèè ñèñòåìû Ãàìèëüòîíà, âûïóùåííûå ñ
áîëüøèìè íà÷àëüíûìè èìïóëüñàìè, áóäóò ñàìûìè áûñòðûìè è áóäóò ïðîõîäèòü
ñêâîçü ïîòåíöèàë. Ïðè ýòîì èìååòñÿ íåêîòîðûé ñðåäíèé äèàïàçîí íà÷àëüíûõ
èìïóëüñîâ, äëÿ êîòîðûõ òðàåêòîðèè áóäóò îòðàæàòüñÿ îò ïîòåíöèàëà è äàæå
ìîãóò âîçâðàùàòüñÿ â îêðåñòíîñòü òî÷êè ëîêàëèçàöèè íà÷àëüíîãî óñëîâèÿ.

Â çàäà÷å ñ ðàñïðîñòðàíåíèåì âîëí â âîäå, íàîáîðîò, ñàìûìè áûñòðûìè áó-
äóò òðàåêòîðèè ñèñòåìû Ãàìèëüòîíà ñ ìàëûìè íà÷àëüíûìè èìïóëüñàìè, îíè áó-
äóò îáðàçîâûâàòü ïåðåäíèé âîëíîâîé ôðîíò (êîòîðûé ÿâëÿåòñÿ ïðîåêöèåé êðàÿ
ëàãðàíæåâîãî ìíîãîîáðàçèÿ). Ïîñëå ïðîõîæäåíèÿ ïîäâîäíîé áàíêè îáðàçóåòñÿ
êàóñòèêà è íà ñàìîì ôðîíòå ïîÿâëÿþòñÿ ôîêàëüíûå òî÷êè.

Òàêæå îáñóæäàþòñÿ àñèìïòîòè÷åñêèå ðåøåíèÿ óêàçàííûõ çàäà÷, êîãäà íà-
÷àëüíîå âîçìóùåíèå èìååò íàïðàâëåííûé èìïóëüñ è ïðåäñòàâëÿåòñÿ äâèæóùèì-
ñÿ âîëíîâûì ïàêåòîì â âèäå ãàóññîâîé ýêñïîíåíòû .

Ðàáîòà âûïîëíåíà ïî òåìå ãîñ. çàäàíèÿ ÀÀÀÀ-À20-120011690131-7.
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Turbulence in liquid and gas is the most common type of �ow in the nature. Such
the �ow is, of course, a three-dimensional phenomenon. However, for example, in the
Earth's atmosphere, such three-dimensional �ows can be considered as quasi-two-
dimensional �ows. This can be done quite rightly because of the small height of the
troposphere compared to both the dimensions of the formed vortex structures and
the distances over which they move.

The main feature of a two-dimensional turbulent �ow, constantly excited by an
external force, is the appearance of an inverse energy cascade. Due to nonlinear e�ects,
the spatial scale of the vortices, created by the external force, increases until the
growth is stopped by the size of the cell. In the latter case, energy is accumulated
at these dimensions. Under certain conditions, accumulation leads to the appearance
of a system of coherent vortices. The observed vortices are of the order of the box
size and, on average, are isotropic. Numerical simulation is an e�ective way to study
such the processes. Of particular interest is the problem of studying the viscous �uid
turbulence in a square cell under excitation by a short-wave and long-wave static
external forces. Numerical modeling was carried out with a weakly compressible �uid
in a two-dimensional square cell with zero boundary conditions. The work shows
how the �ow characteristics are in�uenced by the spatial frequency of the external
force and the magnitude of the viscosity of the �uid itself. An increase in the spatial
frequency of the external force leads to stabilization and laminarization of the �ow.
At the same time with an increased spatial frequency of the external force, a decrease
in viscosity leads to the resumption of the mechanism of energy transfer along the
inverse cascade due to a shift in the energy dissipation region to a region of smaller
scales compared to the pump scale.
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Ðàññìàòðèâàåòñÿ ñèñòåìà óðàâíåíèé ãèäðîäèíàìèêè, äîïîëíåííàÿ óðàâíåíè-
åì êîíôåêöèè-äèôôóçèè, îïèñûâàþùàÿ òå÷åíèå âÿçêîé íåñæèìàåìîé æèäêîñòè
ñ ó÷åòîì íàëè÷èÿ çàãðÿçíÿþùèõ ïðèìåñåé â íåé

∂u
∂t + (u · O)u = − 1

ρOp+ µ4u, (5)

div u = 0, (6)
∂n
∂t + (u · O)n = χ4n. (7)

Ãðàíè÷íûå óñëîâèÿ îïðåäåëÿþòñÿ ñëåäóþùèì îáðàçîì

u|∂D = 0,
∂n

∂N


∂D

= 0, (8)

ãäå N � âåêòîð íîðìàëè ê ãðàíèöå îáëàñòè D. Ïóñòü îáëàñòü D èìååò ïåðèî-
äè÷åñêóþ ñòðóêòóðó è ñîñòîèò èç êóáîâ äëèíîé 2π. Íà÷àëüíûå óñëîâèÿ èìåþò
âèä

u|t=0 = {exp (εx3) sinλx2; exp (−εx3) sinλx1; 0} , (9)

n|t=0 = {exp (−εx3) cosλx1 − exp (−εx3) cosλx2} , (10)

ãäå λ 6= 0, ε � ïðîèçâîëüíûå ïàðàìåòðû. Àíàëèòè÷åñêîå ðåøåíèå çàäà÷è (1)�(6)
èìååò âèä [1]

u = exp
((
ε2 − λ2

)
µt
)
{exp (εx3) sinλx2; exp (−εx3) sinλx1; 0} ,

p = exp
(
2
(
ε2 − λ2

)
µt
)
cos (λx1) cos (λx2) ,

n = exp
((
ε2 − λ2

)
µt
)
{exp (−εx3) cosλx1 − exp (−εx3) cosλx2} ,

Ðàáîòà ïðîâîäèëàñü ïðè ïîääåðæêå ÐÔÔÈ, êîä ïðîåêòà 20-07-00236.
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Ðàññìîòðèì èíòåðâàëüíóþ ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé âèäà
Ax = b, Ac −Ar 6 A 6 Ac +Ar, bc − br 6 b 6 bc + br, (11)

ãäå (A = (aij), Ac = (acij), Ar = (arij)) ∈ Rm×n, (b = (bi), bc = (bci ), br = (bri )) ∈ Rm,
x ∈ Rn, Ar, br > 0, m > n > 1. Ìíîæåñòâî ñëàáûõ ðåøåíèé ñèñòåìû (11) �
âåêòîðîâ x, äëÿ êîòîðûõ ñóùåñòâóþò ñîîòâåòñòâóþùèå ìàòðèöà A è âåêòîð b
òàêèå, ÷òî òðîéêà (A, x, b) ÿâëÿåòñÿ ðåøåíèåì ñèñòåìû (11) � áóäåì îáîçíà÷àòü
ñèìâîëîì X. Êàê èçâåñòíî, ïîèñê ñëàáûõ ðåøåíèé ñèñòåìû (11) ñ èíòåðâàëüíîé
ìàòðèöåé êîýôôèöèåíòîâ èëè îáùåãî âèäà ÿâëÿåòñÿ NP -òðóäíîé çàäà÷åé.

Ïóñòü x̂ = (x̂j) = A+
c bc � íîðìàëüíîå ïñåâäîðåøåíèå ñèñòåìû Acx ∼= bc, ∆bc =

bc−Acx̂ � å¼ íåâÿçêà ñ ìèíèìàëüíîé åâêëèäîâîé íîðìîé, A+
c � ñîîòâåòñòâóþùàÿ

ïñåâäîîáðàòíàÿ ìàòðèöà, è, ñ òî÷íîñòüþ äî íåêîòîðîé ïåðåñòàíîâêè ñòðîê Ac è
ýëåìåíòîâ bc, âûïîëíÿþòñÿ óñëîâèÿ

Ac =

[
A1
c

A2
c

]
, bc =

[
b1c
b2c

]
, A1

c x̂ < b1c , −A2
c x̂ < −b2c .

Ââåäåì îáîçíà÷åíèÿ:

Ãc ,

[
A1
c

−A2
c

]
, b̃c ,

[
b1c
−b2c

]
, S , diag (sign (x̂)) ,

X̃ , {x |(Ac −ArS)x 6 bc + br, (−Ac −ArS)x 6 −bc + br }, 1 � n-ìåðíûé âåêòîð,
ñîñòîÿùèé èç åäèíèö, σAcmin � ìèíèìàëüíîå ñèíãóëÿðíîå ÷èñëî ìàòðèöû Ac, σArmax

� ìàêñèìàëüíîå ñèíãóëÿðíîå ÷èñëî ìàòðèöû Ar, || · || îáîçíà÷àåò åâêëèäîâó âåê-
òîðíóþ íîðìó. Ñïðàâåäëèâà ñëåäóþùàÿ

Òåîðåìà 1. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ rankAc = n, σAcmin > σArmax, Sx̂ > 0,

min
j=1,...,n

|x̂j | > 1

σAcmin−σ
Ar
max

(
σArmax||x̂||+

||∆bc||
σAcmin

+ ||br||
)
, ñèñòåìû íåðàâåíñòâ

(Ãc −ArS)x 6 b̃c + br, (12)
(Ãc +ArS)x 6 b̃c + br (13)

ñîâìåñòíû è ñóùåñòâóåò ñêàëÿð δ > 0 òàêîé, ÷òî ñèñòåìà Sx > 1δ ÿâëÿåòñÿ
ñëåäñòâèåì êàê (12) òàê è (13). Òîãäà 1) Âñå 2n ñèñòåì ëèíåéíûõ íåðàâåíñòâ

(Ãc −ArS̃)x 6 b̃c + br, (14)
ãäå S̃ � äèàãîíàëüíàÿ ìàòðèöà ïîðÿäêà n ñ ýëåìåíòàìè ±1 íà äèàãîíàëè, ñîâ-
ìåñòíû. 2) Ñóùåñòâóåò ñêàëÿð δ̃ òàêîé, ÷òî ñèñòåìà ëèíåéíûõ íåðàâåíñòâ
Sx > 1δ̃, ÿâëÿåòñÿ ñëåäñòâèåì ëþáîé ñèñòåìû âèäà (14). 3) Ìíîæåñòâî X ñîâ-
ïàäàåò ñ ìíîæåñòâîì X̃ è, â ñëó÷àå íåïóñòîòû, ïðåäñòàâëÿåò ñîáîé âûïóêëûé
ìíîãîãðàííèê, öåëèêîì ëåæàùèé ñòðîãî âíóòðè îðòàíòà, îïðåäåëÿåìîãî çíà-
êàìè äèàãîíàëüíûõ ýëåìåíòîâ ìàòðèöû S, ò.å., ∀x ∈ X ⇒ Sx > 0. 4) Ñëàáîå
ðåøåíèå ñèñòåìû (11) ìîæåò áûòü ïîëó÷åíî çà ïîëèíîìèàëüíîå âðåìÿ.
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A COVID-19 AGENT-BASED MODEL
A.A. Bragin1, V.V. Vlasov1, A.M. Deryabin1, O.V. Zatsepin1, G.D. Kaminsky2,
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In 2020, RFNC-VNIITF developed a stochastic agent-based model and a modi�cation
to the SEIRD di�erential model which are capable of reproducing viral infection
transmission in a megalopolis [1]. Later, in cooperation with experts from Gamaleya
NEMRC and NPIDRC, we have come to a model we are presenting in this paper.

Our agent-based megalopolis model includes population and urban environment
generation algorithms, and algorithms which describe agent state dynamics and scenarios
of agent visits to public accommodation facilities and infection in epidemiologically
signi�cant contacts. Population transfer to/from the near regions is taken into account.
Agent state dynamics re�ex how the disease runs and transmissibility changes, and
how immunity acquired after the disease or vaccination forms and degrades. Our
model allows for interventions aimed at reducing the negative consequences of the
epidemic, and identi�es the most signi�cant infection transmission channels for these
interventions.

We have simulated the course of COVID-19 in Moscow to predict its parameters.
We determined its duration, the presence of a sequence of peaks in the disease rate,
and the maximum load to public health service. Our model demonstrated quite
good prognostic properties. Calculated results helped analyze di�erent scenarios with
respect to the e�ect of interventions. In particular, we estimated the rate of vaccination
at which the epidemic can be inhibited or stopped.

The work was �nancially supported by Russian Ministry of Science and Education's
Grant No 075-11-2020-011 (13.1902.21.0040)

REFERENCES

1. V.A. Adarchenko, V.A. Baban, A.A. Bragin, K.F. Grebyonkin , O.V. Zatsepin,
A.S. Kozlovskikh, V.V. Legonkov, E.N, Lipilina, I.A. Litvinenko, P.A. Loboda,
AA. Ovechkin, G.N. Rykovanov, S.I. Samarin, M.S. Urakov, A.L. Falkov, and
K.E. Khatuntsev, COVID-19 epidemic simulation with di�erential and statistical
models. Preprint 264, Snezhinsk, RFNC-VNIITF Publishing O�ce, 2020, 28
pages.



43 Åâðàçèéñêàÿ êîíôåðåöèÿ ïî ïðèêëàäíîé ìàòåìàòèêå

TENSOR TRAIN OPTIMIZATION FOR SOLVING THE DISCRETE
SOURCE PROBLEM FOR THE DIFFUSION-LOGISTIC MODEL
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The source problem (1) for the di�usion-logistic model (DLM) based on a nonlinear
partial di�erential equation that consists in identi�cation of discrete source q ∈ R6

using additional measurements in �xed time points (2) is investigated. It = dIxx + r(t)I(x, t)
(
1− I(x, t)K−1

)
, 1 ≤ t ≤ 24, 1 ≤ x ≤ 6,

I(x, 1) = Q(x), 1 ≤ x ≤ 6,
Ix(l, t) = Ix(L, t) = 0, 1 ≤ t ≤ 24.

(15)

I(xi, tk) = fik, i = 1, . . . , 5, k = 1, . . . , 22. (16)

Here I(x, t) is the density of in�uenced users at distance x and time t, where x
is the minimum number of friendship hop. The source Q(xi) = qi, i = 1, . . . , 6, and
on each segment [xi, xi+1], i = 1, . . . , 5, the function Q is a third degree polynomial
Qi(x), d is the popularity of information, K is the carrying capacity and function r(t)
is a growth rate of the number of in�uenced users placed at the same distance away
from the source. DLM (1) describes the information dissemination in online social
networks [1].

The source problem (1)-(2) is reduced to the problem of minimizing the squared
mis�t function J(q) that is reduced to the tensor form as following. At the �rst step
we apply the continuous monotonically decreasing function to J(q). At the second step
we split the interval for each parameter qi ∈ (ai, bi), i = 1, . . . , 6, into N segments
and compute J(qji ), j = 1, . . . , N . The associated to the function J(q) tensor has N6

components.
The minimization problem for J(q) is formulate as a problem of searching the

minimal element in considering tensor. The optimization problem is solved by a global
method based on the expansion of the large dimension tensor in the tensor train
format [2]. The numerical results are demonstrated and analysed.

This work is supported by the Council for Grants of the President of the Russian Federation

(project MK-4994.2021.1.1) and Russian Science Foundation (project 18-71-10044).
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Â ðàáîòå ðàññìàòðèâàåòñÿ ìàòåìàòè÷åñêàÿ ìîäåëü èíòåðïðåòàöèè ðàäàðîãðàìì,
ïîëó÷åííûõ ãåîðàäàðàìè:¾Çîíä-12å¿, ¾Ëîçà-Â¿. Äëÿ êà÷åñòâåííîé èíòåðïðåòà-
öèè ðàäàðîãðàìì íåîáõîäèìî ñîïîñòàâëÿòü ðàñ÷åòíûå äàííûå ìàòåìàòè÷åñêîé
ìîäåëè ñ ðåàëüíûìè äàííûìè, ÷òî ïîçâîëèò ðàçðàáîòàòü ìåòîäèêó èíòåðïðåòà-
öèè ðàäàðîãðàìì. Äëÿ ïðîâåäåíèÿ ÷èñëåííûì ðàñ÷åòîâ íåîáõîäèìî èìåòü òàá-
ëè÷íûå çíà÷åíèÿ èñòî÷íèêà, èçëó÷àåìîãî ãåîðàäàðîì, ñëåäîâàòåëüíî íà ïåðâîì
øàãå íåîáõîäèìî âîññòàíîâèòü èñòî÷íèê. Â ïåðâîé ÷àñòè íàñòîÿùåé ñòàòüè ðàñ-
ñìàòðèâàåòñÿ çàäà÷à âîññòàíîâëåíèÿ èñòî÷íèêà h(t) ïî ðåàëüíûì äàííûì ãåîðà-
äàðà. Äëÿ îïðåäåëåíèÿ ÿâíîãî àíàëèòè÷åñêîãî âûðàæåíèÿ èìïóëüñíîé õàðàêòå-
ðèñòèêè ñðåäû r(t) â îäíîðîäíîé ñðåäå ñâîäèì çàäà÷ó ê ñèñòåìå ëèíåéíûõ âîëü-
òåðîâñêèõ èíòåãðàëüíûõ óðàâíåíèé ïåðâîãî ðîäà [1]. Èñïîëüçóåì óðàâíåíèå äëÿ
èìïóëüñíîé õàðàêòåðèñòèêè r(t) â îäíîðîäíîé ñðåäå f(t) =

∫ t
0
r(t − τ)h(τ)dτ , â

êîòîðîì f(t) - ðåàëüíûå äàííûå, ïîëó÷åííûå â ïðîöåññå èçìåðåíèÿ ãåîðàäàðîì
â òî÷êå íàáëþäåíèÿ â îäíîðîäíîé ñðåäå, h(t) � ôóíêöèÿ èñòî÷íèêà. Ïðîâåäåíû
ýêñïåðèìåíòàëüíûå èññëåäîâàíèÿ ñ ïðèìåíåíèåì ãåîðàäàðà Çîíä-12å íà ëàáî-
ðàòîðíîì ïîëèãîíå, èñêóññòâåííûé ëîêàëèçîâàííûé îáúåêò â âèäå êóïîëà ñîëè
áûë ïîìåùåí â èäåàëüíóþ ñëîèñòóþ ñðåäó � ÷èñòûé ñóõîé ïåñîê. Âûáîð òàêîé
ñðåäû ïîçâîëèë ïðîâåñòè òåñòèðîâàíèå ìàòåìàòè÷åñêîé ìîäåëè ïî îïðåäåëåíèþ
èñòî÷íèêà ïî ðåàëüíûì äàííûì ãåîðàäàðà è ãëóáèíû çàëåãàíèÿ ëîêàëèçîâàííûõ
îáúåêòîâ. Ïðîâåäåí öèêë ðàñ÷åòîâ ïî ïðîâåðêå ñîîòâåòñòâèÿ ðåçóëüòàòîâ ìàòåìà-
òè÷åñêîãî ìîäåëèðîâàíèÿ ðåàëüíûì äàííûì ãåîðàäàðà. Äëÿ ñëó÷àÿ äâóìåðíîãî
èñòî÷íèêà ïðèâåäåíû ðàíåå èññëåäîâàííûå ýêñïåðèìåíòàëüíûå èññëåäîâàíèÿ ñ
ïðèìåíåíèåì ãåîðàäàðà Ëîçà�Â íà äðóãîì ëàáîðàòîðíîì ïîëèãîíå. Äëÿ ïîëè-
ãîíà âûáðàí ïåñ÷àíûé êàðüåð, ÷òî ñîîòâåòñòâóåò ìîäåëè ñðåäû: âîçäóõ; ÷èñòûé
ñóõîé ïåñîê; ìèøåíè; è ïîäñòèëàþùèé ñëîé (âëàæíûé ïåñîê). Â êà÷åñòâå îáúåê-
òîâ âûáðàíû æåëåçíûå ëèñòû ïðÿìîóãîëüíîé ôîðìû, êîòîðûå áûëè ïîìåøåíû â
ïåñîê íà èçâåñòíóþ ãëóáèíó. Ïðèâåäåí öèêë ðàñ÷åòîâ ïî ïðîâåðêå ñîîòâåòñòâèÿ
ðåçóëüòàòîâ ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ðåàëüíûì äàííûì ãåîðàäàðà. Êëþ-
÷åâûå ñëîâà: îáðàáîòêà ðàäàðîãðàììû, âîññòàíîâëåíèå èñòî÷íèêà, ìàòåìàòè÷å-
ñêîå ìîäåëèðîâàíèå, ðåçóëüòàòû ðàñ÷åòîâ.

Ðàáîòà Ê.Ò Èñêàêîâà è Ä.Ê.Òîêñåèò ïîääåðæàíà ãðàíòîì ÌÎÍ ÐÊ ïî äî-
ãîâîðó �132 îò 12.03.18ã. ¾Ðàçðàáîòêà àëãîðèòìîâ è âñòðîåííîãî ïðîãðàììíîãî
îáåñïå÷åíèÿ ïî îïðåäåëåíèþ ãåîýëåêòðè÷åñêîãî ðàçðåçà äëÿ ãåîèíôîðìàöèîí-
íîé òåõíîëîãèè GPR¿ (ÈÐÍ AP05133922). Ðàáîòà Êàáàíèõèíà Ì.À.Øèøëåíèíà
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Â ðàáîòå ïðåäñòàâëåíû ðåçóëüòàòû ïðèìåíåíèÿ òîìîãðàôè÷åñêèõ ìåòîäîâ
äëÿ ðåêîíñòðóêöèè ñòðóêòóðû ãðÿçåâîãî âóëêàíà Êàðàáåòîâà. Íàìè ðàññìàòðè-
âàåòñÿ ëèíåàðèçîâàííàÿ ïðÿìàÿ çàäà÷à, ñ äàííûìè â âèäå èíòåãðàëîâ ïî ëó÷àì,
ïîäîáíî ïîñòàíîâêàì êëàññè÷åñêîé ðåíòãåíîâñêîé òîìîãðàôèè. Ãåîìåòðèÿ ñáî-
ðà ãåîôèçè÷åñêèõ äàííûõ âèáðîïðîñâå÷èâàíèÿ âóëêàíà ïîçâîëÿåò ìîäåëèðîâàòü
ïðÿìóþ çàäà÷ó âîññòàíîâëåíèÿ ñêîðîñòíûõ ïðîôèëåé ïðèïîâåðõíîñòíûõ îáúå-
ìîâ â âèäå ïðåîáðàçîâàíèÿ Ðàäîíà â ïîëîñå, íà îäíîé ñòîðîíå êîòîðîé íàõîäÿòñÿ
èñòî÷íèêè, íà äðóãîé - ïðèåìíèêè. Ïðèâîäèòñÿ ñðàâíåíèå ðåçóëüòàòîâ ïðèìå-
íåíèÿ àíàëèòè÷åñêîãî îáðàùåíèÿ ïðåîáðàçîâàíèÿ Ðàäîíà, èñïîëüçóþùåãî ìåòîä
êîíå÷íûõ õàðàêòåðèñòè÷åñêèõ ýëåìåíòîâ, è èòåðàöèîííîãî ìåòîäà Êà÷ìàæà ðå-
øåíèÿ âîçíèêàþùèõ ñèñòåì ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé.

Ðàáîòà ïðîâîäèëàñü â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ ÈÂÌèÌÃ ÑÎ ÐÀÍ
(ïðîåêò 0251-2021-0003).
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Êàçàíöåâ È.Ã., Ìóõàìåòæàíîâà Á.Î., Èñêàêîâ Ê.Ò.
Èíñòèòóò âû÷èñëèòåëüíîé ìàòåìàòèêè è ìàòåìàòè÷åñêîé ãåîôèçèêè ÑÎ
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Â ðàáîòå ðàññìàòðèâàþòñÿ ìàñêè (îáðàçöû äëÿ ñðàâíåíèé, èëè ýòàëîíû), ìî-
äåëèðóþùèå óãëîâûå ñòðóêòóðû äëÿ èõ îáíàðóæåíèÿ íà òðåõìåðíûõ èçîáðàæå-
íèÿõ ïðè èñïîëüçîâàíèè â òðàäèöèîííîì ìåòîäå ñêîëüçÿùèõ îêîí. Ýòîò ìåòîä
îñíîâûâàåòñÿ íà ñîãëàñîâàííîé ôèëüòðàöèè è ìíîãîêðàòíûõ âû÷èñëåíèÿõ ñâåðò-
êè ìàñêè ñ òåêóùåé îêðåñòíîñòüþ îòäåëüíîãî ýëåìåíòà ìàññèâà. Îäíèì èç àêòó-
àëüíûõ ïðèëîæåíèé ÿâëåòñÿ ïðîáëåìà ðàñïîçíàâàíèÿ ëèö, ãäå ìåòîä èìååò êîí-
êðåòíîå ïðèìåíåíèå ïðè ïîèñêå äîìèíàíòíûõ (îïîðíûõ) òî÷åê. Ðàíåå íàìè áûëè
ñêîíñòðóèðîâàíû ìàñøòàáèðóåìûå ìàñêè äëÿ âûäåëåíèÿ óãëîâûõ êîíñòðóêöèé
íà äâóìåðíûõ èçîáðàæåíèÿõ. Â ýòîé ðàáîòå ìû ïîêàçûâàåì îáîáùåíèå óãëîâûõ
ìàñîê íà òðåõìåðíûé ñëó÷àé. Ñâîéñòâî ìàñøòàáèðóåìîñòè, ñîñòîÿùåå â èåðàðõèè
ïîäìàòðèö, äàþùåé âîçìîæíîñòü ïîñòðîåíèÿ ìàòðèö áîëüøåãî ðàçìåðà ïðîñòûì
ïîâòîðåíèåì ñàìîïîäîáíûõ ýëåìåíòîâ, óäàëîñü ðàñïðîñòðàíèòü íà òðåõìåðíûé
ñëó÷àÿ. Ýòî îòëè÷àåò íîâûå ìàñêè îò èñïîëüçîâàâøèõñÿ òðàäèöèîííûõ, äëÿ êî-
òîðûõ ýëåìåíòû ìàñêè çàâèñÿò îò ðàçìåðà ìàòðèöû. Èçëàãàåòñÿ îáùèé ïîäõîä
êîíñòðóèðîâàíèÿ ìàñîê äëÿ ðàçëè÷íûõ òåëåñíûõ óãëîâ. Ýòîò ïîäõîä ïîìîãàåò
ðàçðàáàòûâàòü èåðàðõè÷åñêèå âû÷èñëåíèÿ òðåõìåðíûõ äàííûõ ñ öåëüþ óñêîðå-
íèÿ. Ïðèâîäèòñÿ ñðàâíèòåëüíûé àíàëèç êîýôôèöèåíòîâ óñèëåíèÿ øóìà òðàäè-
öèîííûõ óãëîâûõ äåòåêòîðîâ (Êèðø, Ðîáèíñîí) è íîâûõ ìàñîê.

Ðàáîòà âûïîëíåíà â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ ÈÂÌèÌÃ ÑÎ ÐÀÍ
(ïðîåêò 0251-2021-0003) è ïîääåðæàíà ãðàíòîì Ìèíèñòåðñòâà îáðàçîâàíèÿ è íà-
óêè Ðåñïóáëèêè Êàçàõñòàí (ïðîåêò AP05133922).
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Ðàññìîòðèâàåòñÿ çàäà÷à èññëåäîâàíèÿ ïðîåêöèé â ïðîñòðàíñòâå Ðàäîíà â êà-
÷åñòâå ïðèçíàêîâ äëÿ îïèñàíèÿ ðåãóëÿðíûõ òåêñòóð íà öèôðîâûõ èçîáðàæåíèÿõ
òêàíåé ïðè èõ êîíòðîëå ñèñòåìàìè òåõíè÷åñêîãî çðåíèÿ â òåêñòèëüíîé ïðîìûø-
ëåííîñòè. Çàìå÷åíî, ÷òî ðåãóëÿðíûå ïîâåðõíîñòíûå òåêñòóðû òàêèõ ìàòåðèàëîâ,
êàê òåêñòèëü, ïëåòåíèÿ è äðóãèõ, ìîãóò áûòü ïðåäñòàâëåíû â âèäå êîìïîçèöèè
íåñêîëüêèõ ðèäæ ôóíêöèé. Ïðè ôèêñèðîâàííîì ÷èñëå íàïðàâëåíèé êîìïîçèöèÿ
îñóùåñòâëÿåòñÿ ñ èñïîëüçîâàíèåì îïòèìèçàöèîííîãî ïîäõîäà, â êîòîðîì ãëîáàëü-
íûì ïîèñêîì ìàêñèìóìà êðèòåðèÿ èíôîðìàòèâíîñòè îïðåäåëÿþòñÿ íàïðàâëåíèÿ
è ïðîåêöèè, âíîñÿùèå íàèáîëüøèé âêëàä â àïïðîêñèìàöèþ òåêñòóðû. Äåôåêòû
òåêñòóð íàõîäÿòñÿ â îáëàñòÿõ íàðóøåíèÿ îäíîðîäíîñòè, êîòîðûå ïðîÿâëÿþòñÿ â
ïðîñòðàíñòâå Ðàäîíà ëîêàëüíî â âèäå ñêà÷êîâ óðîâíåé ÿðêîñòè è äðóãèõ ïðî-
ñòðàíñòâåííûõ ñèíãóëÿðíîñòåé.

Â ðàáîòå îáñóæäàþòñÿ ïðèíöèïû âîññòàíîâëåíèÿ èçîáðàæåíèé íà îñíîâå àë-
ãîðèòìà îïòèìàëüíîé äåêîìïîçèöèè äâóìåðíûõ ðåãóëÿðíûõ òåêñòóð â íàáîð èí-
ôîðìàòèâíûõ êîìïîíåíò. Ýòè êîìïîíåíòû ñëóæàò äîñòàòî÷íûì îïèñàíèåì òåê-
ñòóðû, èëè ïðèçíàêàìè, íåîáõîäèìûìè â ïîñëåäóþùåé çàäà÷å ðàñïîçíàâàíèÿ.
Îñíîâàíèåì ñëóæàò àëãîðèòìû ðåêîíñòðóêöèè, èñïîëüçóþùèå ìåòîä SVD ïðè
îáðàùåíèè ïðîåêöèîííûõ äàííûõ Ðàäîíà. Ðåçóëüòàòû èëëþñòðèðóþòñÿ.

Ðàáîòà âûïîëíåíà â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ ÈÂÌèÌÃ ÑÎ ÐÀÍ
(ïðîåêò 0251-2021-0003) è ïîääåðæàíà ãðàíòîì Ìèíèñòåðñòâà îáðàçîâàíèÿ è íà-
óêè Ðåñïóáëèêè Êàçàõñòàí (ïðîåêò AP 09258836).
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ORTHOGONAL POLYNOMIAL BASIS IN THE SPACE OF VECTOR
FUNCTIONS H1

0 AND STOKES SYSTEM IN A BALL
Kazantsev S.G.
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In the homogeneous Sobolev space of vector functionsH1
0(B3) orthogonal polynomial

basis is constructed. Some of this vector functions, in particular, are vector potentials
for solenoidal �elds from the basis of the space L2(B3), [1, 2] As the result, the Dirichlet
boundary value problem for the stationary Stokes system in a ball is solved, [3]. The
solution is presented as a series on the constructed polynomial basis vector functions.

The constructed polynomial vector functions also can be used when solving some
problems of vector analysis related with operators ∇, div and rot.

The work has been supported by the state contract of the Sobolev Institute of
Mathematics (N 0314-2019-0011).
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Îáíàðóæåíèå ïîæàðîâ íà èçîáðàæåíèÿõ ñ ïîìîùüþ ìåòîäîâ öèôðîâðé îáðà-
áîòêè èçîáðàæåíèé è êîìïüþòåðíîãî çðåíèÿ ïðèâëåêëî áîëüøîå âíèìàíèå èñ-
ñëåäîâàòåëåé â ïîñëåäíèå íåñêîëüêî ëåò. Îäíàêî òðàäèöèîííûå àëãîðèòìû èñ-
ïîëüçóþò, êàê ïðàâèëî, ìîäåëè íà îñíîâå äèíàìè÷åñêèõ ïðèçíàêîâ îïðåäåëåíèÿ
- ÿâëÿåòñÿ ëè êàäð àêòèâíûì, èëè íåò. Ýòè õàðàêòåðèñòèêè òðóäíî ôîðìàëè-
çóåìû, è îíè çàâèñÿò îò òèïà íàáëþäàåìîãî ïîæàðà, ÷òî ïðèâîäèò ê íèçêîìó
óðîâíþ îáíàðóæåíèÿ è âûñîêîìó óðîâíþ ëîæíûõ òðåâîã. Îäíèì èç ìíîãîîáåùà-
þùèõ ìåòîäîâ, èñïîëüçóåìûõ â ýòîé îáëàñòè, ÿâëÿþòñÿ ñâåðòî÷íûå íåéðîííûå
ñåòè (ÑÍÑ). Â ýòîé ñòàòüå ïðåäëàãàåòñÿ ìåòîä, îñíîâàííûé íà ÑÍÑ äëÿ ìîíèòî-
ðèíãà è îáíàðóæåíèÿ ðàçëè÷íûõ èñòî÷íèêîâ äûìà è îãíÿ ïðè ëåñíûõ ïîæàðàõ
ñ ïîìîùüþ àýðîôîòîñúåìêè. Áûë ñîáðàí íàáîð äàííûõ, ñîñòîÿùèé èç èçîáðà-
æåíèé, ñíÿòûõ áåñïèëîòíûì ëåòàòåëüíûì àïïàðàòîì, ñîäåðæàùèõ èëè íå ñîäåð-
æàùèõ îáëàñòè ñ îãíåì è äûìîì ðàçëè÷íûõ ðàçìåðîâ, äëÿ îáó÷åíèÿ ñèñòåìû
ñ ïðèìåíåíèåì ñâ¼ðòî÷íûõ íåéðîííûõ ñåòåé. Ïîêàçàíî, ÷òî ïðåäëàãàåìàÿ ñâåð-
òî÷íàÿ íåéðîííàÿ ñåòü õîðîøî àäàïòèðóåòñÿ ê çàäà÷àì îáíàðóæåíèÿ ïîæàðà.
Ïðåäëîæåííûé ïîäõîä ïðîòåñòèðîâàí íà ðåàëüíûõ âèäåîïîñëåäîâàòåëüíîñòÿõ,
è îáåñïå÷èâàåò âûñîêèå ðåçóëüòàòû, ïî ñðàâåíåíèþ ñ òðàäèöèîííûìè ìåòîäàìè
îáíàðóæåíèÿ, è ïîêàçûâàåò, ÷òî èñïîëüçîâàíèå ÑÍÑ äëÿ îáíàðóæåíèÿ ïîæàðîâ
ÿâëÿåòñÿ ïåðñïåêòèâíûì.
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Çíà÷èòåëüíîå âëèÿíèå íà âàæíåéøèå ýêîëîãè÷åñêèå ôàêòîðû îêàçûâàþò ôè-
çè÷åñêèå ïðîöåññû, ïðîèñõîäÿùèå â àòìîñôåðå Çåìëè. Ýòè ïðîöåññû òåñíî ñâÿçà-
íû ñ ìíîãî÷èñëåííûìè ýëåêòðîìàãíèòíûìè ÿâëåíèÿìè, îáóñëîâëåíûìè èñòî÷íè-
êàìè ðàçëè÷íîé ïðèðîäû, ÷òî îòðàæàåòñÿ â êîíöåïöèè ãëîáàëüíîé ýëåêòðè÷åñêîé
öåïè â àòìîñôåðå Çåìëè [1].

Ïðè ìîäåëèðîâàíèè ãëîáàëüíîé ýëåêòðè÷åñêîé öåïè è äðóãèõ ýëåêòðîìàã-
íèòíûõ ÿâëåíèé â àòìîñôåðå øèðîêî èñïîëüçóþòñÿ ðàçëè÷íûå êâàçèñòàöèîíàð-
íûå ïðèáëèæåíèÿ äëÿ ñèñòåìû óðàâíåíèé Ìàêñâåëëà, ñðåäè êîòîðûõ ìîæíî âû-
äåëèòü íåðåëÿòèâèñòñêîå ýëåêòðè÷åñêîå è íåðåëÿòèâèñòñêîå ìàãíèòíîå ïðèáëè-
æåíèÿ. Èõ ïðèìåíèìîñòü îïðåäåëÿåòñÿ õàðàêòåðíûìè âðåìåííûìè è ïðîñòðàí-
ñòâåííûìè ìàñøòàáàìè è õàðàêòåðíûìè çíà÷åíèÿìè ôèçè÷åñêèõ âåëè÷èí. Â ñëó-
÷àå íåîäíîðîäíûõ ñðåä íåîáõîäèìûì ýòàïîì ìîäåëèðîâàíèÿ ÿâëÿåòñÿ ïîñòðîåíèå
èåðàðõèè êâàçèñòàöèîíàðíûõ ïðèáëèæåíèé [2]-[4]. Â ðàáîòå èçó÷àþòñÿ âîïðîñû
ïðèìåíèìîñòè äëÿ îïèñàíèÿ ýëåêòðîìàãíèòíûõ ïîëåé â àòìîñôåðå ðàçëè÷íûõ
êâàçèñòàöèîíàðíûõ ïðèáëèæåíèé â ðàìêàõ îáîáùåííîé êâàçèñòàöèîíàðíîé ìî-
äåëè, ïðåäëîæåííîé â [2, 3].

Ðàáîòà ïîääåðæàíà íàó÷íî-îáðàçîâàòåëüíûì ìàòåìàòè÷åñêèì öåíòðîì "Ìà-
òåìàòèêà òåõíîëîãèé áóäóùåãî"(Ñîãëàøåíèå � 075-02-2020-1483/1)
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Ðàññìîòðèì íåëèíåéíîñòü ýïèäåìè÷åñêîãî ïðîöåññà:

A = RαXY p,

ãäå A � äîëÿ íîâûõ ñëó÷àåâ (çàáîëåâàåìîñòü), X � äîëÿ ëèö, âîñïðèèì÷èâûõ ê
èíôåêöèè; Y � äîëÿ èíôèöèðîâàííûõ (ïîðàæåííîñòü); p � ïàðàìåòð íåëèíåé-
íîñòè, α � èíòåíñèâíîñòü çàðàæåíèÿ, R � êîíòàêòíîå ÷èñëî èíôåêöèè.

Â ðàáîòå èñïîëüçîâàëè ñëåäóþùèå ïàðàìåòðû äëÿ COVID-19: α = β = 0.074,
k = 0.0055, µ = 0.000137. Ïàðàìåòðû ñèñòåìû îïðåäåëÿëè íà îñíîâàíèè ôîïî-
ñòàâëåíèÿ ôàêòè÷åñêèõ äàííûõ ñ ðåàëüíûìè ìåòîäîì óíèâåðñàëüíîãî ãðàäèåíò-
íîãî ñïóñêà [1]. Ìàêñèìàëüíûå çíà÷åíèÿ ïàðàìåòðà íåëèíåéíîñòè (1.09 − 1.18)
óñòàíîâëåíû â ãîðîäàõ ÷èñëåííîñòüþ ìåíåå 100 òûñ. ÷åëîâåê. Êîíòàêòíîå ÷èñëî
R êîëåáàëîñü îò 3.1 äî 6.3. Íåëèíåéíîñòü îáóñëîâëåíà óñèëåíèåì çàðàçèòåëüíîñòè
íà ïèêå ýïèäåìèè çà ñ÷åò ýôôåêòà êóìóëÿöèè âèðóñíûõ ÷àñòèö â ïîìåùåíèÿõ, à
òàêæå ýôôåêòà ðàññåèâàíèÿ âèðóñíûõ ÷àñòèö è ïðåðûâàíèÿ öåïî÷åê çàðàæåíèÿ
íà ñïàäå ýïèäåìèè. Ôàêòîð íåëèíåéíîñòè ïðîÿâëÿåòñÿ â áîëåå îñòðûõ ïèêàõ ïðè
ðàçâèòèè ïîäúåìîâ çàáîëåâàåìîñòè. Îòìå÷àåòñÿ ñõîæåñòü ñ ÿâëåíèåì íåóñòîé÷è-
âîñòè êóìóëÿöèè àêàäåìèêà Å. È. Çàáàáàõèíà [2].

Â íåëèíåéíîé ñðåäå äëÿ ñîõðàíåíèÿ ìàêñèìóìà ãåíîôîíäà ïàðàçèòà â îòíîñè-
òåëüíî íåáîëüøèõ ïîïóëÿöèÿõ õîçÿèíà íåîáõîäèìû ìåõàíèçìû èõ ïåðñèñòåíöèè.
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ON AMBIGUITY OF THE ILL-POSED PROBLEM OF
PRODUCTION WELL INFLOW PROFILING USING DISTRIBUTED

FLUIDS TEMPERATURE LOGGING
Karakulev A. E.∗∗, Kotlyar L. A.∗, Sofronov I. L.∗

*Technology Company Schlumberger, LLC
**Moscow Institute of Physics and Technology
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Continuing the research [1, 2, 3], we modify the residual functional of the considered
inverse problem in order to reduce the ambiguity of the solution and apply cluster
analysis of the obtained solutions set to form several �nal interpretations. Using the
gradient approach to �nd the functional's minima and subsequent Bayesian inference
for clustering and uncertainty analysis results in a fast and reliable algorithm for
predicting in�ow zones in a wellbore based on distributed temperature logging data.
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Â ðàìêàõ ïëîñêîé òåîðèè óïðóãîñòè áûëà ðàññìîòðåíà çàäà÷à èäåíòèôèêà-
öèè ôîðìû óïðóãîãî âêëþ÷åíèÿ S ñ ðåãóëÿðíîé ãðàíèöåé Σ â óïðóãîì òåëå D
ñ ëèïøèöåâîé ãðàíèöåé. Ñ÷èòàåòñÿ, ÷òî ÷àñòü âíåøíåé ãðàíèöû ΓD çàêðåïëåíà,
à íà äðóãóþ ÷àñòü ΓN äåéñòâóþò âíåøíèå ïîâåðõíîñòíûå ñèëû f ∈ H−

1
2 (ΓN ).

Âíóòðè òåëà ïðèñóòñòâóåò âêëþ÷åíèå ñ èçâåñòíûì ïîëîæåíèåì öåíòðà ìàññ, íî
ôîðìà âêëþ÷åíèÿ ÿâëÿåòñÿ íåèçâåñòíîé. Òåíçîð íàïðÿæåíèÿ îïðåäåëÿåòñÿ êàê
σ(u) = Cε(u), ãäå u ∈ H1(D) � ïîëå ïåðåìåùåíèé, à ε(u) � ëèíåéíûé òåíçîð
äåôîðìàöèè. Ãåòåðîãåííîñòü òåëà ïðîÿâëåòñÿ â ðàçëè÷íûõ õàðàêòåðèñòêàõ ìàòå-
ðèàëà â ðàçíûõ ÷àñòÿõ òåëà, òî åñòü C = 1D\S C_1 + 1S C_2.

Äëÿ ðåêîíñòðóêöèè ôîðìû äîïîëíèòåëüíî ïðåäïîëàãàåòñÿ, ÷òî ìû èìååì
äàííûå g î ïåðåìåùåíèÿõ íà ãðàíèöå ΓN . Íî ýòè äàííûå ñîäåðæàò øóì, òî åñòü
g = g(x;ω) ∈ L2

P(Ω, H
1
2 (ΓN )), ãäå (Ω,S,P) îïðåäåëÿåò ïîëíîå âåðîÿòíîñòíîå ïðî-

ñòðàíñòâî.
Äëÿ ðåøåíèÿ çàäà÷è áûë ðàññìîòðåí ôóíêöèîíàë Êîíà-Ôîãåëèóñà

J(S) =

∫
D

σ(v − w) : ε(v − w) dx =

∫
ΓN

(f − σ(w)n) · (v − g) ds,

ãäå v è w ÿâëÿþòñÿ ðåøåíèÿìè ñëåäóþùèõ çàäà÷

−div σ(v) = 0 −div σ(w) = 0 in D,

v = 0 w = 0 on ΓD,

σ(v)n = f wS = g on ΓN .

Çàäà÷à áûëà ñôîðìóëèðîâàíà, êàê çàäà÷à ìèíèìèçàöèè ôóíêöèîíàëà, ÿâëÿþ-
ùèìñÿ âûïóêëîé êîìáèíàöèåé ìàòåìàòè÷åñêîãî îæèäàíèÿ è äèñïåðñèè ôóíêöè-
îíàëà J

Fα(S) = (1− α)E[J(S;ω)] + αV[J(S;ω)],

ãäå α ∈ [0, 1] - ïîñòîÿííûé ïàðàìåòð.
Â õîäå ðàáîòû áûëî äîêàçàíî ñóùåñòâîâàíèå ðåøåíèÿ è âû÷èñëåí ãðàäè-

åíò ôóíêöèîíàëà Fα â ðàìêàõ òåîðèè îïòèìèçàöèè ôîðìû, òàêæå áûëè ïðîäå-
ìîíñòðèðîâàíû ïðåèìóùåñòâà âûáîðà ðàññìàòðèâàåìîãî öåëåâîãî ôóíêöèîíàëà.
Äëÿ ÷èñëåííîãî ðåøåíèÿ ãðàíèöà âêëþ÷åíèÿ ïðèáëèæàëàñü êîíå÷íîé ñóììîé
Ôóðüå, òàêèì îáðàçîì èñêîìûìè ÿâëÿëèñü êîýôôèöèåíòû â ýòîé ñóììå. Çàäà÷à
ðåøàëàñü ïðè ðàçëè÷íûõ çíà÷åíèÿõ α, c ïîìîùüþ àëãîðèòìà Íåñòåðîâà ñ ïåðå-
çàïóñêîì, âûáîð êîòîðîãî áûë îáîñíîâàí.

Ðàáîòà ïðîâîäèëàñü ïðè ÷àñòè÷íîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåí-
òàëüíûõ èññëåäîâàíèé (ïðîåêò N 18-29-10007).
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Statement of the continuation problem for the acoustics equation.
Consider the continuation problem in the domain ∆(Lx) = {(x, t) : x ∈ (0, Lx), t ∈

(x, 2Lx − x)}:

utt = uxx −
ρx
ρ
ux (17)

ux(0, t) = g(t), (18)

u(0, t) = f(t). (19)

Direct and inverse problem
Consider the ill-posed problem (17) � (19) as the inverse to the next direct (well-

posed) problem. In the domain ∆(Lx) = {(x, t) : x ∈ (0, Lx), t ∈ (x, 2Lx − x)} need
to de�ne u(x, t) for given q(x) and φ(t) from relations:

utt = uxx − r(x)u (x, t) ∈ ∆(Lx) (20)

ux(0, t) = φ(t), t ∈ (0, 2Lx) (21)

u(x, x) = q(x), x ∈ (0, Lx), (22)

In the direct problem (20) � (22), it is required to determine u(x, t) for given q(x)
and φ(t). The inverse problem is to determine the function q(x) from relation (20)
� (22) using additional information about the solution of the direct problem (20) �
(22)

u(0, t) = f(t). (23)

For the numerical solution of the inverse problem, we use the method of inverse
di�erence schemes. An algorithm for solving the direct problem in the di�erence
equation is constructed. And also a numerical algorithm for the method of inversion
of di�erence schemes. Computational experiments show this method is numerically
stable for di�erent noise levels.
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Èçó÷àåòñÿ SEIR�ïîäîáíàÿ ýïèäåìèîëîãè÷åñêàÿ ìîäåëü
ė(t) =

(
1− e(t)− i(t)− re(t)− ri(t)− p(t)

)
(aee(t) + aii(t))− (κ + ρ)e(t)

i̇(t) = κe(t)− (β + µ)i(t)
ṙe(t) = ρe(t)
ṙi(t) = βi(t)
ṗ(t) = µi(t)

 (1)

Çäåñü e(t), i(t), re(t), ri(t), p(t) � îòíîñèòåëüíîå êîëè÷åñòâî (ïî îòíîøåíèþ ê
îáùåé ÷èñëåííîñòè ïîïóëÿöèè â òîì èëè èíîì àðåàëå) ñîîòâåòñòâåííî áåññèìï-
òîìíûõ çàðàæ¼ííûõ, áîëüíûõ ñ ñèìïòîìàìè, áåññèìïòîìíî ïåðåáîëåâøèõ, âû-
çäîðîâåâøèõ è óìåðøèõ îò áîëåçíè â ìîìåíò âðåìåíè t. Çíà÷åíèÿ ôóíêöèé i(t),
ri(t), p(t) ïðåäïîëàãàþòñÿ èçâåñòíûìè â ìîìåíòû âðåìåíè t0 < t1 < . . . < tN
èç ñòàòèñòèêè çàðàæåíèé, âûçäîðîâëåíèé è ñìåðòíîñòè. Â òî æå âðåìÿ, çíà÷å-
íèÿ ôóíêöèé e(t) è re(t) íåäîñòóïíû äëÿ íåïîñðåäñòâåííîãî íàáëþäåíèÿ. ×òîáû
ìîäåëü (1) ìîæíî áûëî èñïîëüçîâàòü äëÿ ïðîãíîçèðîâàíèÿ ðàñïðîñòðàíåíèÿ ýïè-
äåìèè ïðè t > tN , íåîáõîäèìî çíàòü åù¼ çíà÷åíèÿ êîýôôèöèåíòîâ ae, ai, κ, ρ, β, µ
è íà÷àëüíûå çíà÷åíèÿ íåíàáëþäàåìûõ âåëè÷èí e(t0), re(t0). Çàäà÷à î âîññòàíîâ-
ëåíèè ýòèõ íåèçâåñòíûõ ïàðàìåòðîâ ïî äàííûì ýïèäåìèîëîãè÷åñêîé ñòàòèñòèêè
ìîæåò áûòü ïðåäñòàâëåíà â âèäå îïåðàòîðíîãî óðàâíåíèÿ âèäà F (x) = f , ãäå x
� âåêòîð, ñîäåðæàùèé âñå íåèçâåñòíûå çíà÷åíèÿ, à f � âåêòîð, ñîäåðæàùèé âñå
èçâåñòíûå ñòàòèñòè÷åñêèå äàííûå. Äëÿ ðåøåíèÿ äàííîãî óðàâíåíèÿ ïðèìåíÿþò-
ñÿ èòåðàòèâíî ðåãóëÿðèçîâàííûå ìåòîäû òèïà Ãàóññà�Íüþòîíà [1]. Ðàññìàòðè-
âàþòñÿ ìîäèôèêàöèè ìîäåëè (1), ó÷èòûâàþùèå íåïîñòîÿíñòâî ïðèîáðåò¼ííîãî
ïîñëå áîëåçíè èììóíèòåòà, à òàêæå âîçìîæíóþ çàâèñèìîñòü èñêîìûõ êîýôôè-
öèåíòîâ îò âðåìåíè, îáóñëîâëåííóþ ìóòàöèÿìè èíôåêöèîííîãî àãåíòà èëè ìå-
ðàìè ïî ñäåðæèâàíèþ ýïèäåìèè. Ïðåäëàãàåìûé ïîäõîä ê ìîäåëèðîâàíèþ è ïðî-
ãíîçèðîâàíèþ ðàñïðîñòðàíåíèÿ ýïèäåìèé èëëþñòðèðóåòñÿ íà ïðèìåðå ýïèäåìèè
COVID�19 â ðàçëè÷íûõ àðåàëàõ.

Ðàáîòà ïðîâîäèëàñü ïðè ôèíàíñîâîé ïîääåðæêå ÐÍÔ (ïðîåêò 20�11�20085).
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kuramshi@phys.chem.msu.ru

A force constant matrix F (consisted from second derivatives of the molecular
potential with respect to nucleus coordinates in the equilibrium con�guration) is one
of the most important information about the intramolecular dynamics. This matrix
de�nes infrared and Raman spectra, etc.). Molecular vibrations play an important
role in energy transfer processes, chemical reactions, nonradiative transitions.

There are two main strategies for the molecular force �eld determination. The
�rst way is solving the inverse (vibrational/generalized structural) problem using
an experimental data on molecular spectra and electron di�raction which problems
belong to the class of nonlinear ill-posed problems [1]. Other way is to carry out the
quantum mechanical calculations and obtain the theoretical equilibrium con�guration
and force constants. Two approaches can be joined in the unique statement of inverse
problem based on the joint treatment of experimental and quantum mechanical data
for �nding the regularized quantum mechanical force �eld (RQMFF).

We propose the next scheme for the calculations of vibrational spectra of the large
size molecules such as polymers, nanostructures, biological systems, etc.:

1) preliminary quantum mechanical analysis of moderate size molecules chosen as
key or model molecules which are the fragments of large molecular systems;

2) solving the inverse scaling problems by the �tting ab initio Hessians of separate
blocks to experimental data (vibrational spectra) in Cartesian coordinates scaling
model;

3) synthesis (construction) the Hessian of a large molecular system from separate
regularized fragments, calculation of vibrational spectra and thermodynamical
functions.

These routines are included in our software packages SPECTRUM [1] and CART [2].

REFERENCES

1. Yagola A.G., Kochikov I.V., Kuramshina G.M., Pentin Yu.A (1999) Inverse
problems of vibrational spectroscopy, VSP, The Netherlands, Zeist.

2. Kochikov I.V., Kuramshina G.M., Stepanova A.V. (2009) New approach for
the correction of ab initio molecular force �elds in Cartesian coordinates. Int J
Quant Chem 109:28-33.



58 Åâðàçèéñêàÿ êîíôåðåöèÿ ïî ïðèêëàäíîé ìàòåìàòèêå

INVERSE PROBLEM FOR CRACKED INHOMOGENEOUS
KIRCHHOFF-LOVE PLATE WITH TWO HINGED RIGID

INCLUSIONS
Lazarev N.P.

North-Eastern Federal University, Yakutsk, Russia
nyurgun@ngs.ru

We consider a family of variational problems on the equilibrium of a composite
Kirchho�-Love plate containing two �at rectilinear rigid inclusions, which are connected
in a hinged manner. It is assumed that the both inclusions are delaminated from
an elastic matrix, thus forming an interfacial crack between the inclusions and the
surrounding elastic media. Displacement boundary conditions of an inequality type
are set on the crack faces that ensure a mutual nonpenetration of opposite crack
faces. The problems of the family depend on a parameter specifying the coordinate
of a connection point of the inclusions. For the considered family of problems, we
formulate a new inverse problem of �nding an unknown coordinates of a hinge joint
point. The continuity of solutions of the problems on this parameter is proved. The
solvability of this inverse problem has been established. Using a passage to the limit,
a qualitative connection between the problems for plates with �at and bulk hinged
inclusions is shown [1].

by the Ministry of Education and Science of the Russian Federation within the
framework of the base part of the state task FSRG-2020-0006.
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ÌÀÒÅÌÀÒÈ×ÅÑÊÀß ÌÎÄÅËÜ ÄÂÈÆÅÍÈß ÆÈÄÊÎÑÒÈ Â
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ÄÂÈÆÅÍÈß ËÜÄÀ.
Òîêàðåâà Ì.À., Âèðö Ð.À., Ëàðèîíîâà Â.Í.
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Ôèëüòðàöèÿ âîäû â ïîðèñòîì ëåäîâîì ñêåëåòå îïèñûâàåòñÿ ñ ïîìîùüþ ñëå-
äóþùåé ñèñòåìû óðàâíåíèé [1, 2, 3]:

∂(1− φ)ρi
∂t

+ div((1− φ)ρi~vi) = Iwi,
∂φρw
∂t

+ div(φρw~vw) = Iiw,

φ(~vw − ~vi) = −k(φ)

µ(θ)
(∇pw − ρw~g),

div~vi = −φ
(
αpe + β

dpe
dt

)
,

∇ptot = ρtot~g + div

[
(1− φ)η

(
∂~vi
∂~x

+

(
∂~vi
∂~x

)∗)]
,(

ρwcwφ+ρici(1−φ)

)
∂θ

∂~x
+

(
ρwcwφ~vw+ρici(1−φ)~vi

)
∇θ = div(λc∇θ)+ν

∂(1− φ)ρi
∂t

.

Çäåñü ïëîòíîñòè ôàç ïîñòîÿííûå (ρi = ρw = const), φ � ïîðèñòîñòü ñðåäû, ρi,
ρw, ~vi, ~vw, pi, pw � ïëîòíîñòè, ñêîðîñòè è äàâëåíèå ëüäà è âîäû ñîîòâåòñòâåííî,
θ+ � òåìïåðàòóðà ïëàâëåíèÿ ëüäà, θ−� òåìïåðàòóðà çàìåðçàíèÿ âîäû, k(φ) �
ôàçîâàÿ ïðîíèöàåìîñòü, µ(θ) � äèíàìè÷åñêàÿ âÿçêîñòü æèäêîñòè, η(θ) � âÿçêîñòü
ëüäà, α, β, λ1, λ2 � êîíñòàíòû, õàðàêòåðèçóþùèå ñðåäó è èíòåíñèâíîñòü ôàçîâîãî
ïåðåõîäà, ~g � âåêòîð óñêîðåíèÿ ñâîáîäíîãî ïàäåíèÿ, ρtot = φρw + (1− φ)ρi, ptot =
φpw + (1 − φ)pi, pe = (1 − φ)(pi − pw), λc = ac + bcρ

2
tot(ac, bc = const), Iwi = −Iiw.

Ïðåäëîæåí àëãîðèòì ÷èñëåííîãî ðåøåíèÿ àâòîìîäåëüíîé çàäà÷è.
Ðàáîòà âûïîëíåíà â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ Ìèíèñòåðñòâà íàóêè è

âûñøåãî îáðàçîâàíèÿ ÐÔ ïî òåìå ¾Ñîâðåìåííûå ìåòîäû ãèäðîäèíàìèêè äëÿ çà-
äà÷ ïðèðîäîïîëüçîâàíèÿ, èíäóñòðèàëüíûõ ñèñòåì è ïîëÿðíîé ìåõàíèêè¿ (íîìåð
òåìû: FZMW-2020-0008).
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Ýëàñòîãðàôèÿ � ýòî ìåòîä îíêîëîãè÷åñêîé äèàãíîñòèêè, îñíîâàííûé íà ðàçëè÷è-
ÿõ óïðóãèõ ñâîéñòâ çäîðîâîé è îïóõîëåâîé òêàíè. Èçìåðÿÿ ñìåùåíèÿ áèîëîãè÷å-
ñêèõ òêàíåé ïðè èõ ïîâåðõíîñòíîì ñæàòèè è íàõîäÿ ïî ñìåùåíèÿì ðàñïðåäåëå-
íèå ìîäóëåé óïðóãîñòè â èññëåäóåìîé îáëàñòè, ìîæíî ñäåëàòü âûâîä î íàëè÷èè
òàì îïóõîëåé. Òàêàÿ äèàãíîñòèêà â ðåàëüíîì âðåìåíè òðåáóåò ðàçðàáîòêè àäåê-
âàòíîé ìàòåìàòè÷åñêîé ìîäåëè è ¾áûñòðîãî¿ ìåòîäà ðåøåíèÿ îáðàòíîé çàäà÷è:
ïî ñìåùåíèÿì íàéòè ìîäóëè óïðóãîñòè. Â äîêëàäå ðàññìàòðèâàåòñÿ ìîäåëü ñå-
÷åíèé èçó÷àåìîé òêàíè â ïðèáëèæåíèè ïëîñêîãî äåôîðìèðîâàííîãî ñîñòîÿíèÿ
ëèíåéíî-óïðóãîãî èçîòðîïíîãî òåëà â îáëàñòè Ω = (−∞,∞) × [0, h] ⊂ R2

xy. Íà
ãðàíèöå y = 0 äåéñòâóåò ïîâåðõíîñòíàÿ ñèëà ñ ïëîòíîñòüþ F0, íàïðàâëåííàÿ âåð-
òèêàëüíî ââåðõ, à ãðàíèöà y = h æåñòêî çàêðåïëåíà. Óïðóãèå ñâîéñòâà òêàíè
õàðàêòåðèçóþòñÿ ìîäóëåì Þíãà E(x, y) è ïîñòîÿííûì êîýôôèöèåíòîì Ïóàññîíà
ν = 0.495. Ñâÿçü ìåæäó ãîðèçîíòàëüíûìè è âåðòèêàëüíûìè ñìåùåíèÿìè òêàíè
è åå ìîäóëÿìè óïðóãîñòè îïðåäåëÿåòñÿ èçâåñòíîé êðàåâîé çàäà÷åé äëÿ ñèñòåìû
óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ (ñì., íàïðèìåð, [1]). Ïðÿìàÿ çàäà÷à êâàçè-
ñòàòè÷åñêîé ýëàñòîãðàôèè ñîñòîèò â íàõîæäåíèè èç êðàåâîé çàäà÷è ñìåùåíèé
òêàíè ïî çàäàííûì ìîäóëÿì óïðóãîñòè. Îáðàòíàÿ çàäà÷à çàêëþ÷àåòñÿ â íàõîæ-
äåíèè ðàñïðåäåëåíèÿ ìîäóëÿ Þíãà E(x, y) ïî èçâåñòíûì âåðòèêàëüíûì ñìåùå-
íèÿì òêàíè. Ðåøåíèå îáðàòíîé çàäà÷è íà ïåðñîíàëüíîì êîìïüþòåðå çàíèìàåò â
çàâèñèìîñòè îò èñïîëüçóåìûõ ñåòîê îò äåñÿòêîâ ìèíóò äî ÷àñîâ. Â äîêëàäå ïðåä-
ëàãàåòñÿ ìåòîäèêà, ïîçâîëÿþùàÿ ðåøàòü ïîäîáíóþ çàäà÷ó çà ìèëëèñåêóíäû íà
òåõ æå ñåòêàõ. Ìåòîäèêà îñíîâàíà íà òîì, ÷òî â ïðÿìîé êðàåâîé çàäà÷å èìååòñÿ
ìàëûé ïàðàìåòð ε = 0.5 − ν ≈ 0.005, òàê ÷òî åå ìîæíî ðåøèòü àíàëèòè÷åñêè â
ðàìêàõ òåîðèè ðåãóëÿðíûõ âîçìóùåíèé. Òîãäà ñâÿçü âåðòèêàëüíûõ ñìåùåíèé è

ðàñïðåäåëåíèÿ ìîäóëÿ Þíãà èìååò âèä w(x, y) = F0(1 + 2ε)−1
y∫
h

E−1(x, η)dη. Ýòà

ôîðìóëà èñïîëüçîâàíà äëÿ ïðèáëèæåííîãî ðåøåíèÿ ïðÿìîé è îáðàòíîé çàäà÷è.
Ïðèâîäèòñÿ ñðàâíåíèå ðåøåíèÿ ïðÿìîé çàäà÷è ñ ïîìîùüþ êëàññè÷åñêèõ ìåòîäîâ
è ìåòîäà ìàëîãî ïàðàìåòðà, à òàêæå ðåøåíèå ìîäåëüíîé îáðàòíîé çàäà÷è.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî íàó÷íîãî ôîíäà
(ïðîåêò 18-11-00042).
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Â ðàáîòå ðàññìîòðåíà ñòîõàñòè÷åñêàÿ íåïðåðûâíî-äèñêðåòíàÿ ìîäåëü ðàñïðî-
ñòðàíåíèÿ ýïèäåìèè ñðåäè íàñåëåíèÿ íåêîòîðîãî ðåãèîíà. Â ðàìêàõ ìîäåëè íàñå-
ëåíèå ðåãèîíà ïðåäñòàâëåíî â âèäå ïÿòè êîãîðò èíäèâèäóóìîâ: S � âîñïðèèì÷è-
âûå ê èíôåêöèè èíäèâèäóóìû; U � ïåðâè÷íî-èíôèöèðîâàííûå (íåçàðàçíûå) èí-
äèâèäóóìû, íàõîäÿùèåñÿ â ëàòåíòíîé ñòàäèè ðàçâèòèÿ çàáîëåâàíèÿ; I � áîëüíûå
èíäèâèäóóìû, ñïîñîáíûå ê çàðàæåíèþ âîñïðèèì÷èâûõ èíäèâèäóóìîâ; V � èçî-
ëèðîâàííûå áîëüíûå èíäèâèäóóìû, íàõîäÿùèåñÿ íà ëå÷åíèè; L � ïåðåáîëåâøèå
èíäèâèäóóìû, ñôîðìèðîâàâøèå èììóíèòåò ê èíôåêöèè. Â ìîäåëè ó÷èòûâàþò-
ñÿ âíåøíèé ïðèòîê âîñïðèèì÷èâûõ èíäèâèäóóìîâ S, åñòåñòâåííàÿ ñìåðòíîñòü
èíäèâèäóóìîâ âñåõ êîãîðò, çàðàæåíèå èíäèâèäóóìîâ S â ðåçóëüòàòå èõ êîíòàê-
òîâ ñ áîëüíûìè èíäèâèäóóìàìè I, ðàçâèòèå çàáîëåâàíèÿ ó áîëüíûõ èíäèâèäó-
óìîâ I, â ðåçóëüòàòå ÷åãî îíè ïîìåùàþòñÿ íà àìáóëàòîðíîå èëè ñòàöèîíàðíîå
ëå÷åíèå (ñòàíîâÿòñÿ èíäèâèäóóìàìè V ), à òàêæå ñòàäèè ðàçâèòèÿ çàáîëåâàíèÿ ó
èíäèâèäóóìîâ êîãîðòû U , ëå÷åíèÿ èíäèâèäóóìîâ V è ñîõðàíåíèÿ èììóíèòåòà ó
ïåðåáîëåâøèõ èíäèâèäóóìîâ L. Ïðîäîëæèòåëüíîñòè óêàçàííûõ ñòàäèé çàäàþòñÿ
íåêîòîðûìè ïîëîæèòåëüíûìè êîíñòàíòàìè, ÷òî ïðèâîäèò ê íåîáõîäèìîñòè ó÷åòà
ïðåäûñòîðèè ðàçâèòèÿ êîãîðò èíäèâèäóóìîâ, è èñêëþ÷àåò ïðèìåíåíèå ìàðêîâ-
ñêèõ ìîäåëåé. Íåïðåðûâíî-äèñêðåòíûé ñëó÷àéíûé ïðîöåññ, âîçíèêàþùèé ïðè
ðàçðàáîòêå ìîäåëè, ñîäåðæèò: à) öåëî÷èñëåííûå ñëó÷àéíûå ïåðåìåííûå, çàäàþ-
ùèå ÷èñëåííîñòè èíäèâèäóóìîâ ðàçëè÷íûõ êîãîðò, á) ñïåöèàëüíûå ìíîæåñòâà �
ñåìåéñòâà óíèêàëüíûõ òèïîâ èíäèâèäóóìîâ êîãîðò U , V , L, îòðàæàþùèõ ìîìåí-
òû ïîñòóïëåíèÿ èíäèâèäóóìîâ â ýòè êîãîðòû è ïðîäîëæèòåëüíîñòè ïðåáûâàíèÿ
èíäèâèäóóìîâ â ýòèõ êîãîðòàõ. Ïðèìåíåíèå ñåìåéñòâ óíèêàëüíûõ òèïîâ ïîçâî-
ëÿåò îïèñàòü çàêîí èçìåíåíèÿ òåêóùåãî ñîñòîÿíèÿ ÷èñëåííîñòåé êîãîðò, îïèðà-
ÿñü íà ïðîöåññû, ïðîèñõîäÿùèå ñ èíäèâèäóóìàìè íå òîëüêî â òåêóùèé, íî è â
ïðåäøåñòâóþùèå ìîìåíòû âðåìåíè. Òàêèì îáðàçîì, â ìîäåëè ñîâìåùàþòñÿ ïî-
ïóëÿöèîííûé è èíäèâèäóóì-îðèåíòèðîâàííûé ïîäõîäû.

Ïðèâåäåíû êðàòêàÿ âåðîÿòíîñòíàÿ ôîðìàëèçàöèÿ ìîäåëè è ñâåäåíèÿ îá àëãî-
ðèòìå ïðÿìîãî ñòàòèñòè÷åñêîãî ìîäåëèðîâàíèÿ íà îñíîâå ìåòîäà Ìîíòå�Êàðëî.
Ñ èñïîëüçîâàíèåì òåîðèè âåòâÿùèõñÿ ñëó÷àéíûõ ïðîöåññîâ ïîëó÷åíî âûðàæåíèå
äëÿ êîýôôèöèåíòà ðàñïðîñòðàíåíèÿ ýïèäåìèè R0. Ïðîâåäåíû âû÷èñëèòåëüíûå
ýêñïåðèìåíòû ïî èçó÷åíèþ âåðîÿòíîñòè çàâåðøåíèÿ ýïèäåìè÷åñêîãî ïðîöåññà â
òå÷åíèè êîíå÷íîãî ïðîìåæóòêà âðåìåíè äëÿ R0 6 1 è R0 > 1.

Ðàáîòà ïðîâîäèëàñü ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ, ïðîåêò � 20-04-60157.
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Lukyanenko D.V.

Department of Mathematics, Faculty of Physics,
Lomonosov Moscow State University, Moscow, Russia
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Some methods for solving inverse problems for nonlinear equations of the reaction-
di�usion-advection type with data on the position of a reaction front are considered.
Solutions of equations of this type can contain narrow moving fronts that divide the
space into two parts: the perturbed part, through which the front has already passed,
and the unperturbed part. The front is a region in which the function describing
some characteristic of the medium (temperature, density, etc.) change quite sharply
from the values of the function describing one state of the medium (for example,
perturbed) to the value of the function describing another state. In the case of a
small singular parameter at the highest derivative, the width of such a front will be
su�ciently small in relation to the dimensions of the entire region. As a consequence,
the reaction front can be distinguished experimentally. It was demonstrated that the
data on the position of a reaction front can be successfully used as input information
when solving inverse problems of the class under consideration. Data of this type are
the most natural additional information when solving real applied problems, in which
it is possible to experimentally observe the position of the reaction front, the front of
a shock wave or combustion, etc. Three main approaches to solving inverse problems
of the class under consideration will be considered. The report will present the latest
results on this topic.
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ANALYSIS,CONSTRUCTION AND JUSTIFICATION OF
ALGORITHMS FOR NUMERICAL SOLUTION OF MULTI
PARAMETRIC OPTIMIZATION PROBLEMS BY MACHINE

LEARNING METHODS
Liu S.
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This work is based on a machine learning approach to �nancial data, using a �rst-
order algorithm to optimize predictive models for Back-Propagation Neural Networks
(BPNN) [1]. Using Deep Belief Networks (DBN) can automatically learn valid information
and solve the diagnosis of multiple hidden faults more e�ectively than Arti�cial Neural
Networks (ANN) shallow learning models [2]. Based on the structural characteristics
of the network, the network system is divided into two logical layers and Hierarchical
Diagnosis Networks (HDN) are used to solve the problem of hierarchical identi�cation
of mechanical systems [3].Machine learning has also been widely used to solve large-
scale optimization problems in signal and image processing.
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Â äîêëàäå ïðåäñòàâëåí êîìïëåêñ ìàòåìàòè÷åñêèõ è êîìïüþòåðíûõ èññëåäî-
âàíèé ïüåçîýëåêòðè÷åñêèõ ìàòåðèàëîâ è êîìïîçèòîâ íà ðàçëè÷íûõ ìàñøòàáíûõ
óðîâíÿõ (ìàêðî-, ìèêðî- è íàíî-). Îïèñàíû ìîäåëè ìèêðî- è íàíîðàçìåðíûõ ìà-
òåðèàëîâ ñ èíòåðôåéñíûìè ýôôåêòàìè è òåõíîëîãèè ðåøåíèÿ çàäà÷ ãîìîãåíèçà-
öèè ïüåçîêîìïîçèòîâ, îñíîâàííûå íà ìåòîäå ýôôåêòèâíûõ ìîäóëåé, ìîäåëèðî-
âàíèè ïðåäñòàâèòåëüíûõ îáúåìîâ è èñïîëüçîâàíèè ìåòîäà êîíå÷íûõ ýëåìåíòîâ.
Ïðèâåäåíû ðåçóëüòàòû êîìïüþòåðíîãî ìîäåëèðîâàíèÿ ïüåçîýëåêòðè÷åñêèõ êîì-
ïîçèòîâ â êîíå÷íî-ýëåìåíòíûõ ïàêåòàõ ANSYS è ACELAN-COMPOS è èññëåäî-
âàíèé èñïîëüçîâàíèÿ ïüåçîêîìïîçèòîâ â ðàçëè÷íûõ ïüåçîýëåêòðè÷åñêèõ óñòðîé-
ñòâàõ.

Äëÿ ãîìîãåíèçàöèè ïüåçîêîìïîçèòîâ èñïîëüçîâàëñÿ ìåòîä ýôôåêòèâíûõ ìî-
äóëåé è êîíå÷íî-ýëåìåíòíûå òåõíîëîãèè äëÿ ðåøåíèÿ ñòàòè÷åñêèõ çàäà÷ ñðàâíå-
íèÿ â ïðåäñòàâèòåëüíûõ îáúåìàõ. Ðàññìàòðèâàëèñü ðàçëè÷íûå òèïû ïüåçîýëåê-
òðè÷åñêèõ êîìïîçèòíûõ ìàòåðèàëîâ: 1) îáû÷íûå ïîðèñòûå ïüåçîêåðàìè÷åñêèå
ìàòåðèàëû; 2) ïîðèñòûå ïüåçîìàòåðèàëû ñ íàíîðàçìåðíûìè ïîðàìè; 3) ïîðèñòûå
ïüåçîìàòåðèàëû ñ ïîðàìè, ïîêðûòûìè ÷àñòèöàìè ðàçëè÷íûõ âåùåñòâ; 4) äâóõ-
ôàçíûå è òðåõôàçíûå ïüåçîêîìïîçèòû ñ ïüåçîêåðàìè÷åñêîé ìàòðèöåé, óïðóãèìè
âêëþ÷åíèÿìè è ïîðàìè. Äëÿ âñåõ òèïîâ ïüåçîêîìïîçèòîâ ïðåäëîæåíû ìàòåìà-
òè÷åñêèå ïîäõîäû ê îïðåäåëåíèþ ýôôåêòèâíûõ ñâîéñòâ äëÿ ìàòåðèàëîâ ëþáîãî
êëàññà àíèçîòðîïèè, â òîì ÷èñëå ñ ó÷åòîì ñâÿçàííûõ è íåñâÿçàííûõ ýëåêòðîìå-
õàíè÷åñêèõ ïîâåðõíîñòíûõ ýôôåêòîâ.

Áûëè ðàçâèòû ïîäõîäû ê èññëåäîâàíèþ êîìïîçèòîâ, ó êîòîðûõ ìàòåðèàëüíûå
ñâîéñòâà íåêîòîðûõ ôàç èìåþò î÷åíü ìàëûå èëè î÷åíü áîëüøèå çíà÷åíèÿ. Çàäà÷è
ãîìîãåíèçàöèè äëÿ ïîäîáíûõ êîìïîçèòîâ ðàññìàòðèâàëèñü êàê ïðåäåëüíûå ñëó-
÷àè ñòàíäàðòíûõ çàäà÷ ãîìîãåíèçàöèè ñ óñëîâèÿìè ïîëíîãî êîíòàêòà ìàòåðèàëîâ
ðàçëè÷íûõ ôàç íà èíòåðôåéñíûõ ãðàíèöàõ.

Äëÿ ðåøåíèÿ çàäà÷ ãîìîãåíèçàöèè äëÿ âñåõ îïèñàííûõ âûøå êîìïîçèòîâ áû-
ëî ðàçðàáîòàíî ñïåöèàëèçèðîâàííîå ïðîãðàììíîå îáåñïå÷åíèå, áàçèðóþùåå íà
êîíå÷íî-ýëåìåíòíîì ðåøåíèè êðàåâûõ çàäà÷ â ïðåäñòàâèòåëüíûõ îáúåìàõ, ó÷è-
òûâàþùèõ îñíîâíûå îñîáåííîñòè âíóòðåííåé ñòðóêòóðû êîìïîçèòîâ.

Ïðèâåäåíû ïðèìåðû âû÷èñëåíèÿ ýôôåêòèâíûõ ìîäóëåé äëÿ ðàçëè÷íûõ òèïîâ
ïüåçîêîìïîçèòîâ è äàí èõ àíàëèç â çàâèñèìîñòè îò âûáîðà ìîäåëåé, ðàçìåðîâ ïîð
èëè âêëþ÷åíèé è äðóãèõ ôàêòîðîâ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà Ïðàâèòåëüñòâà ÐÔ � 075-15-2019-
1928.
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3D BIOMECHANICAL MODEL REPRODUCES REALISTIC
SWIMMING OF FROG TADPOLE

Palyanov A.Yu.
A.P. Ershov Institute of Informatics Systems SB RAS, Novosibirsk
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Virtual Tadpole (VT) model is an advanced version of the simulation software
system, named "Sibernetic-VT"(https://github.com/a-palyanov/sibernetic-vt). The
original software "Sibernetic"was developed[1] and successfully used for behavioral
studying of the C. elegans swimming in liquid and crawling over a gel surface [2].
The liquid is simulated using prediction-correction incompressible smoothed particle
hydrodynamics (PCISPH) algorithm[3] which was implemented in "Sibernetic"using
C++ and OpenCL for high-performance parallel GPU computations.

Our new VT model[4] reconstructs detailed physical and anatomical measurements
of the young Xenopus tadpole. VT body accurately mimics the shapes, sizes and mass
distribution of organs like the notochord, muscles and belly of real tadpoles. The
VT body is composed of particles interconnected with springs of di�erent rigidities
(depending on the type of tissue they represent). Simulated liquid's density and
viscosity correspond to water.

We use biologically realistic modelling of tadpole neuronal circuits to generate
spiking activities in response to sensory signals [4, 5]. Output of the neuronal model
is represented by spikes of motoneurons distributed along the node. These spikes are
fed to 3D �exible VT body to innervate muscles and produce body bending. We �nd
that VT model placed into a "water"tank shows realistic swimming with shape and
speed of movements similar to swimming of a real tadpole.
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Due to the diversity of the inverse problem statements arising in the course of
sophisticated natural systems modeling, it is essential to obtain a tool that allows both
solving and estimating the inverse problem solution result before its actual solution.
In the work, we consider the problem of �nding the kinetic parameters of the chemical
reaction system based on the concentration dynamics measurements for the selected
set of species. We use an approach, which consists of reducing the inverse problem
to a quasi-linear matrix equation with sensitivity operators constructed from an
ensemble of independent solutions of adjoint problems [1]. We analyze numerically the
e�ciency of prediction of the inverse problem solution results based on the sensitivity
operator properties, namely on the singular spectrum decrease rate and projector to
the orthogonal complement of the sensitivity operator matrix kernel [2]. Parameter
identi�cation problems for production-loss models are often solved by various meta-
heuristic and gradient-based algorithms. In work, we compare the sensitivity operator-
based algorithm results to those obtained by standard implementations of the parameter
identi�cation algorithms.

The work has been supported by RFBR 19-07-01135 (inverse coe�cient problem
with point-wise data), RFBR 20-01-00560 (continuation problem study) and RFBR
19-44-543021 (biological model).
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The use of heterogeneous monitoring data makes it possible to improve the accuracy
of air quality analysis and forecasting systems. One of the main uncertainties in
air quality studies is information about sources of chemical substances (and sinks).
Therefore, as the main task of inverse modeling, we consider the source identi�cation
problem. An approach with sensitivity operators is applied to identify sources [1].
The ensemble construction of the sensitivity operator provides a natural way to fuse
di�erent types of measurement data in a single operator equation [2]. The structure
of the equation allows one to analyze the information content of the measurement
data[3]. The combined use of image-type, integral-type, contact-type, and time-series-
type measurement data is considered. The approach is illustrated in the inverse
modeling scenario for the Baikal region.

The work has been supported by the grant �075-15-2020-787 in the form of a
subsidy for a Major scienti�c project from Ministry of Science and Higher Education
of Russia (project "Fundamentals, methods and technologies for digital monitoring
and forecasting of the environmental situation on the Baikal natural territory").
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Ðàññìàòðèâàåòñÿ ìàòåìàòè÷åñêàÿ ìîäåëü ðàñïðîñòðàíåíèÿ ýïèäåìèè â íåêî-
òîðîì ðåãèîíå. Ìîäåëü ïîñòðîåíà íà îñíîâå äèôôåðåíöèàëüíûõ óðàâíåíèé ñ çà-
ïàçäûâàíèåì, äîïîëíåííûõ èíòåãðàëüíûìè óðàâíåíèÿìè è íà÷àëüíûìè äàííû-
ìè. Èíòåãðàëüíûå óðàâíåíèÿ ó÷èòûâàþò ðàñïðåäåëåíèÿ äëèòåëüíîñòåé ïðåáû-
âàíèÿ èíäèâèäóóìîâ â êîãîðòàõ, îòðàæàþùèõ ðàçëè÷íûå ñòàäèè çàáîëåâàíèÿ.
Äëèòåëüíîñòü ïðåáûâàíèÿ èíäèâèäóóìîâ â êîãîðòàõ çàäàþòñÿ êîíñòàíòàìè èëè
âåëè÷èíàìè, ðàñïðåäåëåííûìè íà êîíå÷íûõ ïðîìåæóòêàõ âðåìåíè, à òàêæå âå-
ëè÷èíàìè ñ ýêñïîíåíöèàëüíûìè ðàñïðåäåëåíèÿìè.

Ïåðåìåííûå ìîäåëè: S(t), U(t), I(t), V (t), L(t) � ÷èñëåííîñòü âîñïðèèì÷è-
âûõ ê èíôåêöèè èíäèâèäóóìîâ, ïåðâè÷íî-èíôèöèðîâàííûõ (íå çàðàçíûõ) èíäè-
âèäóóìîâ, íàõîäÿùèåñÿ â ëàòåíòíîé ñòàäèè ðàçâèòèÿ çàáîëåâàíèÿ; áîëüíûõ (íå
èçîëèðîâàííûõ) èíäèâèäóóìîâ, ñïîñîáíûõ ê çàðàæåíèþ âîñïðèèì÷èâûõ èíäè-
âèäóóìîâ, èçîëèðîâàííûõ áîëüíûõ èíäèâèäóóìîâ, íàõîäÿùèõñÿ íà ëå÷åíèè, è
ïåðåáîëåâøèõ èíäèâèäóóìîâ, ñôîðìèðîâàâøèõ èììóíèòåò ê èíôåêöèè.

Îäèí èç âàðèàíòîâ ìîäåëè:

dS(t)

dt
= rS−µSS(t)−βS,IS(t)I(t)+qLe

−(µUωU+µLωL)βS,IS(t−ωU−ωL)I(t−ωU−ωL)

+ e−(µV ωV +µLωL)γII(t− ωV − ωL),

dI(t)

dt
= qIe

−µUωUβS,IS(t− ωU )I(t− ωU )− (µI + γI)I(t), t > 0,

U(t) =

∫ t

t−ωU
e−µU (t−a)βS,IS(a)I(a)da, V (t) =

∫ t

t−ωV
e−µV (t−a)γII(a)da,

L(t) =

∫ t

t−ωL
e−µL(t−a)

(
qLe
−µUωUβS,IS(a−ωU )I(a−ωU ) + e−µV ωV γII(a−ωV )

)
da,

S(t) = S0(t), I(t) = I0(t), t ∈ [−max{ωU + ωL, ωV + ωL}; 0].

Ñèñòåìà óðàâíåíèé ìîäåëè èìååò òðèâèàëüíîå ðåøåíèå, èíòåðïðåòèðóåìîå
êàê îòñóòñòâèå ýïèäåìèè â ðåãèîíå. Ïîëó÷åíî âûðàæåíèå äëÿ êîýôôèöèåíòà ðàñ-
ïðîñòðàíåíèÿ ýïèäåìèè R0. Óñòàíîâëåíî, ÷òî ïðè R0 < 1 òðèâèàëüíîå ðåøåíèå
àñèìïòîòè÷åñêè (ëîêàëüíî) óñòîé÷èâî ïî Ëÿïóíîâó, ïðè R0 > 1 � íå óñòîé÷èâî.
Ïðîâåäåíà ñåðèÿ âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ ñ ìîäåëüþ äëÿ ñëó÷àÿ R0 > 1
è äâóõ âàðèàíòîâ ðàñïðåäåëåíèÿ äëèòåëüíîñòè ñîõðàíåíèÿ èììóíèòåòà ó ïåðåáî-
ëåâøèõ èíäèâèäóóìîâ. Ïîêàçàíî ñóùåñòâåííîå ðàçëè÷èå è ñõîäñòâî â ïîâåäåíèè
ðåøåíèé ìîäåëè çà ñ÷åò âàðèàöèè ïàðàìåòðîâ óêàçàííûõ ðàñïðåäåëåíèé.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ, ïðîåêòû 20-04-60157 è 18-29-10086.
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ËÀÇÅÐÍÀß ÊÎÍÂÅÐÑÈß ÝÒÀÍ-ÌÅÒÀÍÎÂÛÕ ÑÌÅÑÅÉ Â
ÐÅÀÊÒÎÐÀÕ Ñ ÎÑÅÑÈÌÌÅÒÐÈ×ÍÎÉ ÃÅÎÌÅÒÐÈÅÉ

Ïåñêîâà Å.Å., Ñíûòíèêîâ Â.Í.
Èíñòèòóò êàòàëèçà ÑÎ ÐÀÍ, Íîâîñèáèðñê
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Â çàäà÷àõ ýêîëîãèè è îõðàíû îêðóæàþùåé ñðåäû âàæíàÿ ðîëü îòâåäåíà ñíè-
æåíèþ âûáðîñîâ óãëåâîäîðîäîâ ïðè èõ äîáû÷å è ïåðåðàáîòêå ïóòåì ñîâåðøåí-
ñòâîâàíèÿ òåõíîëîãèé. Â íàñòîÿùåé ðàáîòå ïðîâåäåíî èññëåäîâàíèå ëàçåðíîé
êîíâåðñèè ýòàí-ìåòàíîâûõ ñìåñåé ïðè óìåðåííûõ òåìïåðàòóðàõ ñðåäû. Èññëå-
äóåìûå òå÷åíèÿ õàðàêòåðèçóþòñÿ ðåçêèìè èçìåíåíèÿìè ãàçîäèíàìè÷åñêèõ õà-
ðàêòåðèñòèê è êîíöåíòðàöèé êîìïîíåíò ñìåñè. Èõ äèíàìèêà è âçàèìíûå ïðåâðà-
ùåíèÿ îïèñûâàþòñÿ æåñòêîé ñèñòåìîé èç óðàâíåíèé Íàâüå-Ñòîêñà è õèìè÷åñêîé
êèíåòèêè. Âû÷èñëèòåëüíûå ýêñïåðèìåíòû ïðîâîäèëèñü ñ èñïîëüçîâàíèåì ðàç-
ðàáîòàííîãî 2D êîäà äëÿ ìîäåëèðîâàíèÿ äîçâóêîâûõ îñåñèììåòðè÷íûõ òå÷åíèé
ìíîãîêîìïîíåíòíîé ñðåäû [1]. Äëÿ ðåøåíèÿ óðàâíåíèé õèìè÷åñêîé êèíåòèêè ê
êîäó ïîäêëþ÷åí ïàêåò RADAU5 [2], êîòîðûé ïîêàçàë õîðîøóþ ñõîäèìîñòü â ðàñ-
÷åòàõ ðàäèêàëüíûõ öåïíûõ ðåàêöèé ïèðîëèçà ýòàíà.

Ïðîâåäåíû ðàñ÷åòû êîíâåðñèè ýòàí-ìåòàíîâûõ ñìåñåé â öèëèíäðè÷åñêîé òðó-
áå ïîä âîçäåéñòâèåì âíåøíåãî îáîãðåâà ñòåíîê è ñìåøåíèÿ ïîòîêîâ óãëåâîäî-
ðîäîâ. Ïîëó÷åíû êàðòèíû ðàñïðåäåëåíèÿ ãàçîäèíàìè÷åñêèõ ïàðàìåòðîâ è êîí-
öåíòðàöèé ïðîäóêòîâ ïðè ðàçëè÷íûõ òåìïåðàòóðàõ ñòåíîê. Ïðîâåäåíû âû÷èñëè-
òåëüíûå ýêñïåðèìåíòû ïî âîçäåéñòâèþ ëàçåðíîãî èçëó÷åíèÿ íà òå÷åíèå õèìè÷å-
ñêè àêòèâíîé ïîãëîùàþùåé ñðåäû. Ïîêàçàíî, ÷òî çà ñ÷åò ïîãëîùåíèÿ ýòèëåíîì
ëàçåðíîãî èçëó÷åíèÿ ïðîèñõîäèò çíà÷èòåëüíîå ïîâûøåíèå òåìïåðàòóðû ñðåäû â
öåíòðàëüíîé îáëàñòè ðåàêòîðà. Ïîâûøåíèå òåìïåðàòóðû ñïîñîáñòâóåò óâåëè÷å-
íèþ âûõîäà öåëåâûõ ïðîäóêòîâ (ýòèëåíà è âîäîðîäà) íà ìåíüøåé äëèíå ðåàêòîðà,
â òî âðåìÿ êàê â îòñóòñòâèè èçëó÷åíèÿ ìàêñèìàëüíûå êîíöåíòðàöèè ïðîäóêòîâ
ïîÿâëÿþòñÿ íà çíà÷èòåëüíî áîëüøèõ äëèíàõ òðóáû ïèðîëèçà. Ïîëó÷åííûå ðå-
çóëüòàòû óêàçûâàþò íà âîçìîæíîñòü äàëüíåéøåãî ñîâåðøåíñòâîâàíèÿ ïðîöåññà
ëàçåðíîãî ïèðîëèçà óãëåâîäîðîäîâ íà ìàëîòîííàæíûõ óñòàíîâêàõ â öåëÿõ óòè-
ëèçàöèè ïàðíèêîâûõ ãàçîâ â ìåñòàõ èõ äîáû÷è.

Ðàáîòà ïðîâîäèëàñü ïðè ïîääåðæêå ÐÍÔ (ãðàíò � 21-19-00429).
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Ðàáîòà ïîñâÿùåíà ïåðåíîñó èçâåñòíûõ ýêîíîìè÷åñêèõ ìîäåëåé ¾ñðåäíåãî ïî-
ëÿ¿ [1] íà ïðîãíîçèðîâàíèå ðàñïðîñòðàíåíèÿ ýïèäåìèé, â ÷àñòíîñòè Covid-19.
Èäåÿ èñïîëüçîâàíèÿ ïîäõîäà ¾Èãðû ñðåäíåãî ïîëÿ¿ äëÿ ìîäåëèðîâàíèÿ ðàñïðî-
ñòðàíåíèÿ âèðóñîâ îáóñëîâëåíà òåì, ÷òî òðàäèöèîííûå ýïèäåìèîëîãè÷åñêèå ìî-
äåëè, òàêèå êàê ìîäåëè SIR-òèïà [2], íå ó÷èòûâàþò íåîäíîðîäíîñòü íàñåëåíèÿ, è
ïîýòîìó íå ìîãóò èñïîëüçîâàòüñÿ äëÿ äîëãîñðî÷íûõ ïðîãíîçîâ. Äðóãîé èçâåñò-
íûé ïîäõîä ê ðåøåíèþ òàêîé çàäà÷è, òàê íàçûâàåìûå àãåíòíûå ìîäåëè [3], ïîçâî-
ëÿþò ó÷èòûâàòü íåýïèäåìèîëîãè÷åñêèå ôàêòîðû, íî ïðèâîäÿò ê âû÷èñëèòåëüíî
ñëîæíûì ñèñòåìàì. Â ñâîþ î÷åðåäü, ñòðóêòóðíàÿ ïðîñòîòà ìîäåëåé ¾ñðåäíåãî
ïîëÿ¿ è âîçìîæíîñòü ó÷åòà óñðåäíåííîãî ìàññîâîãî ïîâåäåíèÿ àãåíòîâ äåëàþò
òàêèå ìîäåëè ïðèâëåêàòåëüíûìè äëÿ èñïîëüçîâàíèÿ èõ â îáëàñòè ýïèäåìèîëî-
ãèè.

Â ðàáîòå ïðåäñòàâëåí ÷èñëåííûé ïîäõîä ê ðåøåíèþ òàêîé çàäà÷è, êîòîðûé
îáåñïå÷èâàåò ñîõðàíåíèå îáùåé ìàññû íàñåëåíèÿ íà âñåì âðåìåííîì ïðîìåæóò-
êå. Ïðîâåäåí âû÷èñëèòåëüíûé ýêñïåðèìåíò ïî ìîäåëèðîâàíèþ äèíàìèêè ðàñïðî-
ñòðàíåíèÿ Covid-19 â ã. Íîâîñèáèðñêå.

Ðàáîòà ïðîâîäèëàñü ïðè ïîääåðæêå Ðîññèéñêîãî Íàó÷íîãî Ôîíäà (ïðîåêò
� 18-71-10044)
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APPROXIMATION OF FRACTIONAL DIFFERENTIAL EQUATIONS
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We have a deal with the well-posedness and approximation of nonhomogeneous
fractional di�erential equations in a Banach space E:

(Dα
t u)(t) = Au(t) + f(t), t ∈ [0, T ]; u(0) = x,

where Dα
t is the Caputo-Dzhrbashyan derivative 0 < α < 1, the operator A generates

analytic C0-semigroup, the function f(·) : [0, T ]→ E is smooth enough.
The same way as in [1] � [2] we get the necessary and su�cient condition for the

coercive well-posedness of nonhomogeneous fractional Cauchy problems in the spaces
Cβ0 ([0, T ];E) with the norm

‖u(·)‖Cβ0 ([0,T ];E) = ‖u(·)‖C([0,T ];E) + sup
0≤t<t+τ≤T

tβ‖u(t+ τ)− u(t)‖E
τβ

.

Then we consider semidiscrete approximation in Banach spaces En, which approximate
Banach space E. In these spaces En we consider the problems

(Dα
t un)(t) = Anun(t) + fn(t), t ∈ [0, T ]; un(0) = xn,

and establish Trotter-Kato's theorem. Finally, using implicit di�erence and explicit
di�erence schemes, we deal with the full discretization of the solutions of nonhomogeneous
and semilinear fractional di�erential equations in time variables and we get the
stability of the schemes and the order of convergence.

Also we discuss the full discretization of autonomous semilinear fractional problem

(Dα
t u)(t) = Au(t) + f(u(t)), t ∈ [0, T ]; u(0) = x.

The work has been partially supported by the grant from Russian Science Foundation
(RSF) N20-11-20085.
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SEIR-based models are the most adopted deterministic models to characterize
the COVID-19 dynamics and to predict possible contagion scenarios. In this talk we
explore a time-dependent generalized SEIR model with vaccination [1], in which the
dynamics of the infection in six groups from a selected population is modeled by a
system of nonlinear ordinary di�erential equations. Besides the classical SEIR model
coe�cients (infection, incubation and recovery rates) [2], the new model involves
COVID-19 mortality rate and some additional vaccination parameters. If the behavior
of the coe�cients over the time is known it would be possible to assess the e�ectiveness
of various restriction measures or to make some hypotheses for the development of
the epidemic.

In [2] we developed a method for parameter identi�cation in the time-dependent
SEIR model and suggest strategy for mid-time-term forecasting before the beginning
of vaccination campaign in Bulgaria. In [1] we developed a method for identifying the
parameters in the modi�ed model with vaccination by solving the so-called �inverse
problem� with available COVID-19 data. Then based on these result we �nd the
unknown parameters as a function of time in the Bulgarian case and make computer
simulation of the COVID-19 transmission dynamics. The proposed model with vaccination
and method for parameters identi�cation can be applied to COVID-19 data in every
single country of the world.

The work has been partially supported by Bulgarian NSF under Gran KP-06-
H52/4-2021.
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Ïðè ñîçäàíèè öèôðîâûõ äâîéíèêîâ, íàèáîëåå ïîïóëÿðíîé ÿâëÿåòñÿ êëàññè-
ôèêàöèÿ, âêëþ÷àþùàÿ òðè èõ òèïà : öèôðîâûå äâîéíèêè-ïðîòîòèïû (Digital
Twin Prototype, DTP), öèôðîâûå äâîéíèêè-ýêçåìïëÿðû (Digital Twin Instance,
DTI) è àãðåãèðîâàííûå äâîéíèêè (Digital Twin Aggregate, DTA). Â íàñòîÿùåé ðà-
áîòå, íàìè ðàññìàòðèâàåòñÿ òåõíîëîãèÿ ðàçðàáîòêè àãðåãèðîâàííîãî öèôðîâîãî
äâîéíèêà DTA òèïà, ïðèìåíèòåëüíî ê ñîçäàíèþ êîìïëåêñíîé öèôðîâîé ñèñòåìû
óïðàâëåíèÿ îäíèì èç ñàìûõ áîëüøèõ ðå÷íûõ áàññåéíîâ ñòðàíû è ìèðà -Îáü-
Èðòûøñêîìó áàññåéíó. Íàìè ðàçðàáîòàíà îáùàÿ êîíöåïöèÿ ñîçäàíèÿ ôàáðèêè
äàííûõ, êàê áàçîâîãî ýëåìåíòà ñèñòåìû ñáîðà, õðàíåíèÿ è îáðàáîòêè èíôîðìà-
öèè íà îñíîâå òåõíîëîãèè ETL (extract, transform, load � èçâëå÷åíèå, ïðåîáðàçî-
âàíèå, çàãðóçêà ìîäåëåé), ÿâëÿþùåéñÿ ôàêòè÷åñêè öèôðîâîé òåíüþ èññëåäóåìî-
ãî îáúåêòà. Ñôîðìóëèðîâàíû îáùèå ïðèíöèïû ôîðìèðîâàíèÿ ìóëüòèìîäàëüíûõ
öèôðîâûõ ïîòîêîâ äëÿ ôàáðèêè, êîòîðûå âêëþ÷àþò â ñåáÿ ñëåäóþùèå èñòî÷íè-
êè èíôîðìàöèè:

- Ìóëüòèñïåêòðàëüíûå ñíèìêè ñðåäíåãî è âûñîêîãî ðàçðåøåíèÿ, ðàäàðíûå
ñíèìêè ñðåäíåãî ðàçðåøåíèÿ, äàííûå àýðîôîòîñúåìêè, (ïîëó÷àåìûå äðîíàìè);

- Öèôðîâûå ïîòîêè äàííûõ, ïîëó÷àåìûå îò ñòàíöèé ñ èíòåëëåêòóàëüíûìè
äàò÷èêàìè, õàðàêòåðèçóþùèìè ñîñòîÿíèå âîäíîé ñðåäû ïî 4-5 ïàðàìåòðàì â ðå-
æèìå ðåàëüíîãî âðåìåíè;

- Äàííûå ïîëó÷àåìûå èç äðóãèõ èñòî÷íèêîâ (ýêñïåäèöèè, æóðíàëû íàáëþäå-
íèé), ðåòðîñïåêòèâíûå äàííûå àýðîêîñìè÷åñêîãî çîíäèðîâàíèÿ äèñòàíöèîííîãî
çîíäèðîâàíèÿ.

Âñå ïîòîêè äàííûõ, â çàâèñèìîñòè îò èõ ïðèðîäû, çà ñ÷åò îðêåñòðàöèè, ïî-
ñòóïàþò íà êîíâåéåðû, ñîîòâåòñòâóþùåãî òèïà, ãäå êîíòåéíåðèçóþòñÿ â öåëÿõ
ïîñëåäóþùåé îáðàáîòêè (ôèëüòðàöèÿ, íîðìàëèçàöèÿ, âîññòàíîâëåíèå ïðîïóùåí-
íûõ çíà÷åíèé). Ïîñëå ýòîãî , êîíâåéåðû ïåðåäàþò ñòàíäàðòèçîâàííóþ èíôîð-
ìàöèþ äëÿ ñîîòâåòñòâóþùèõ áàç, èíòåãðèðóåìûõ â õðàíèëèùå äàííûõ äëÿ èõ
äàëüíåéøåãî èñïîëüçîâàíèÿ ðàñ÷åòíûìè ìîäåëÿìè è äèíàìè÷åñêîé âèçóàëèçà-
öèè èíòåãðàëüíûõ ïîêàçàòåëåé ñ ïîìîùüþ âèòðèí äàííûõ. Ýòè äàííûå çàòåì,
ìîãóò áûòü èñïîëüçîâàíû êàê øàáëîí ïðîåêòèðîâàíèÿ, â êîíòåéíåðàõ, ñîîòâåò-
ñòâóþùåé áàçû, è ñîçäàíèÿ ïðîãíîçíîé ìîäåëè íà îñíîâå íåéðîííîé ñåòè ãëóáîêî-
ãî îáó÷åíèÿ, äëÿ êîòîðîé ñîçäàí ïðîãðàììíûé êîìïëåêñ, êîòîðûé âïîñëåäñòâèè
áóäåò èñïîëüçîâàòüñÿ ïðè ðåàëèçàöèè ïðîåêòà.
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Èíñòèòóò âû÷èñëèòåëüíîé ìàòåìàòèêè è ìàòåìàòè÷åñêîé ãåîôèçèêè ÑÎ
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Öåëü ðàáîòû: ðàçðàáîòêà ìåòîäîâ è àëãîðèòìîâ ðàííåãî âûÿâëåíèÿ ðàçëè÷-
íûõ îïóõîëåâûõ òêàíåé ÷åëîâåêà ñ ïîìîùüþ íåéðîííûõ ñåòåé. Àêóñòè÷åñêàÿ
òîìîãðàôèÿ àáñîëþòíî áåçâðåäíà äëÿ ÷åëîâå÷åñêîãî îðãàíèçìà, ÷òî ïîçâîëÿåò
ïðîâîäèòü åå ðåãóëÿðíî.

Äëÿ ðåøåíèÿ çàäà÷è àêóñòè÷åñêî òîìîãðàôèè, à èìåííî, äëÿ îïðåäåëåíèÿ
àêóñòè÷åñêèõ ïàðàìåòðîâ ñðåäû ïî èçìåðåíèÿì äàò÷êîâ õîðîøî ðàçðàáîòàí àï-
ïàðàò ðåøåíèÿ îáðàòíûõ çàäà÷. Íî ýòîò ïîäõîä òðåáóåò îãðîìíîãî êîëè÷åñòâî
ðåñóðñîâ äëÿ ìíîãîêðàòíîãî ðåøåíèÿ ïðÿìûõ çàäà÷ àêóñòèêè. Íå âñåãäà åñòü
âîçìîæíîñòü â êàæäóþ êëèíèêó ïîñòàâèòü ñóïåðêîìïüþòåð, èëè ìîùíóþ âû-
÷èñëèòåëüíóþ ìàøèíó.

Â ðàáîòå èññëåäîâàí àëüòåðíàòèâíûé ïîäõîä ê ðåøåíèþ çàäà÷è âîññòàíîâëå-
íèÿ àêóñòè÷åñêèõ ïàðàìåòðîâ ñðåäû ñ ïîìîùüþ íåéðîñåòåâûõ ìåòîäîâ.

Îñîáåííîñòü çàäà÷è ñîñòîèò â íåîáõîäèìîñòè ïî íåñêîëüêèì îäíîìåðíûì èç-
ìåðåíèÿì äàò÷èêîâ âû÷èñëèòü äâóìåðíóþ ôóíêöèþ (ïëîòíîñòü ñðåäû, ñêîðîñòü
çâóêà â ñðåäå).

Çà îñíîâó íåéðîñåòåâîé ìîäåëè âûáðàíà àðõèòåêòóðà àâòîýíêîäåðà. Ãäå ñ ïî-
ìîùüþ ýíêîäåðà èçìåðåíèÿ äàò÷èêîâ ïåðåâîäÿòñÿ â ëàòåíòíîå ïðîñòðàíñòâî. Çà-
òåì ñ ïîìîùüþ ñâåðòî÷íîãî äåêîäåðà âû÷èñëÿåþòñÿ èñêîìûå ïàðàìåòðû ñðåäû.
Ðàññìîòðåíû ïîëíîñâÿçíûé, 1D ñâåðòî÷íûé è ðåêêóðåíòíûå ýíêîäåðû. Ïðîâå-
äåíî ñðàâíåíèå ðàçëè÷íûõ àðõèòåêòóð äëÿ ðåøåíèÿ âîññòàíîâëåíèÿ ïàðàìåòðîâ
ñðåäû.

ÑÏÈÑÎÊ ËÈÒÅÐÀÒÓÐÛ
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Ñìåñè èç ãàçà è òâåðäûõ ÷àñòèö, â êîòîðûõ ãàç ÿâëÿåòñÿ íåñóùåé ôàçîé, à ÷à-
ñòèöû - äèñïåðñíîé, ìîãóò ìîäåëèðîâàòüñÿ êàê âçàèìîïðîíèêàþùèå ñïëîøíûå
ñðåäû. Õàðàêòåðèñòè÷åñêèì ïàðàìåòðîì òàêèõ çàäà÷ ÿâëÿåòñÿ âðåìÿ ðåëàêñàöèè
ñêîðîñòåé ãàçà è ÷àñòèö. Â ðÿäå çàäà÷ ýòî âðåìÿ îêàçûâàåòñÿ ìåíüøå âðåìåíè
ïðîòåêàíèÿ îñíîâûõ ôèçè÷åñêèõ ïðîöåññîâ, â ðåçóëüòàòå ÷åãî çàäà÷à ñòàíîâèòñÿ
æåñòêîé. Ýòî îçíà÷àåò, ÷òî ïî ñðàâíåíèþ ñ ðàñ÷¼òîì äèíàìèêè ãàçà, äëÿ êîòî-
ðîé âðåìåííîé øàã îïðåäåëÿåòñÿ óñëîâèåì Êóðàíòà, ðàñ÷¼ò ãàçîïûëåâîé ñðåäû
ÿâíûìè ìåòîäàìè ïîòðåáóåò øàãà ïî âðåìåíè ìåíüøåãî, ÷åì âðåìÿ ðåëàêñàöèè
ñêîðîñòåé. Áîëåå ýôôåêòèâíûìè äëÿ òàêèõ çàäà÷ ÿâëÿþòñÿ íåÿâíûå ìåòîäû, îä-
íàêî ïðè èõ èñïîëüçîâàíèè íåîáõîäèìî äîïîëíèòåëüíî ñëåäèòü çà ñîõðàíåíèåì
àñèìïòîòèêè ðåøåíèÿ.

Â ðàáîòå ïðåäëàãàåòñÿ ïîëóíåÿâíûé ìåòîä ðàñ÷åòà äèíàìèêè ìîíîäèñïåðíûõ
ãàçîïûëåâûõ ñðåä, îñíîâàííûé íà ãèäðîäèíàìèêå ñãëàæåííûõ ÷àñòèö [1]. Àñèì-
òîòè÷åñêèå ñâîéñòâà è ýêîíîìè÷íîñòü ðàçðàáîòàííîãî ìåòîäà äîñòèãàþòñÿ çà ñ÷åò
ââåäåíèÿ ýéëåðîâîé ñåòêè è íåÿâíîãî ðàñ÷åòà ìåæôàçíîãî âçàèìîäåéñòâèÿ ñ åå
ïîìîùüþ. Îáùåå äàâëåíèå ñðåäû àïïðîêñèìèðóåòñÿ ÿâíî áåç èñïîëüçîâàíèÿ ñåò-
êè. Ðàáîòîñïîñîáíîñòü ïðåäëîæåííîãî ìåòîäà ïðîäåìîíñòðèðîâàíà íà ðÿäå çàäà÷
äëÿ ãàçîïûëåâîé ñðåäû ñ àíàëèòè÷åñêèì ðåøåíèåì - îäíîìåðíîé çàäà÷å î ðàñïðî-
ñòðàíåíèè àêóñòè÷åñêèõ êîëåáàíèé, îäíîìåðíîé çàäà÷å î ðàñïàäå ïðîèçâîëüíîãî
ðàçðûâà, à òàêæå íà òðåõìåðíîé çàäà÷å î ðàçëåòå øàðà èç ãàçà è ïûëè â âàêóóì.

Ðàáîòà ïðîâåäåíà çà ñ÷åò ñðåäñòâ ãðàíòà ÐÍÔ �19-71-10026.
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Ìåäèöèíñêàÿ óëüòðàçâóêîâàÿ òîìîãðàôèÿ - ýòî îáëàñòü, ïðåäïîëàãàþùàÿ ðàç-
âèòèå ìåòîäîâ òîìîãðàôèðîâàíèÿ è èõ ïðèëîæåíèå ê ìåäèöèíñêîé äèàãíîñòèêå,
ïðèâëåêàåò âñå áîëüøå âíèìàíèÿ. Ñòîèò ïðîáëåìà âûÿâëåíèÿ ïàòîëîãè÷åñêè èç-
ìåíåííîãî ó÷àñòêà îðãàíà ÷åëîâåêà íà ñàìîé ðàííåé ñòàäèè ðàçâèòèÿ áîëåçíè,
êîãäà ëå÷åíèå ÿâëÿåòñÿ åùå ñðàíèòåëüíî ëåãêèì è ýôôåêòèâíûì. Äèàãíîñòèêà ñ
ïîìîùüþ óëüòðàçâóêà, ñîãëàñíî ñîâðåìåííûì ñòàíäàðòàì, áåçâðåäíà, à àêóñòè-
÷åñêèå ìåäèöèíñêèå ïðèáîðû íàìíîãî äåøåâëå ßÌÐ-òîìîãðàôîâ.

Ìàòåìàòè÷åñêàÿ ìîäåëü ìîäåëèðîâàíèÿ àêóñòè÷åñêèõ âîëí (ïðÿìàÿ çàäà÷à)
îïèñûâàåòñÿ ñèñòåìîé ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðî-
èçâîäíûõ. Ôîðìóëèðîâêà îáðàòíîé çàäà÷è êàê çàäà÷è óïðàâëåíèÿ, ïîçâîëÿåò ïî-
äîáðàòü ïðàâóþ ÷àñòü ïîëó÷åíèÿ íåîáõîäèìîé äèàãðàììû íàïðàâëåííîñòè. Â ðà-
áîòå ïðåäëîæåíû äâà ìåòîäà âûáîðà ïðàâîé ÷àñòè íà îñíîâå ðåøåíèÿ îáðàòíîé
çàäà÷è ñ äîïîëíèòåëüíûì èçìåðåíèåì äàâëåíèÿ. Äëÿ ðåøåíèÿ îáðàòíîé çàäà÷è
ïðèìåíÿåòñÿ ãðàäèåíòíûé ìåòîä, à äëÿ ðåøåíèÿ ñîïðÿæåííîé è ïðÿìîé çàäà÷è
ïðèìåíÿåòñÿ ÷èñëåííûé ìåòîä Ãîäóíîâà.

Äàííûå ìîäåëè è ìåòîäû ïîçâîëÿþò îïèñûâàòü ïðîöåññû, áëèçêèå ê ñèòóàöèè
íà ïðàêòèêå, ÷òî ïîçâîëÿåÿò îïòèìàëüíî ìåîäåëèðîâàòü äèàãðàììó íàïðàâëåí-
íîñòè. È â ðåçóëüòàòå ïîëó÷àòü äàâëåíèå áëèçêîå ê èíòåðåñóþùåìó. ×òî ïðèâåäåò
ê áîëåå òî÷íûì èññëåäîàíèÿì, ñ ïîìîùüþ àêóñòè÷åñêîé òîìîãðàôèè.
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Íà ïðîòÿæåíèè ðÿäà ëåò óñïåøíî âåäóòñÿ èññëåäîâàíèÿ äèíàìèêè ãèäðîìåõà-
íè÷åñêèõ ñèñòåì ïðè ïåðèîäè÷åñêèõ ïî âðåìåíè (êîëåáàòåëüíûõ, âèáðàöèîííûõ)
âîçäåéñòâèÿõ (ñì. [1�5] è ïðåäñòàâëåííóþ òàì ëèòåðàòóðó). Â íàñòîÿùåé ðàáîòå
ïîñòàâëåíà è ðåøåíà íîâàÿ çàäà÷à î òå÷åíèè â ïîëå ñèëû òÿæåñòè âÿçêîé æèä-
êîñòè, ïîäâåðãàþùåéñÿ ïåðèîäè÷åñêèì ïî âðåìåíè âîçäåéñòâèÿì, õàðàêòåðèçó-
þùèìñÿ îòñóòñòâèåì âûäåëåííîãî íàïðàâëåíèÿ â ïðîñòðàíñòâå. Èìåþòñÿ âåðòè-
êàëüíûå òâåðäûå ñòåíêè ΞA , ΞS . Ãðàíèöà ñòåíêè ΞS ïðîíèöàåìà äëÿ æèäêîñòè.
Ñòåíêà ΞA ñîâåðøàåò çàäàííûå ïåðèîäè÷åñêèå ïîñòóïàòåëüíûå êîëåáàíèÿ âäîëü
ãîðèçîíòàëüíîé îñè X è âåðòèêàëüíîé îñè Y , ñòåíêà ΞS � âäîëü âåðòèêàëü-
íîé îñè Y èíåðöèàëüíîé ïðÿìîóãîëüíîé ñèñòåìû êîîðäèíàò X,Y, Z. Ñòåíêà ΞA
îãðàíè÷åíà ïëîñêîñòüþ X = A, ñòåíêà ΞS � ïëîñêîñòüþ X = S (S > A � ïîñòî-
ÿííàÿ). Ïðîìåæóòîê ìåæäó ñòåíêàìè � îáëàñòü Ω: A < X < S, −∞ < Y < ∞,
−∞ < Z <∞ � çàïîëíåí âÿçêîé íåñæèìàåìîé æèäêîñòüþ. Òðåáóåòñÿ îïðåäåëèòü
ïåðèîäè÷åñêîå ïî âðåìåíè äâèæåíèå æèäêîñòè. Ïîñòàíîâêà çàäà÷è âêëþ÷àåò â
ñåáÿ óðàâíåíèå Íàâüå�Ñòîêñà, óðàâíåíèå íåðàçðûâíîñòè è óñëîâèÿ íà òâåðäûõ
ãðàíèöàõ æèäêîñòè.

Âûÿâëåíû íîâûå ãèäðîìåõàíè÷åñêèå ýôôåêòû ìíîãîîáðàçíî ïðîÿâëÿþùåãîñÿ
ïàðàäîêñàëüíîãî ïîâåäåíèÿ æèäêîñòè. Óñòàíîâëåíî, â ÷àñòíîñòè, ÷òî æèäêîñòü
(íà ôîíå êîëåáàíèé) ìîæåò ñîâåðøàòü ñòàöèîíàðíîå äâèæåíèå â íàïðàâëåíèè,
ïðîòèâîïîëîæíîì íàïðàâëåíèþ óñêîðåíèÿ ñâîáîäíîãî ïàäåíèÿ (òî åñòü ¾ñíèçó
ââåðõ¿). Îáíàðóæåí ýôôåêò ¾ëåâèòàöèè¿ æèäêîñòè, ñîñòîÿùèé â òîì, ÷òî íàõî-
äÿùàÿñÿ â ïîëå ñèëû òÿæåñòè æèäêîñòü (áåç êàêîé-ëèáî îïîðû, íà ôîíå êîëåáà-
íèé) ïðåáûâàåò â ñîñòîÿíèè ïîêîÿ.

Ïðè÷èíîé îáíàðóæåííûõ ýôôåêòîâ ÿâëÿåòñÿ ñîãëàñîâàííîñòü (äðóã ñ äðóãîì)
îêàçûâàåìûõ íà æèäêîñòü âîçäåéñòâèé, ÷òî íàõîäèòñÿ â íåïîñðåäñòâåííîé ñâÿ-
çè ñ ïðèíöèïîì ñðåäíåãî äâèæåíèÿ (ñì. [3]). Íåîáõîäèìî îòìåòèòü, ÷òî ïðèíöèï
ñðåäíåãî äâèæåíèÿ ìîæåò áûòü îáîáùåí ñëåäóþùèì îáðàçîì. Îñíîâîïîëàãàþ-
ùåé ïðè÷èíîé ñðåäíåãî ïî âðåìåíè äâèæåíèÿ ñâîáîäíûõ ÷àñòåé ãèäðîìåõàíè-
÷åñêîé ñèñòåìû (÷àñòåé ñèñòåìû, äâèæåíèå êîòîðûõ íå çàäàíî) ïðè ïåðèîäè÷å-
ñêèõ ïî âðåìåíè (êîëåáàòåëüíûõ, âèáðàöèîííûõ) âîçäåéñòâèÿõ íà ñèñòåìó, íå
èìåþùèõ âûäåëåííîãî íàïðàâëåíèÿ â ïðîñòðàíñòâå, ÿâëÿåòñÿ âîçìîæíîñòü ñî-
âåðøåíèÿ ñâîáîäíûìè ÷àñòÿìè ñèñòåìû äâèæåíèÿ â ðàçëè÷íûõ íàïðàâëåíèÿõ â
ïðîñòðàíñòâå â íåîäèíàêîâûõ óñëîâèÿõ.

Ðåçóëüòàòû èññëåäîâàíèé â ïðåäñòàâëåííîì íàïðàâëåíèè ìîãóò èñïîëüçîâàòü-
ñÿ ïðè ïðîâåäåíèè ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ íåòðèâèàëüíîé äèíàìèêè
ãèäðîìåõàíè÷åñêèõ ñèñòåì, â ïîèñêå íîâûõ ïåðñïåêòèâíûõ ïîäõîäîâ ê ðåøåíèþ
ïðîáëåìû î÷èñòêè æèäêèõ ñðåä îò âêëþ÷åíèé, ïðèìåíÿòüñÿ ïðè ðàçðàáîòêå ìå-
òîäîâ óïðàâëåíèÿ ñèñòåìàìè, ñîäåðæàùèìè æèäêèå ñðåäû.
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RECONSTRUCTION FROM PHASELESS FOURIER TRANSFORM
WITH BACKGROUND INFORMATION

Sivkin V.N.
Moscow State University, Moscow

Ecole Polytechnique, Paris
sivkin96@yandex.ru

We consider the problem of reconstruction of a function v from phaseless Fourier
transform using background information. In particular, in dimension d ≥ 1, we
show that the phaseless Fourier transform |F(v + w)|2 and background function w
uniquely determine unknown function v, under the condition that supp v and suppw
are su�ciently disjoint. If this condition is relaxed, then we give similar formulas
for �nding v from |Fv|2, |F(v + w)|2. We also illustrate these results by numerical
examples in the framework of phaseless inverse scattering in the Born appriximation.
This talk is based, in particular, on the works [1], [2].
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Â âû÷èñëèòåëüíîé ìåõàíèêå ìíîãîôàçíûõ äèñïåðñíûõ ñðåä ñóùåñòâóåò ïðî-
áëåìà ðàñ÷åòà ìåæôàçíîãî âçàèìîäåéñòâèÿ. Åå ñóòü ñîñòîèò â òîì, ÷òî ìîäåëè-
ðîâàíèå äèíàìèêè ñìåñè íåñóùåãî ãàçà è äèñïåðñíûõ ÷àñòèö ñ èíòåíñèâíûì ìåæ-
ôàçíûì âçàèìîäåéñòâèåì òðåáóåò ñóùåñòâåííî áîëüøèõ âû÷èñëèòåëüíûõ çàòðàò,
÷åì ìîäåëèðîâàíèå äèíàìèêè ÷èñòîãî ãàçà èëè ñìåñè ñ óìåðåííûì ìåæôàçíûì
âçàèìîäåéñòâèåì. Äëÿ ðåøåíèÿ ýòîé ïðîáëåìû âåäåòñÿ ïîèñê ÷èñëåííûõ ìåòîäîâ,
êîòîðûå îáåñïå÷àò ïðèåìëåìûå âû÷èñëèòåëüíûå çàòðàòû, òî÷íîñòü è óñòîé÷è-
âîñòü ðåøåíèé ïðè ðàñ÷åòå ìåæôàçíîãî îáìåíà ëþáîé èíòåíñèâíîñòè. Äëÿ èññëå-
äîâàíèÿ òî÷íîñòè, äèñïåðñèîííûõ è äèññèïàòèâíûõ ñâîéñòâ ÷èñëåííûõ ìåòîäîâ
íåîáõîäèìû ýòàëîííûå ðåøåíèÿ òåñòîâûõ çàäà÷ äèíàìèêè ñìåñè ñ ïðîèçâîëüíîé
èíòåíñèâíîñòüþ ìåæôàçíîãî âçàèìîäåéñòâèÿ. Òàêèå ðåøåíèÿ èçâåñòíû äëÿ ïëîñ-
êèõ èëè îäíîìåðíûõ çàäà÷ ñ ëèíåéíûìè âîëíàìè. Â ðàáîòå âïåðâûå ïðåäñòàâëåíî
àíàëèòè÷åñêîå ðåøåíèå íåëèíåéíîé çàäà÷è î ñôåðè÷åñêè-ñèììåòðè÷íîì ðàçëåòå
ãàçîïûëåâîãî øàðà â âàêóóì. Â ýòîé çàäà÷å äèíàìèêà íåñóùåé è äèñïåðñíîé
ôàçû ìîäåëèðóåòñÿ óðàâíåíèÿìè íåâÿçêîãî ñæèìàåìîãî ãàçà. Òâåðäûå ÷àñòèöû
íå èìåþò ñîáñòâåííîãî äàâëåíèÿ è ÿâëÿþòñÿ ìîíîäèñïåðñíûìè. Íåñóùàÿ è äèñ-
ïåðñíàÿ ôàçû îáìåíèâàþòñÿ èìïóëüñàìè. Â ïîñòðîåííîì ðåøåíèè ñêîðîñòü ãàçà
è ïûëåâîãî îáëàêà ëèíåéíî çàâèñèò îò ðàäèóñà, à ïëîòíîñòè ãàçà è ïûëåâîãî
îáëàêà ÿâëÿþòñÿ îäíîðîäíûìè.

Ïðè ñäåëàííûõ ïðåäïîëîæåíèÿõ ðàññìàòðèâàåìàÿ ñèñòåìà äèôôåðåíöèàëü-
íûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ñâîäèòñÿ ê íåëèíåéíîé ñèñòåìå äâóõ
îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé âòîðîãî ïîðÿäêà, êîòîðàÿ íå èìååò
àíàëèòè÷åñêîãî ïðåäñòàâëåíèÿ ðåøåíèÿ â îáùåì ñëó÷àå. Äëÿ íàõîæäåíèÿ ÷èñ-
ëåííîãî ðåøåíèÿ ñèñòåìà âòîðîãî ïîðÿäêà ïðåîáðàçóåòñÿ ê ýêâèâàëåíòíîé ñèñòå-
ìå ÷åòûðåõ îáûêíîâåííûõ óðàâíåíèé ïåðâîãî ïîðÿäêà, êîòîðàÿ ðåøàåòñÿ ÿâíûì
ìåòîäîì Ýéëåðà. Äëÿ ïðîñòîòû èñïîëüçîâàíèÿ îïóáëèêîâàí ãåíåðàòîð ýòàëîííî-
ãî ðåøåíèÿ, ðåàëèçîâàííûé â ñðåäå Scilab.

Ïîêàçàíà âîñïðîèçâîäèìîñòü ýòîãî ðåøåíèÿ â ÷èñëåííûõ ðàñ÷åòàõ ìåòîäîì
SPH-IDIC, ðåàëèçîâàííîãî ñ èñïîëüçîâàíèåì áèáëèîòåêè OPENFPM. Ïðîäåìîí-
ñòðèðîâàíà âîçìîæíîñòü èñïîëüçîâàíèÿ ðåøåíèÿ êàê ýòàëîíà ïðè âåðèôèêàöèè
CFD-ìîäåëåé è èññëåäîâàíèè ñâîéñòâ ÷èñëåííûõ ìåòîäîâ.

Ðàáîòà ïðîâåäåíà çà ñ÷åò ñðåäñòâ ãðàíòà ÐÍÔ 19-71-10026.
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Â äîêëàäå áóäåò ðàññìîòðåíà ïåðâàÿ êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ

ut −
n∑
i=1

(|uxi |pi(t)−2uxi)xi = g(t, x, u,∇u) â ΩT , (24)

ãäå Ω � îãðàíè÷åííàÿ îáëàñòü. Èíòåðåñ ê èññëåäîâàíèþ ýòèõ óðàâíåíèé îáóñëîâ-
ëåí áîëüøèì êîëè÷åñòâîì ïðèëîæåíèé â ðàçëè÷íûõ îáëàñòÿõ ìåõàíèêè. Îíè
âîçíèêàþò ïðè ìîäåëèðîâàíèè òå÷åíèé íåíüþòîíîâñêèõ æèäêîñòåé, êàê äèëà-
òàíòíûõ, òàê è ïñåâäîïëàñòè÷íûõ, â ìîäåëÿõ íåëèíåéíîé óïðóãîñòè, â îáðàáîòêå
ñèãíàëîâ è èçîáðàæåíèé, ïðè îïèñàíèè òå÷åíèé æèäêîñòè â ïîðèñòûõ ñðåäàõ.

Äëÿ ðåøåíèé óðàâíåíèÿ (24) âîïðîñ î C1-ðåãóëÿðíîñòè ïî ïðîñòðàíñòâåííûì
ïåðåìåííûì íà ñåãîäíÿøíèé äåíü ÿâëÿåòñÿ îòêðûòûì. Â ðàáîòå V. B�ogelein, F.
Duzaar, P. Marcellini (2013) äëÿ óðàâíåíèÿ (24), â ñëó÷àå g ≡ 0 è ïîñòîÿííûõ ïîêà-
çàòåëåé àíèçîòðîïíîñòè, áûëà äîêàçàíà ëèïøèöåâîñòü ïî ïðîñòðàíñòâåííûì ïå-
ðåìåííûì ñîáîëåâñêèõ ðåøåíèé ïðè óñëîâèè 2 ≤ mini pi ≤ maxi pi < mini pi+

4
n+2 .

Ýòî ìàêñèìàëüíàÿ ðåãóëÿðíîñòü ðåøåíèé (24), èçâåñòíàÿ íà ñåãîäíÿøíèé äåíü.
Íàøåé öåëüþ áûëî íàéòè óñëîâèÿ, ãàðàíòèðóþùèå ñóùåñòâîâàíèå è åäèíñòâåí-
íîñòü ðåøåíèé óêàçàííîé ãëàäêîñòè äëÿ (24) â ñëó÷àå, êîãäà ïîêàçàòåëè àíèçî-
òðîïíîñòè çàâèñÿò îò âðåìåíè, à g íåëèíåéíà ïî ãðàäèåíòó.

Äëÿ ïîëó÷åíèÿ ðåøåíèÿ âûñîêîé ãëàäêîñòè ìû èñïîëüçîâàëè àïïðîêñèìàöèþ
ðåøåíèÿ óðàâíåíèÿ (24) ïîñëåäîâàòåëüíîñòüþ êëàññè÷åñêèõ ðåøåíèé ðåãóëÿðè-
çîâàííûõ óðàâíåíèé. Çàäà÷à ïðåäåëüíîãî ïåðåõîäà â êëàññå ñîáîëåâñêèõ ðåøåíèé
îñëîæíÿëàñü íàëè÷èåì íåëèíåéíîãî ãðàäèåíòíîãî ÷ëåíà. Ýòà ïðîáëåìà áûëà ðå-
øåíà ñ ïîìîùüþ òåîðèè âÿçêèõ ïî Ëèîíñó ðåøåíèé.

Â âûïóêëûõ îáëàñòÿõ áûëè äîêàçàíû ñóùåñòâîâàíèå è åäèíñòâåííîñòü íåïðå-
ðûâíûõ ïî Ëèïøèöó ïî ïðîñòàíñòâåííûì ïåðåìåííûì âÿçêèõ ðåøåíèé ïåðâîé
êðàåâîé çàäà÷è äëÿ (24) áåç îãðàíè÷åíèÿ áåðíøòåéíîâñêîãî òèïà íà íåëèíåé-
íîñòü ãðàäèåíòó. Â íåâûïóêëûõ îáëàñòÿõ, óäîâëåòâîðÿþùèõ óñëîâèþ âíåøíåé
ñôåðû, áûëè ïîëó÷åíû àíàëîãè÷íûå ðåçóëüòàòû â ñëó÷àå, êîãäà g ïî ãðàäèåí-
òó óäîâëåòâîðÿåò óñëîâèþ Áåðíøòåéíà, à ïîêàçàòåëè àíèçîòðîïíîñòè ñâÿçàíû
ñîîòíîøåíèåì maxi pi(t) ≤ 2 mini pi(t), äëÿ êàæäîãî ôèêñèðîâàííîãî t ∈ [0, T ].
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Íà ïðèìåðå ÿïîíñêîãî öóíàìè 2011 ãîäà, èñïîëüçóÿ ïðîñòîé èñòî÷íèê è ìî-
äåëü ìåëêîé âîäû, ïðîâåäåíî ìîäåëèðîâàíèå ìàðåîãðàììû äàëüíåé ñòàíöèè DART
ïðè ïîìîùè àñèìïòîòè÷åñêèõ ôîðìóë [1], îñíîâàííûõ íà ïðèìåíåíèè êàíîíè÷å-
ñêîãî îïåðàòîðà Ìàñëîâà (îáîáùàþùåãî ëó÷åâîé ìåòîä). Ïðè ýòîì íà íà÷àëüíîì
ýòàïå ïðîèçâîäèòñÿ ñãëàæèâàíèå áàòèìåòðèè [2] äëÿ òîãî, ÷òîáû èñêëþ÷èòü âëè-
ÿíèå ìåëêîìàñøòàáíûõ êîëåáàíèé íà àñèìïòîòè÷åñêîå ðåøåíèå. Ðàñ÷åò ëó÷åé ñ
çàäàííûìè ãðàíè÷íûìè óñëîâèÿìè, ïðèøåäøèõ â ñòàíöèþ DART ïðîèçâîäèòñÿ
äâóìÿ ñïîñîáàìè: òðàäèöèîííûì ìåòîäîì ïðèñòðåëêè (ðåøàÿ ñèñòåìó Ãàìèëü-
òîíà) è íîâûì âàðèàöèîííûì ìåòîäîì [3]. Ïîëó÷åííûå àñèìïòîòè÷åñêèå ìàðåî-
ãðàììû ñðàâíèâàþòñÿ ñ ðåçóëüòàòàìè ÷èñëåííûõ ðàñ÷åòîâ.

Ðàáîòà ïðîâîäèëàñü ïðè ïîääåðæêå ãðàíòà ÐÍÔ 21-71-30011.
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Ïðÿìàÿ çàäà÷à îïðåäåëåíèÿ ðàâíîâåñíîãî ñîñòîÿíèÿ ðåàãèðóþùèõ âåùåñòâ â
ãàçîâîé ñðåäå ïðè ïîñòîÿííîé òåìïåðàòóðå è ïîñòîÿííîì äàâëåíèè èìååò ñëåäó-
þùèé âèä [1]

f(x)→ min, Ax = b, (25)

ãäå f � íåêîòîðàÿ òåðìîäèíàìè÷åñêàÿ ôóíêöèÿ, ìèíèìóì êîòîðîé õàðàêòåðèçó-
åò èñêîìîå ðàâíîâåñíîå ñîñòîÿíèå (íàïðèìåð, ôóíêöèÿ Ãèááñà), x ∈ Rn � âåêòîð
êîëè÷åñòâ ìîëåé ðåàãèðóþùèõ âåùåñòâ, A � m× n � ìàòðèöà ñîäåðæàíèÿ ýëå-
ìåíòîâ â âåùåñòâàõ, b � âåêòîð êîëè÷åñòâ ìîëåé ýëåìåíòîâ.

Èçâåñòíî [1], ÷òî çàäà÷à (25) åñòü çàäà÷à âûïóêëîãî ïðîãðàììèðîâàíèÿ, èìå-
þùàÿ ïðè çàäàííûõ ïàðàìåòðàõ A è b åäèíñòâåííîå ðåøåíèå xeq. Âåêòîð b îïðå-
äåëÿåòñÿ íà÷àëüíûì ñîñòàâîì x0, b = Ax0.

Çàäàíû èíäåêñíûå ìíîæåñòâà JN ⊂ {1, 2, . . . , n} � íîìåðà âðåäíûõ âåùåñòâ
è JP ⊂ {1, 2, . . . , n} � íîìåðà ïîëåçíûõ âåùåñòâ. Ñóììàðíûé âðåä îïðåäåëÿåòñÿ
âåëè÷èíîé

∑
j∈JN

αjx
eq
j , ñóììàðíàÿ ïîëüçà � âåëè÷èíîé

∑
j∈JP

βjx
eq
j .

Íà÷àëüíûé ñîñòàâ ìîæíî âûáèðàòü èç íåêîòîðîãî ìíîæåñòâàX0, çàäàíû ìàê-
ñèìàëüíî âîçìîæíûé ñóììàðíûé ïîêàçàòåëü âûõîäà âðåäíûõ âåùåñòâ ν è ìèíè-
ìàëüíî âîçìîæíû ïîêàçàòåëü âûõîäà ïîëåçíûõ âåùåñòâ η. Ðåøàåìàÿ îáðàòíàÿ
çàäà÷à ñîñòîèò â ñëåäóþùåì. Òðåáóåòñÿ íàéòè òàêîé íà÷àëüíûé ñîñòàâ x̂0 ∈ X0,
÷òî ñîîòâåòñòâóþùåå ðåøåíèå x̂eq çàäà÷è (25) ïðè b = Ax̂0 óäîâëåòâîðÿåò íåðà-
âåíñòâàì ∑

j∈JN

αj x̂
eq
j 6 ν,

∑
j∈JP

βj x̂
eq
j > η. (26)

Äëÿ ðåøåíèÿ ïîñòàâëåííîé çàäà÷è èñïîëüçóåòñÿ ìåòîäîëîãèÿ íåëèíåéíûõ îïîð-
íûõ ôóíêöèé, ïðåäëîæåííàÿ â [2].
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Ïðîáëåìà ñèíòåçà ñëîèñòûõ îïòè÷åñêèõ ôèëüòðîâ [1] ìàëî ðàçðàáîòàíà è çíà÷è-
òåëüíàÿ ÷àñòü å¼ �íóæä� ìîæåò áûòü �ðàçðåøåíà� óãëóáëåííûì èññëåäîâàíèåì
ïðÿìîé çàäà÷è î ñòðîåíèè âñåõ ïëîñêèõ ýëåêòðîìàãíèòíûõ ïîëåé â ÑÄÑ [2].

Â äîêëàäå ââåäåíû ýëåêòðîäèíàìè÷åñêèå ïàðàìåòðû ÑÄÑ ~θ
def
= (θ1, . . . , θN+1),

ãäå θj îòíîøåíèå àäìèòàíñîâ pj
def
=
√

εj
µj

ìàòåðèàëîâ ñïðàâà è ñëåâà îò ïëîñêî-

ñòè ðàçäåëà ñðåä, à ~ν
def
= (ν1, . . . , νN ), ãäå νj ýëåêòðè÷åñêàÿ òîëùèíà j-ãî ñëîÿ:

νj
def
=
√
εjµjhj , èñõîäÿ èç äîêàçàííîé ðàíåå òåîðåìû åäèíñòâåííîñòè îïðåäåëåíèÿ

èìåííî ýòèõ ïàðàìåòðîâ ïî àìïëèòóäíîìó êîýôôèöèåíòó îòðàæåíèÿ îò ÑÄÑ.
Ïîëó÷åíû áîëåå ñîâåðøåííûå, ÷åì â [2] ôîðìóëû, ïîêàçûâàþùèå, ÷òî âñå

ñïåêòðàëüíûå õàðàêòåðèñòèêè ÑÄÑ - ïî÷òè-ïåðèîäè÷åñêèå ôóíêöèè ÷àñòîòû.
Ýíåðãåòè÷åñêèé êîýôôèöèåíò îòðàæåíèÿ R(ω; ~θ, ~ν) â ýêñïîíåíöèàëüíîì ïðåä-
ñòàâëåíèè ÿâëÿåòñÿ îòíîøåíèåì êâàäðàòîâ ìîäóëåé äâóõ òðèãîíîìåòðè÷åñêèõ
ïîëèíîìîâ �ñòåïåíè� 2N , ïîêàçàòåëè Ôóðüå êîòîðûõ çàâèñÿò îò ~ν, à êîýôôèöè-
åíòû - îò ~θ. Â òðèãîíîìåòðè÷åñêîì ïðåäñòàâëåíèè R(ω; ~θ, ~ν) - òà æå ñïåöèôèêà.
Âïåðâûå ïîëó÷åíû ôîðìóëû, âûðàæàþùèå êîýôôèöèåíòû ~α t-ïðåäñòàâëåíèÿ ÷å-
ðåç ~θ. Îíè â ñî÷åòàíèè ñ âîçìîæíîñòüþ âûðîæäåíèÿ N -ñëîéíîé ÑÄÑ â ÑÄÑ ñ
ìåíüøèì ÷èñëîì ñëîåâ, âñêðûëè ñòðóêòóðó ïðîñòðàíñòâà P âñåõ àäìèòàíñîâ {~p}
N -ñëîéíûõ ÑÄÑ (N -ÑÄÑ): âñåâîçìîæíûå óïîðÿäî÷åíèÿ êâàäðàòîâ êîýôôèöè-
åíòîâ ~α ðàçáèâàþò P íà íåïåðåñåêàþùèåñÿ êëàññû ïàðàìåòðîâ ÑÄÑ. Âûÿñíåí
ñìûñë äâóõ �ìåòðè÷åñêèõ� ôóíêöèé îò α2

I - èõ ñðåäíåå çíà÷åíèå, íîðìà ïîëèíîìà
÷èñëèòåëÿ (çíàìåíàòåëÿ) â ñðåäíåì êâàäðàòè÷íîì, à max

I
α2
I - êâàçè÷åáûøåâñêàÿ

íîðìà, òî÷íàÿ îöåíêà ìàêñèìóìà êâàäðàòà ìîäóëÿ ïî ÷àñòîòå.
Çàäà÷à ñèíòåçà îïòèìàëüíîãî ôèëüòðà ñîñòîèò â íàõîæäåíèè ~p∗, ~ν∗, äàþùèõ

ìèíèìóì ìàêñèìóìà îòêëîíåíèÿ R(ω; ~θ, ~ν) îò çàäàííîãî èäåàëà R̄(ω) íà èíòåð-
âàëå ÷àñòîò [Ω1,Ω2]: max

[Ω1,Ω2]
|R(ω; ~θ, ~ν) − R̄(ω)| →~p,~ν min, ïðè îãðàíè÷åíèÿõ: ~p ∈ K,

ãäå K - êóá äîïóñòèìûõ àäìèòàíñîâ. Ïîêàçàíî, ÷òî çàäà÷à ìèíèìèçàöèè äðîáè
ýêâèâàëåíòíà òàêîé æå çàäà÷å äëÿ ÷èñëèòåëÿ (çíàìåíàòåëÿ), à â K åñòü òî÷êà
~p∗, ïðè çíà÷åíèÿõ ïàðàìåòðîâ êîòîðîé N -ÑÄÑ ïîëíîñòüþ âûðîæäåíà è ÷åðåç
~p∗ ïðîõîäèò áîëüøîå êîëè÷åñòâî �ãðàíèö� êëàññîâ N -ÑÄÑ, ÷òî ìîæåò ñëóæèòü
ïðè÷èíîé íåóñòîé÷èâîñòè ïðè ÷èñëåííîì ñ÷åòå.
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Ðàññìàòðèâàþòñÿ âûðàáîòêè ïðîèçâîëüíîé ôîðìû, âêëþ÷àÿ öèëèíäðè÷åñêèå
ïîâåðõíîñòè, â ìàññèâå ãîðíûõ ïîðîä ñ íåèçâåñòíîé ñòðóêòóðîé è ïåðåîïðåäå-
ëåííûìè äàííûìè íà ó÷àñòêå ãðàíèöû. Òðåáóåòñÿ íàéòè íàïðÿæåííî-äåôîðìè-
ðîâàííîå ñîñòîÿíèå ýòîãî ó÷àñòêà ãðàíèöû è ñòðóêòóðó ìàññèâà ïîðîä âáëèçè
ó÷àñòêà ïî äàííûì èçìåðåíèé ñìåùåíèé è âåêòîðà íàïðÿæåíèé Êîøè íà íåì.
Ïðèâîäèòñÿ ÿâíîå àíàëèòè÷åñêîå ðåøåíèå ýòîé çàäà÷è ñ âûðàæåíèåì âñåõ êîì-
ïîíåíò òåíçîðà äåôîðìàöèè, íàïðÿæåíèÿ è âåêòîðà ïîâîðîòà ÷åðåç äèôôåðåí-
öèàëüíûå ñâîéñòâà ãðàíèöû è çàäàííûå çíà÷åíèÿ óêàçàííûõ âåëè÷èí. Âàðèàíò
öèëèíäðè÷åñêîé ïîâåðõíîñòè èññëåäóåòñÿ áåç ïðèìåíåíèÿ óñëîâèé ïëîñêîé äå-
ôîðìàöèè. Ïðè ýòîì ðåøàåòñÿ ñèñòåìà, ñîñòàâëåííàÿ èç óðàâíåíèé ðàâíîâåñèÿ,
óñëîâèé ñîâìåñòíîñòè äåôîðìàöèè íà ãðàíèöå, ñîîòíîøåíèé çàêîíà Ãóêà. Îá-
ñóæäàþòñÿ âîïðîñû î ïðîäîëæåíèè ïîëó÷åííîãî ðåøåíèÿ âíóòðü ìàññèâà ïîðîä
ñ öåëüþ îòûñêàíèÿ åãî ñîñòîÿíèÿ è äåôåêòíîñòè. Ðåøàåòñÿ òàêæå âîïðîñ îá îïðå-
äåëåíèè óïðóãîïëàñòè÷åñêîãî ñîñòîÿíèÿ ãðàíèöû âûðàáîòêè (ïðè åãî íàëè÷èè).

Ðàáîòà âûïîëíåíà â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ Ìèíèñòåðñòâà íàóêè è
âûñøåãî îáðàçîâàíèÿ Ðîññèéñêîé Ôåäåðàöèè (òåìà � ÀÀÀÀ-À17-117121140065-
7).
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Ðàññìàòðèâàåòñÿ ïëîñêîå äåôîðìèðîâàííîå ñîñòîÿíèå ïåðâîíà÷àëüíî àíèçî-
òðîïíûõ ñðåä ñ 6-þ ïðîèçâîëüíûìè â óïðóãîñòè ìîäóëÿìè ïîäàòëèâîñòè. Ðàñ-
ñìàòðèâàåòñÿ ìàññèâ ïîðîä â âèäå ïîëóïëîñêîñòè ñ çàäàííûìè íà ãðàíèöå íà-
ïðÿæåíèÿìè σy = σy(x) è τxy = τxy(x) . Êðîìå òîãî ïðåäïîëàãàþòñÿ çàäàííûìè
ñìåùåíèÿ uy = uy(x), ux = ux(x) êàê ôóíêöèè ãðàíèöû. Ïðè ýòèõ äàííûõ ñ ïðè-
ìåíåíèåì ïîòåíöèàëîâ Ñ.Ã. Ëåõíèöêîãî ñòðîèòñÿ òî÷íîå ðåøåíèå çàäà÷è òåîðèè
óïðóãîñòè îá îïðåäåëåíèè íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ è êîìïî-
íåíò âåêòîðà ïîâîðîòà êàê íà ãðàíèöå ïîëóïëîñêîñòè, òàê è âíóòðè. Ïðèâîäèòñÿ
òàêæå êîíå÷íî-ðàçíîñòíîå ðåøåíèå ýòîé çàäà÷è.
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The analysis of a representative household models of the Ramsey type is based on
the study of the optimal control problem and the construction of a control synthesis
[1]. The problem of the optimal control has been investigated, which simulates the
economic behavior of a representative household. A theorem on the existence of a
solution has been proved, necessary optimality conditions have been obtained in the
form of the Pontryagin-Clarke maximum principle, and an optimal control synthesis
has been constructed.

In condition when the major economic changes in the behavior of a representative
household are taking place, it is necessary to study the households in this group
in detail. The models describing the evolution of the distribution of households by
income and �nancial positions are relevant for the analysis of strategies for managing
the arrears in consumer loans. In the work [2] based on the concept of mean �eld
games, a model has been constructed and formalized in the form of a system of
Hamilton-Jacobi-Bellman and Kolmogorov-Fokker-Planck equations. The model was
identi�ed according to Russian statistics. With its help, the problems of the unsecured
consumer loan market in Russia were analyzed, the impact on the economic situation
of households of the COVID-19 pandemic, which exacerbated the problem of sustainability
of the consumer loan market, and measures a�ecting the economic situation of low-
income households.

The work has been supported by the Russian Foundation for Basic Research,
project no. 20-07-00285.
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Èììèòàöèîííûå ìîäåëè ðàñïðîñòðàíåíèÿ ÎÐÂÈ èãðàþò âàæíóþ ðîëü â îáåñ-
ïå÷åíèè ãîòîâíîñòè ê ïàíäåìèÿì è ýïèäåìèÿì è óëó÷øåíèè ýïèäåìè÷åñêîãî êîí-
òðîëÿ. Èñïîëüçîâàíèå àãåíòíî-îðèåíòèðîâàííîãî ïîäõîäà ê ìîäåëèðîâàíèþ ðàñ-
ïðîñòðàíåíèÿ èíôåêöèîííûõ çàáîëåâàíèé ïîçâîëÿåò âîñïðîèçâîäèòü ðåàëüíîå
ïîâåäåíèå ëþäåé â ïîâñåäíåâíîé æèçíè â ãîðîäñêèõ óñëîâèÿõ.

Êàæäûé àãåíò ïðåäñòàâëÿåò îòäåëüíîãî ÷åëîâåêà è îáëàäàåò ðÿäîì ñâîéñòâ è
õàðàêòåðèñòèê: ïðîãðåññèðîâàíèå áîëåçíè äëÿ àãåíòà çàäàåòñÿ â òåðìèíàõ SEIR-
ìîäåëåé (S - âîñïðèèì÷èâûå, Å - èíôèöèðîâàííûå áåç ñèìïòîìîâ, I - èíôèöè-
ðîâàííûå ñ ñèìïòîìàìè, R - ïåðåáîëåâøèå, èìåþùèå èììóíèòåò), ïîïóëÿöèÿ
ìîæåò áûòü ãåòåðîãåííà ïî âîçðàñòó, ïîëó, ñîöèàëüíîìó ñòàòóñó, â ìîäåëå ìîæåò
ó÷èòûâàòüñÿ ïðîöåíò âàêöèíèðîâàííîãî íàñåëåíèÿ [4], àãåíò ìîæåò èìåòü ãåî-
ãðàôè÷åñêóþ ïðèâÿçêó ê äîìîõîçÿéñâó, ìåñòó ðàáîòû, øêîëå èëè óíèâåðñèòåòó,
õðàíèòü â ïàìÿòè ïëàíû íà äåíü [2] è ò.ä.

Îáùåå ïîâåäåíèå ñèñòåìû ÿâëÿåòñÿ ðåçóëüòàòîì âçàèìîäåéñòâèé ñðåäè àãåí-
òîâ. Îíè íàäåëåíû ïîäâèæíîñòüþ ÷åðåç òðàíñïîðòûíå ñåòè. [3] Îïèñàíèå ïðî-
ñòðàíñòâåííîãî ïðîöåññà ïîçâîëÿåò ñêîíñòðóèðîâàòü ñåòü ÷åëîâå÷åñêèõ êîíòàê-
òîâ à òàêæå îöåíèòü èõ ïðîäîëæèòåëüíîñòü è èíòåíñèâíîñòü, òåì ñàìûì îáåñïå-
÷èâ âîçìîæíîñòü äëÿ äåòàëüíîãî îïðåäåëåíèÿ ôóíêöèè èíôèöèðîâàíèÿ - ôóíê-
öèè ïåðåíîñà âèðóñîâ îò èíôåêöèîííîãî àãåíòà ê âîñïðèì÷èâîìó. [1]

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà ïî èòîãàì êîíêóðñà ìýðèè ãîðîäà
Íîâîñèáèðñêà íà ïðåäîñòàâëåíèå ãðàíòîâ â ôîðìå ñóáñèäèé â ñôåðå íàó÷íîé è
èííîâàöèîííîé äåÿòåëüíîñòè.
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Èíäóöèðîâàííûå ëàçåðîì óäàðíûå âîëíû â ïîñëåäíèå äåñÿòèëåòèÿ èìåþò øè-
ðîêîå ïðèìåíåíèå. Áóäó÷è äðàéâåðîì òàêèõ âàæíûõ îáëàñòåé ëàçåðíûõ òåõíî-
ëîãèé, êàê ëàçåðíàÿ àáëÿöèÿ â æèäêîñòü (Liquid Laser Ablation, LAL) è ëàçåðíîå
óäàðíîå óïðî÷íåíèå (Laser Shock Peening, LSP), óäàðíî-âîëíîâûå ïðîöåññû ïðåä-
ñòàâëÿþò áîëüøîé èíòåðåñ äëÿ èññëåäîâàíèé è ìîäåëèðîâàíèÿ.

Äåéñòâèå åäèíè÷íîãî ôåìòîñåêóíäíîãî ëàçåðíîãî èìïóëüñà íà òîëñòóþ àëþ-
ìèíèåâóþ ìèøåíü ïðèâîäèò ê îáðàçîâàíèþ ñèëüíûõ óäàðíûõ âîëí. Óäàðíàÿ âîë-
íà, âîçíèêàþùàÿ âñëåäñòâèå ëàçåðíîãî íàãðåâà, ðàñïðîñòðàíÿåòñÿ ñíà÷àëà â êâà-
çèïëîñêîì ðåæèìå ñ ïîñòåïåííûì ðàñïàäîì èçíà÷àëüíî ïëîñêîãî ôðîíòà. Â òå-
÷åíèå íåñêîëüêèõ äåñÿòêîâ ïèêîñåêóíä (1 ïñ = 10−12 c) ïðîèñõîäèò ïåðåõîä ê ïî-
ëóñôåðè÷åñêîìó ðåæèìó ðàñïðîñòðàíåíèÿ âîëíû. Ïðåäñòàâëåíà ãèäðîäèíàìè÷å-
ñêàÿ ìîäåëü, îïèñûâàþùàÿ ñîïóòñòâóþùèå äâóìåðíûå óäàðíî-âîëíîâûå ýôôåê-
òû â ìèøåíè, è ñîäåðæàùàÿ ïîëóýìïèðè÷åñêîå óðàâíåíèå ñîñòîÿíèÿ ìåòàëëà â
ôîðìå Ìè-Ãðþíàéçåíà. Ïàðàìåòðû óðàâíåíèÿ ñîñòîÿíèÿ ïîäîáðàíû â ñîîòâåò-
ñòâèè ñ õîëîäíîé êðèâîé ìåòàëëà. Ïðîâåäåíî ãèäðîäèíàìè÷åñêîå ìîäåëèðîâàíèÿ
ðàñïðîñòðàíåíèÿ è çàòóõàíèÿ èíäóöèðîâàííîé ëàçåðîì óäàðíîé âîëíû â àëþìè-
íèåâîé ìèøåíè. Ïîêàçàíû ýôôåêòû ñôåðèçàöèè óäàðíîé âîëíû, åå ðàñïðîñòðà-
íåíèå è çàòóõàíèå âáëèçè ïîâåðõíîñòè îáëó÷àåìîãî ìåòàëëà.
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NUMERICAL RECONSTRUCTION OF HIGH-CONTRAST
INHOMOGENEITIS USING FUNCTIONAL ALGORITHM

Shurup A.S.
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In practice of acoustic tomography (in medical applications, ocean tomography)
the deviation of the sound speed c from its background value c0 does not exceed
|c− c0|/c0 = ∆c/c0 ≤ 0.1÷ 0.3 . Such cases were considered in many works devoted
to modeling problems of acoustic tomography, for example, in [1-4].

At the same time, in electromagnetic applications [5], the equivalent contrasts can
be noticeably higher. In [5] the inverse electromagnetic problem is reduced under
some approximations to Helmholtz equation. This allows a formal comparison of
the "acoustic"contrast ∆c/c0 and the corresponding "dielectric"contrast ε = c20/c

2

[5]. It is of certain interest to study the possibility of reconstructing "high"contrasts
(signi�cantly exceeding the values of ∆c/c0 ' 0.3 ) by using algorithms, which have
already been proven for solving acoustic inverse problems.

In this report some examples of such reconstructions are presented, which were
obtained by using the functional-analytical algorithm proposed by R.G. Novikov [6].
The numerical implementation of this algorithm was described in [4]. In the present
talk the results of acceptable reconstruction are shown both for the case c � c0
(for example, ε = 1/1600 ), and for the case c � c0 (for example, ε = 9 ). It is
interesting, that reconstruction results in the case c < c0 are more sensitive to the
value of the sound speed contrast, in comparison with the case c > c0. One of the
physical reasons for this is the appearance of �eld focusing in the scattering region
if c < c0.The similar features in the reconstruction of scatterers with hard and soft
boundaries were previously considered in [7].

The results obtained in the present report show that using the considered functional-
analytical algorithm it is possible to reconstruct the contrasts ε � 1. This, in some
sense, demonstrates the advantages of this approach in comparison with the conventional
least squares methods. Moreover, the functional algorithm also perfectly reconstruct
contrasts ε� 1, reconstruction of which can be di�cult for other approaches due to
the lack of strong backscattering from such weak "dielectric"contrasts.

The reported study was funded by RFBR and CNRS, project number 20-51-15004.
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Äëÿ ñìåøàííîé êðàåâîé çàäà÷è ñ íåîäíîðîäíûì âîëíîâûì óðàâíåíèåì è êðàå-
âûìè óñëîâèÿìè âòîðîãî è òðåòüåãî ðîäà ðàññìàòðèâàåòñÿ îáðàòíàÿ çàäà÷à îïðå-
äåëåíèÿ äâóõ êîýôôèöèåíòîâ, âõîäÿùèõ â óðàâíåíèå è â êðàåâîå óñëîâèå. Ñàìà
êðàåâàÿ çàäà÷à ìîæåò ðàññìàòðèâàòüñÿ êàê ìîäåëü ìàëûõ ïîïåðå÷íûõ êîëåáà-
íèé ñòåðæíÿ, îäèí êîíåö êîòîðîãî ïîìåù¼í â óïðóãóþ ñðåäó [1]. Â êà÷åñòâå äî-
ïîëíèòåëüíîé èíôîðìàöèè äëÿ ðåøåíèÿ îáðàòíîé çàäà÷è ðàññìàòðèâàåòñÿ åù¼
îäíî êðàåâîå óñëîâèå. Ôîðìóëèðóþòñÿ è äîêàçûâàþòñÿ òåîðåìû åäèíñòâåííîñòè
è ñóùåñòâîâàíèÿ ðåøåíèÿ îáðàòíîé çàäà÷è îïðåäåëåíèÿ èñêîìûõ êîýôôèöèåí-
òîâ. Ïðè ýòîì ïðåäâàðèòåëüíî óñòàíàâëèâàþòñÿ ñâîéñòâà ðåøåíèÿ ïðÿìîé çà-
äà÷è è óñëîâèÿ å¼ ðàçðåøèìîñòè. Ïîëó÷àåìûå ïðè àíàëèçå çàäà÷ èíòåãðàëüíûå
ôîðìóëû ïîçâîëÿþò ïîëó÷èòü îöåíêè óñòîé÷èâîñòè ðåøåíèÿ îáðàòíîé çàäà÷è è
îðãàíèçîâàòü äëÿ ÷èñëåííûõ ðåøåíèé ïðÿìîé è îáðàòíîé çàäà÷ èòåðàöèîííûå
àëãîðèòìû ðàçëè÷íîãî âèäà äëÿ ïîëó÷åíèÿ ïðèáëèæ¼ííûõ ðåøåíèé. Èñïîëüçî-
âàíèå òàêîãî èòåðàöèîííîãî ÷èñëåííîãî ðåøåíèÿ îáðàòíîé çàäà÷è äîëæíî áûòü
óâÿçàíî ñ íåêîððåêòíûì õàðàêòåðîì îáðàòíîé ïîñòàíîâêè.

Ðàññìàòðèâàåìàÿ ïðÿìàÿ çàäà÷à ñ ôóíêöèåé u(x, t) èìååò âèä

utt = a2uxx + f(x)g(t), (x, t) ∈ ∆l,T ,

u(0, t)− βux(0, t) = µ(t), t ∈
[
0, T̂

]
, T̂ = T − (l/a),

ux(l, t) = 0, t ∈ [0, T ],

u(x, 0) = ϕ(x), ut(x, 0) = ψ(x), x ∈ [0, l],

ãäå ∆l,T = {(x, t) : t ∈ [0, T − (l − x)/a, x ∈ [0, l]}. Äîïîëíèòåëüíîå óñëîâèå, èñ-
ïîëüçóåìîå ïðè ïîñòàíîâêå îáðàòíîé çàäà÷è, èìååò âèä

u(l, t) = h(t), t ∈ [0, T ].

Îáðàòíàÿ çàäà÷à ñîñòîèò â âîññòàíîâëåíèè ôóíêöèé f(x) è µ(t) ïðè x ∈ [0, l] è

t ∈
[
0, T̂

]
, è çàòåì â íàõîæäåíèè ðåøåíèÿ u(x, t) ïðÿìîé çàäà÷è ïðè (x, t) ∈ ∆l,T

ïî çàäàííûì ïîëîæèòåëüíûì ïîñòîÿííûì l, T , a, β, òàêèì, ÷òî l < aT , è ïî
çàäàííûì ôóíêöèÿì ϕ(x), ψ(x), x ∈ [0, l], g(t), h(t), t ∈ [0, T ].
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Èññëåäóåòñÿ ðåøåíèå ïðÿìîé çàäà÷è, ìîäåëèðóþùåé äèíàìèêó ïîïóëÿöèè ñ âîç-
ðàñòíîé ñòðóêòóðîé è èíòåãðàëüíûìè íåëèíåéíîñòÿìè, à òàêæå îáðàòíîé çàäà÷è
âîññòàíîâëåíèÿ êîýôôèöèåíòà óðàâíåíèÿ ìîäåëè. Ïîëó÷åííûå ïðè èññëåäîâà-
íèè çàäà÷ èíòåãðàëüíûå çàâèñèìîñòè èñïîëüçóþòñÿ êàê îñíîâà äëÿ ïîñòðîåíèÿ
ïðèáëèæ¼ííîãî ðåøåíèÿ îáðàòíîé çàäà÷è.

Ïðÿìàÿ çàäà÷à äëÿ ôóíêöèè u(x, t), ìîäåëèðóþùàÿ äèíàìèêó ïîïóëÿöèè,
èìååò âèä, ïðåäëîæåííûé â [1], [2]:

ux + ut + µ0(x)u+ µ1(x)Ψ (S(t))u = 0, u(x, 0) = ϕ(x), x ∈ [0, a], t ∈ [0, T ],

u(0, t) = Φ (S(t))

a∫
0

β(s)u(s, t)ds, S(t) =

a∫
0

γ(s)u(s, t)ds, t ∈ [0, T ],

ãäå ôóíêöèÿ u(x, t) îïðåäåëÿåò ÷èñëî îñîáåé âîçðàñòà x (èëè èõ ïëîòíîñòü) â
ïîïóëÿöèè â ìîìåíò âðåìåíè t; ôóíêöèè µ0(x) è µ1(x) õàðàêòåðèçóþò èíòåíñèâ-
íîñòü ñìåðòíîñòè îñîáåé âîçðàñòà x â ïîïóëÿöèè, ñîîòâåòñòâåííî, åñòåñòâåííîé è
ïðîÿâëÿþùåéñÿ â ñèëó ïåðåíàñåëåíèÿ ïîïóëÿöèè; ôóíêöèè β(x) è γ(x) - ïëîòíî-
ñòè ðåïðîäóêòèâíîñòè è æèçíåäåÿòåëüíîñòè îñîáåé âîçðàñòà x; ôóíêöèè Φ(s) è
Ψ(s) õàðàêòåðèçóþò èíòåãðàëüíóþ çàâèñèìîñòü ðîæäàåìîñòè è ñìåðòíîñòè â ïî-
ïóëÿöèè îò îáùåãî îáú¼ìà S(t) æèçíåäåÿòåëüíîñòè ïîïóëÿöèè. Äîïîëíèòåëüíîå
óñëîâèå, èñïîëüçóåìîå ïðè ïîñòàíîâêå îáðàòíîé çàäà÷è, èìååò âèä

u(a, t) = g(t), t ∈ [0, T ].

Îáðàòíàÿ çàäà÷à ñîñòîèò â âîññòàíîâëåíèè ôóíêöèè µ0(x) ïðè x ∈ [0, a], è çàòåì
ðåøåíèÿ u(x, t) ïðÿìîé çàäà÷è ïðè x ∈ [0, a], t ∈ [0, T ], ïî çàäàííûì ïîëîæèòåëü-
íûì ïîñòîÿííûì a, T , òàêèì, ÷òî a ≤ T , è ïî çàäàííûì ôóíêöèÿì ϕ(x), µ1(x),
β(x) è γ(x), x ∈ [0, a], g(t), t ∈ [0, T ], Φ(s) è Ψ(s), s ∈ R.
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ON EXISTENCE OF A CYCLE IN ONE
CIRCADIAN OSCILLATOR MODEL
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Following scheme of positive and negative feedbacks in two loops of the model of
circadian oscillator proposed in [1], we construct 7D nonlinear dynamical system

ẋ1 = k1(Γ1(x2)γ1(x3)− x1); ẋm = km(Γm(x6)Lm(x1)− xm);

ẋ6 = k6(Γ6(x7)− x6); ẋ7 = k7(Γ7(x5)L7(x4)− x7). (1)

All xj , are non-negative, they denote concentrations of components of gene network
which regulates functioning of the circadian oscillator. Here and below j = 1, . . . , 7,
m = 2, . . . , 5. Non-negative smooth functions Γj , γ1, increase monotonically, they
describe positive feedbacks in this gene network, and positive smooth functions Lm,
L7 are monotonically decreasing, they correspond to its negative feedbacks.

Following approach described in [2], we construct an invariant domain Q7 in the
positive octant of the space R7, and �nd su�cient conditions of uniqueness of an
equilibrium point of the system (1) in Q7.

Su�cient conditions of existence of a cycle of the system (1) in Q7 are obtained
as well.
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Èçó÷åíèå ìàãíèòíûõ ïîëåé ïëàíåò - îäèí èç ñïîñîáîâ ïîëó÷èòü èíôîðìàöèþ
î âíóòðåííåì óñòðîéñòâå ïëàíåòû è åå ýâîëþöèè. Äîñòóï ê èíôîðìàöèè î ìàã-
íèòíûõ ïîëÿõ ïëàíåò ñòàë âîçìîæåí áëàãîäàðÿ ïîÿâëåíèþ è ðàçâèòèþ ìåæïëà-
íåòíûõ ìèññèé. Ïîëó÷åííûå áëàãîäàðÿ ýòèì ìèññèÿì äàííûå ïîçâîëÿþò ðåøàòü
îáðàòíûå çàäà÷è ïî âîññòàíîâëåíèþ êàðòû ðàñïðåäåëåíèÿ ïàðàìåòðîâ íàìàãíè-
÷åííîñòè. Â ñòàòüå [1] íàìè áûëà ðàññìîòðåíà çàäà÷à âîññòàíîâëåíèÿ íàìàãíè-
÷åííîñòè â êîðå Ìàðñà ïî ñïóòíèêîâûì äàííûì ìèññèè MAVEN (NASA's Mars
MAVEN orbiter). Â ýòîé æå ñòàòüå îáñóæäàþòñÿ âîçìîæíûå ñïîñîáû óâåëè÷åíèÿ
òî÷íîñòè âîññòàíîâëåíèÿ ïàðàìåòðîâ íàìàãíè÷åííîñòè Ìàðñà. Òàêæå ïðîâåäåíû
ðàáîòû ïî âîññòàíîâëåíèþ ïàðàìåòðîâ íàìàãíè÷åííîñòè Ìåðêóðèÿ ïî äàííûì
ìèññèè MESSENGER.
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